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Abstract
The aim of this paper is to make change to the application of
the modified Adomian decomposition method suggested in [11]
and we extend to obtaining solutions of nonlinear partial
differential equations with time-fractional derivative. The
fractional derivative is described in the Caputo sense. Some
illustrative examples are given, revealing the effectiveness and

convenience of the method.
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1 Introduction

Differential equations are two types: linear differential equations and non-
linear differential equations. Non-linear differential equations are the most
complex in the solution compared with linear differential equations due to the
presence of non-linear part in them. So we find that a lot of researchers are
working to develop new methods to solve this kind of equations. These efforts
resulted in the consolidation of this research field in many methods, among them
we find the Adomian decomposition method. This method was developed from
the 1970s to the 1990s by George Adomian ([1]-[5]). Then, a new option emerged
recently, includes the composition of Laplace transform, sumudu transform,
Natural Transform or Elzaki transform with this method for solving linear and
nonlinear differential equations. Among which are the Adomian decomposition
method coupled with Laplace transform [6],[7], Adomian decomposition sumudu
transform method [8], natural decomposition method [9] and Elzaki transform
decomposition algorithm [10],[12].
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The motivation of this paper is to extend the application of Elzaki transform
decomposition method suggested in [11] to solve nonlinear partial differential
equations with time-fractional derivative. The fractional derivative is described in
the Caputo sense.

The present paper has been organized as follows: In Section 2 some basic
definitions of ELzaki transform method are mentioned. In section 3 we will
propose an analysis of the modified method. In section 4 nonlinear time-fractional
partial differential equations is studied with the fractional Elzaki transform
decomposition method (FETDM). Finally, the conclusion follows.

2 Basic definitions

In this section, we give some basic definitions and properties of fractional
calculus, Elzaki transform and Elzaki transform of fractional derivatives which are
used further in this paper.

2.1 Fractional calculus.

In There are several definitions of a fractional derivative of order a > 0 (see
[13]-[15]). The most commonly used definitions are the Riemann--Liouville and
Caputo. We give some basic definitions and properties of the fractional calculus
theory which are used further in this paper.

Definition 2.1 Let Q=[a,b] (-o<a<b<+oo) be a finite interval on the real axis R.
The Riemann-Liouville fractional integrals 1°f of order a € R (a>0) is defined by

o ()= ﬁja _ ) f()dr(t > 0,a > 0).

Here I"(:) is the well-known Gamma function.

Theorem 2.2 Let (0¢>0) and let n=[a]+1. If f(t) ¢ AC"[a,b] then the Caputo
fractional derivatives (“D* f)(t) exist almost everywhere on [a,b].

If a &N, ("D f)(t) are represented by :
1 t
Dy f)t)=——— | (t—2)"*"* f(r)dr,
@  (D5OO=F = [t (e
where D=d/dx and n=[a]+1.
Proof (see [14]).

Remark 2.1 In this paper, we consider the time-fractional derivative in the
Caputo's sense. When o € R*, the time-fractional derivative is defined as :
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c thxu(x’t) — au—(:(’t)

m
m-a-1 a

1 u(x,)
3) m!(t—f) Td7,0<m—l<a<m,

o"u(x;t) a=m
ot™

whereme N

2.2 Definitions of Elzaki transform
A new integral transform called Elzaki transform ([16]-[18]) defined for

functions of exponential order, is proclaimed. They consider functions in the set A
defined by :

t

@) A={f(t):M k.k, >0,[f (1)< Me" ift « (1)) x[0,o0)!.

Definition 2.3 If f(t) is function defined for all t>0, its Elzaki transform is the
integral of f(t) times —t/s from t=0 to oo. It is a function of S and is defined by

EL/]
G  E[fO]=T©)=s] f®e *dt

Theorem 2.4 Elzaki transform amplifies the coefficients of the power series
function :

6 f®)=>at"
n=0
on the new integral transform "Elzaki transform™, given by :
@ E[f®]=Tw)=> nayv"
0

Theorem 2.5 Let f(t) be in A and Let Tn(v) denote Elzaki transform of nth
derivative 7™(t) of f(t), then for n>1,
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(8) T ( ) — T(V) z 2 n+k f (k) (O)

k=0

To obtain Elzaki transform of partial derivative we use integration by parts, and
then we have :

@ E af(“)j 1T(xv) vE(