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Abstract

The Halvorsen System (HS) of Variable-Order (VO) Fractional Derivatives is
a potent instrument for fractional differential equations and chaotic systems due to
the influence of white noise. The study focuses on The Effect of White Noise on the
Halvorsen System of (VO) Fractional Because the Halvorsen System is extensively
utilized in nonlinear optics, fluid dynamics, and plasma physics, the chaos can be
employed to investigate a wide array of relevant physical processes. To analyze the
impact of noise we deduce that noise influences and stabilizes the chaotic Halvorsen
system. We plotted numerous 3D and 2D graphical representations to explain how
the white noise influences the chaotically systems. We applied these schemes to
simulate the chaotic (VO) fractional Halvorsen system.

Keywords: Impact of White Noise; Atangana-Baleanu; Halvorsen System; Variable-
Order Fractional.

1. Introduction

In recent decades, fractional differential and integral operators have attracted
significant attention as expansions of their integer-order counterparts [1]. The sequence
of these fractional operators can be of any arbitrary value. It is essential to recognize that
fractional operators may be defined multiple times. [2] The Caputo sense is frequently
regarded as one of the best recognized fractional derivatives. A major disadvantage of
this operator is its solitary kernel, despite the presence of various beneficial attributes in
this variant. Various definitions of fractional derivatives have been devised to address
this issue. Examples of these definitions encompass the Caputo-Fabrizio (CF) [3] and
Atangana-Baleanu (AB) [4] derivatives. The Caputo derivative is defined by employing
a single kernel in lieu of the conventional (CF) formulation. Conversely, it has been
employed in the definition of (AB). The new definitions, although addressing the issue of
the singularity of the Caputo fractional derivative, also impose many limitations on their
use. The characteristics of the kernel function render it exceedingly challenging to derive
an in the (CF) fractional derivative. This is a consequence of the properties of the kernel
function. Moreover, designing and implementing this form of fractional derivative is an
exceptionally challenging endeavor. Nevertheless, although the notion presented by (AB)
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is user-friendly, to overcome the limitations outlined in the following section, we provide
an innovative non-singular fractional differentiation formulation [5, 6].

Variable-order derivatives can simulate complicated dynamic behaviors that
change over time, making them ideal for the Halvorsen system. This adaptability
improves models of systems with non-constant differentiation orders, mirroring real-
world events. The following sections will discuss variable-order derivatives and their
types, such as Caputo and Atangana-Baleanu derivatives. Halvorsen System (VO)
Derivatives Flexibility: Non-linear Halvorsen systems benefit from variable-order
derivatives, which can adapt to system dynamics. Existence and Uniqueness: Research
shows that variable-order Caputo-type fractional differential equations have unique
solutions, making them useful in complicated systems [7]. Types of derivatives Caputo
Derivative: This derivative allows fractional orders for functions that are not classically
differentiable. It excels at modeling memory-effect systems. Atangana-Baleanu
Derivative: This derivative generalizes fractional calculus with a non-local kernel. It
helps capture past states' effects on current dynamics, which is important in Halvorsen's
system. Variable-order derivatives have many benefits, but they also complicate
computational methods and stability analysis, which must be considered in real
implementations.

A valuable mathematical tool for a more in-depth analysis of objects that vary
over time is the discipline of (VO) fractional calculus, which investigates integration and
differentiation operators with (VO) fractional order [8]. This field of study is a subfield
of fractional calculus. To be more specific, the mathematical systems that are described
by this innovative approach exhibit higher levels of precision and sensitivity [9]. We
would like to bring to your attention the fact that developing an analytical solution to
issues applying (VO) fractional operators is frequently a very difficult task.
Consequently, the advancement of numerical methods for solving these systems is a
significant area of research. The Adams-B technique has long been recognized as an
effective and powerful numerical technique for solving fractional systems.
[10,11,12,13,14,15,16,17]. A constant-order numerical system was established by the
authors not too long ago. This scheme is Lagrange polynomial. We make use of this
approach to simulate (VO) fractional differential operators. to make the numerical
methods described in [18, 19].

The study of chaotic systems that make use of variable-order fractional
differential operators is extremely fascinating since these systems exhibit complicated
dynamics and synchronization features. Classical fractional calculus is extended by these
systems, which allows the order of differentiation to be changed; this means more
flexibility and the occurrence of more complex behavior in chaotic systems. For a (VO)
fractional derivative, which is a (VO) derivative of fractional order, the variable-order
fractional derivatives can undergo constant modification influenced by time or other
variables. Systems that become more dynamic in this way include the Liu system and
chaotic systems. The addition of fractional derivatives of different orders allows them to
behave in ways that are more complicated than they can in constant-order systems, such
as being able to synchronize [20]. Synchronization in chaotic systems is achieved. It has
been indicated that the active control methods can really realize synchronization in VO
fractional chaotic systems, and the results of numerical simulation verify the correctness
of theoretical analysis [21]. The synchronization of hyperchaotic systems with different
fractional orders has been successfully implemented in our group, and this indicates
possible applications in real life [22]. Applications and implications of the same the
research in VO fractional systems is essential in particular with respect to the anomalous



Mohammed Berir et al. 296

process modeling since it gives a more close approximation to the natural phenomena
that may be complicated [23,24]. It would appear, based on the results, that the systems
can exhibit high multistability and hidden attractors,a thing necessary when
understanding chaotic dynamics. While the attention given to VO fractional systems
illustrates that such systems can indeed display complex behavior and synchronization,
one should not lose sight of the difficulties inherent in attempting to implement such
systems physically and the need for reliable numerical methods to carry out accurate
studies of their dynamics.

The main subject of this paper is the investigation of the effects of white noise on
the Halvorsen system of (VVO) fractional derivatives. This study illustrates the efficiency
of white noise as a robust approach for the representation of nonlinear fractional
differential equations and chaotic systems. Some chaotic models provided by 3D and 2D
mappings are given in order to analyze its impact due to noise dynamic performances.
These constitute an elaboration of previous studies, including those reported in reference
[24]. The paper is organized as follows: In Section 2, include some basic definitions of
(VO) fractional derivatives. In Section 3, we will analyze the effect that white noise has
on the Halvorsen system of (VO) fractional derivatives. Further, the presence of white
noise is considered with a new VO numerical scheme appearing in Section 4. Moreover,
we will show that the presence of white noise affects chaotical systems using various
graphical representations both in three dimensions and in two dimensions. in Section 5
Conclusion: the findings are summarized.

2. Basic Definition

We will employ these fundamental definitions of (VO) fractional derivatives in
the following sections. This section provides these definitions.

Definition 2.1The definition of (AB), as stated in reference [25], is delineated by the
following instructions:

ABng(t) 1 _(p) Dg(WEgy) [1 ﬁ(ﬁ)(t) 1- u)ﬁ(t)] du. (1)

Furthermore, its mtegral IS
1-
PO = 2 EuOF O + B [ e vt @
Definition 2.2([26]). The Caputo with a different order B(t)is given as.

SDEOY (0)) = j (t— D8Oy (1) dr. 3)

r(1- B(t))

Definition 2.3([26]). White Noise in Fractional Calculus White noise in fractional
calculus denotes a stochastic process within variable-order hyperchaotic systems. This
noise is fundamentally defined:

Mlw(@w(T)] = o?8(t—1") (4)
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3. Halvorsen System Derivatives
3.1. Classical Halvorsen system

Within the framework of integer-order differential equations, the Halvorsen system,
achaotic system like the Lorenz system, has been thoroughly investigated [27]. The
following equations represent the Halvorsen system:

dx

— = —AX —4Y —4Z —Y?,

dt

Y~ _AY —47 - 4X - 72, (5)
dt

dz

— = —AZ — 4X — 4Y — X2,

dt

3.2. The stochastic Halvorsen system of (VO) fractional derivatives

Finding a chaotic Halvorsen system of (\VO) fractional derivatives is a very difficult task
in many real settings. This is because the existence of both nonlinearity and Stochasticity
makes the task extremely difficult. Researchers, on the other hand, have utilized a variety
of methods, such as (VO) fractional without for the stochastic we take into consideration
the stochastic Halvorsen system of variable-order fractional in this working paper:

4BEpBOy(t) = —AX — 4Y — 42 —Y? + 0, H, (D)dB(t),
4BEpBOy (1) = —AY — 47 — 4X — 72 + 0,H,(t)dB(t), (6)
4BEpPO7(1) = —AZ — 4X — 4Y — X2 + 03 Hy (£)dB(2).

here ABng(t) is (AB) sense with variable-order, 8(t) = tanh(t + 1) is variable-order
fractional, B(t) describes is the white noise (Gaussian process) and o(i) for, i = 1;2;3
denote the intensity of noise or the intensity of the stochastic environment. All the
variables X, Y, Z in the above models are non-negative.

4. The Stochastic Halvorsen System of (VO) Fractional Atangana
Derivative using A Numerical Scheme

This analysis presents a numerical method for a fractional system that incorporates
stochastic elements. The Atangana fractional derivative utilizes a variable-order
fractional approach. Utilizing the fundamental theorem of fractional calculus, we obtain:
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45cpf Oy (6) = £(t,y(1) + oY (£)dB(t) ©)
1 —
YO = Y(0) = G fEY(©)
B() : et 8)
* F(ﬁ(t))B(a(t))fo fO. YN (e = 0)*O"do

+J. oy(t)dB(t)

Where ABC(B(t)) =1—B(t) + Ff;(tt))) is a normalization function.

At t, 1, We have:

F@E®)A - p®)

Yt =YO) =iy a =g + 500

f(tn Y (tn)

B(t) o[t B(t)-1
’ n+1 — d
T O TEDD 2 J, rO.vO - 0oas
+ f " aY(t)dB(t). 9
tm
Using the Lagrange interpolation, the function f(z, Y (7)) is approximated by:

m» Ym m-21 Ym—l

ORI E ALLS LU YO (10)

where Eq. (10) is replaced in Eq. (9) to obtain:

F(BO)(1 = B())
FEOM)( - BO@®) +BE®)
, B(t) Z
TEOO) +BOOA-TEO®) &
x(f (t,,;; V) J: (6 = tin-1)(tns1 — 0)PO1d6 (11)

_f(tm—lfym—l) ftm“
h ty

Yn+1(t) =Yo + f(tn'y(tn))

n

(0 = ty) (tnsa — H)B(t)"1d9>

+ f " ey(©)dB(®).

tm

Integrating (9) and replacing in (11), the following approximation is obtained
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F@E®)A - @)
FB®)A =) + (1)

Yo (t) = Yo + f(tn Y(£))

n

1
¥ (B@) + DA = BENTEBE®) + LX) 2=
X (RPOF(tm ) ((n+1—-mPOMm—m+ 2+ B(1)) (12)

—(n—-mPFOm—m+2+28(t))
— hBOF (ty, V) (0 + 1 = m)PO+L — (0 — m)P®
X(n—m+1+ (1))

+B(t)ay(t)(cn) (B(tns1) — B(tn))

Finally, we obtain the following numerical representation of the system (6):

r@)A— @)
LA - @) + ﬂ(t)n
1
T+ D - OIBED) + BO o
X (RPOF (t, Xm)((n + 1 —m)POm —m + 2 + p(1)) (13)
—(n—mPOm—m+2+28(t))
— hﬁ(t)f(tm—pxm—ﬂ((n +1-m)BO+ — (n —m)P®
X (m—m+1+£(t))))
+B()ay(t)(cn) (B(tn+1) — B(ty))

Xne1(t) = Xo + (6, X(80))

rg())(1 —=pB())
R (TO) 10 EYTO XA
1
i B® + DA = BENTBEM®) + L) 4=
X (RPOf(tm, Z)((n+1—m)PO(m—m+ 2+ B(1)) (14)
—(n—-mPFOm—m+2+28())
— hﬁ(t)f(tm—lfzm—l)((n +1-m)BO+ — (n —m)P®
X (n—m+1+B0)))
+B()oy(t)(cn) (B(tn+1) — B(ty))

5. The Impact of White Noise on the Halvorsen System

This section covers the (VO) fractional derivatives system of Halvorsen. A novel
numerical method investigates the system with and without white noise. We numerically
investigate the effect of white noise on the variable orders of chaotic dynamics through
simulations. As seen in Figure 1(A-F), The Halvorsen System of Variable-Order
Fractional Derivatives When the noise is absent (i.e., 6 = 0), there are several types of
simulations of the system (6). the following phase portrait behavior: (A) X-Y plane
phase portrait at 6 = 0; (B) X-Z plane phase portrait at c = 0; (C) X-Y-Z plane phase
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portrait at o = 0; (D) X-time plane time series at 6 = 0; (E) Y-time plane time at ¢ = 0;
(F) Z-time plane time at o = 0. Figure 2(A-F), The Halvorsen System of Variable-Order
Fractional Derivatives When the noise is present (i.e., ¢ = 1), there are several types of
simulations of the system (6). the following phase portrait behavior: (A) X-Y plane
phase portrait at ¢ = 1; (B) X-Z plane phase portrait at c = 1; (C) X-Y-Z plane phase
portrait at ¢ = 1; (d) X-time plane time series at 6 = 1; (E) Y-time plane time at ¢ = 1; (F)
Z-time plane time at o = 1. As Figure 3(A-F) illustrates, there are more effective types of
white noise when the noise is strong. However, noise adversely affects the system, and
the chaotic behavior flattens as the noise level increases. finally Figure 4(A-F).
Comparison between the time series the system behaves differently when the noise is
absent or present.
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Figure 1. (A—F) shows a 3D and a 2D profile when there is no noise present

(i.e., o = 0) for the system (6).
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Figure 2 (A—F) illustrates a 3D and a 2D profile for the system (6) when

there is noise present. (i.e., o

1).




303 Analysis of the Effect of White Noise ...

10 T T T T 10 T T T T

10 T T T T 10 T T T T
— = 2|
st 1 st
0 1 o
= -5 NS
ol -10
15F 4
-15H 7 s
20 L . L .
20 L L L L 0 10 20 30 40 50
0 10 20 30 40 50 Time
Time

Figure 3 (A-F) illustrates a 3D and a 2D profile for the system (6) when
there is noise present. (i.e., o0 = 2).
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Figure 4: (A—B) Comparison between the time series When the noise is absent and present at o =
0.50 = 0.

6. Conclusion

In summary, (VO) differential operators are a useful tool for simulating stochastic
fractional differential equations. This research illustrates that white noise substantially
affects the dynamics of the Halvorsen system. This paradigm enhances the stability of
modeling nonlinear fractional differential equations and chaotic systems. The
simulations are presented in Section 4, along with numerical solutions for the Halvorsen
system. The chaotic behavior of the system (ABC) fractional is significantly influenced
by white noise, as illustrated in Figures 2-3. This has allowed us to highlight the impact
of multiplicative noise on the chaotic simulation of the system and the stability of those
solutions. The utilized numerical approaches have demonstrated good outcomes. This
study improves the understanding of the intricate interplay between chaos and noise in
complex systems. In the future, we may analyze disease systems using a novel analytical
method that includes additive noise [28, 29, 30, 31, 32].

References

[1] Petrds, I. (2011). Fractional derivatives, fractional integrals, and fractional differential
equations in Matlab. IntechOpen, London, UK.

[2] Atangana, A., & Baleanu, D. (2016). New fractional derivatives with nonlocal and
non-singular kernel: theory and application to heat transfer model. arXiv preprint
arXiv:1602.03408

[3] Caputo, M., & Fabrizio, M. (2015). A new definition of fractional derivative without
singular kernel. Progress in Fractional Differentiation & Applications, 1(2), 73-85.

[4] Batiha, 1.M., Njadat, S.A., Batyha, R.M., Zraigat, A., Dababneh, A. and Momani, S.,
2022. Design fractionalorder PID controllers for single-joint robot arm model. Int. J.
Advance Soft Compu. Appl, 14(2), pp.97-114.



305 Analysis of the Effect of White Noise ...

[5] Saadeh, R., Alshawabkeh, A.A., Khalil, R., Abdoon, M.A., Taha, N. and Almutairi,
D.K., 2024. The Mohanad Transforms and Their Applications for Solving Systems of
Differential Equations. European Journal of Pure and Applied Mathematics, 17(1),
pp.385-409.

[6] Abdoon, M.A. and Alzahrani, A.B., 2024. Comparative analysis of influenza
modeling using novel fractional operators with real data. Symmetry, 16(9), p.1126.

[7] Udaya, R., Wagle. (2022). 1. On the Existence and Stability of Variable Order
Caputo  Type Fractional Differential  Equations. Available  from:
10.3390/fractalfract6020051

[8] Samko, S. (2013). Fractional integration and differentiation of variable order: An
overview. Nonlinear Dynamics, 71, 653-662.

[9] Sun, H. G., Chen, W., Wei, H., & Chen, Y. Q. (2011). A comparative study of
constant-order and variable-order fractional models in characterizing memory property
of systems. The European Physical Journal Special Topics, 193,(1), 185-192.

[10] Hasan, F.L. and Abdoon, M.A., 2021. The generalized (2+ 1) and (3+ 1)-
dimensional with advanced analytical wave solutions via computational
applications. International Journal of Nonlinear Analysis and Applications, 12(2),
pp.1213-1241.

[11] Abdoon, M.A. and Hasan, F.L., 2022. Advantages of the Differential Equations for
Solving Problems in Mathematical Physics with Symbolic Computation. Mathematical
modelling of engineering problems, 9(1).

[12] Edwan, R., Saadeh, R., Hadid, S., Al-Smadi, M. and Momani, S., 2020. Solving
time-space-fractional Cauchy problem with constant coefficients by finite-difference
method. Computational mathematics and applications, pp.25-46.

[13] Hioual, A., Ouannas, A., Oussaeif, T.E., Grassi, G., Batiha, I.M. and Momani, S.,
2022. On variable-order fractional discrete neural networks: solvability and
stability. Fractal and Fractional, 6(2), p.119.

[14] Hamadneh, T., Hioual, A., Saadeh, R., Abdoon, M.A., Almutairi, D.K., Khalid,
T.A. and Ouannas, A., 2023. General methods to synchronize fractional discrete
reaction—diffusion systems applied to the glycolysis model. Fractal and
Fractional, 7(11), p.828.

[15] Abdoon, M.A., Hasan, F.L. and Taha, N.E., 2022. Computational Technique to
Study Analytical Solutions to the Fractional Modified KDV-Zakharov-Kuznetsov
Equation. In Abstract and Applied Analysis (Vol. 2022, No. 1, p. 2162356). Hindawi.

[16] Li, S., Saadeh, R., Madhukesh, J.K., Khan, U., Ramesh, G.K., Zaib, A,
Prasannakumara, B.C., Kumar, R., Ishak, A. and Sherif, E.S.M., 2024. Aspects of an
induced magnetic field utilization for heat and mass transfer ferromagnetic hybrid
nanofluid flow driven by pollutant concentration. Case Studies in Thermal
Engineering, 53, p.103892.

[17] Berir, M., 2024. The Impact of White Noise on Chaotic Behavior in a Financial
Fractional System with Constant and Variable Order: A Comparative Study. European
Journal of Pure and Applied Mathematics, 17(4), pp.3915-3931.

[18] Abdoon, M. A., & Alzahrani, A. B. M. (2024). Comparative analysis of influenza
modeling using novel fractional operators with real data. MDPI, 16, 1126.



Mohammed Berir et al. 306

[19] Toufik, M., & Atangana, A. (2017). New numerical approximation of fractional
derivative with non-local and non-singular kernel: Application to chaotic models. The
European Physical Journal Plus, 132, 1-16.

[20] Atangana, A., & Owolabi, K. M. (2018). New numerical approach for fractional
differential equations.Mathematical Modelling of Natural Phenomena, 13. EDP
Sciences.

[21] Ahmed, K. I., Adam, H. D., Almutairi, N., & Saber, S. (2024). Analytical solutions
for a class of variable-order fractional Liu system under time-dependent variable
coefficients. Results in Physics.

[22] Zambrano-Serrano, E., Loya-Cabrera, A. E., Rodriguez-Cruz, J. R., Platas-Garza,
M. A., & Posadas-Castillo, C. (2023). Synchronization between a class of variable-order
fractional hyperjerk chaotic systems. Computacion y Sistemas.

[23] Jin, M., Sun, K., & He, S. (2023). A novel fractional-order hyperchaotic complex
system and its synchronization. Chinese Physics B.

[24] Alharbi, S.A., Abdoon, M.A., Degoot, A.M., Alsemiry, R.D., Allogmany, R., EL
Guma, F. and Berir, M., 2024. Mathematical Modelling of Influenza Dynamics: A Novel
Approach with SVEIHR and Fractional Calculus. International Journal of
Biomathematics.

[25] Atangana, A., & Alkahtani, B. S. T. (2023). Study of a Cauchy problem of
fractional order derivative with variable order fractal dimension. Results in Physics.

[26] Solis-Pérez, J. E., Gomez-Aguilar, J. F., & Atangana, A. (2018). Novel numerical
method for solving variable-order fractional differential equations with power,
exponential and Mittag-Leffler laws. Chaos, Solitons & Fractals, 114, 175-185.

[27] Atangana, A. (2020). Extension of rate of change concept: From local to nonlocal
operators with applications. Results in Physics, 19, 103515.

[28] Algahtani, A. M., Chaudhary, A., Dubey, R. S., & Sharma, S. (2024). Comparative
analysis of the chaotic behavior of a five-dimensional fractional hyperchaotic system
with constant and variable order. Fractal & Fractional, 8,(7).

[29] Hatamleh, R., Hioual, A., Qazza, A., Saadeh, R., & Ouannas, A. (2024).
Synchronization in fractional discrete neural networks: Constant and variable orders
cases. Arab Journal of Basic and Applied Sciences, 31,(1), 527-535.

[30] Hatamleh, R., Djenina, N., Saadeh, R., Qazza, A., & Ouannas, A. (2024). Stability
exploration in fractional h-difference equations with incommensurate orders. Arab
Journal of Basic and Applied Sciences, 31,(1), 470—480.

[31] Saadeh, R., A. Abdoon, M., Qazza, A. and Berir, M., 2023. A numerical solution of
generalized Caputo fractional initial value problems. Fractal And Fractional, 7(4), p.332.

[32] Batiha, 1.M., Oudetallah, J., Ouannas, A., Al-Nana, A.A. and Jebril, 1.H., 2021.
Tuning the fractional-order PID-controller for blood glucose level of diabetic
patients. Int. J. Advance Soft Compu. Appl, 13(2), pp.1-10.

[33] Berir, M., 2023, December. A fractional study for solving the smoking model and
the chaotic engineering model. In 2023 2nd International Engineering Conference on
Electrical, Energy, and Artificial Intelligence (EICEEAI) (pp. 1-6). IEEE.



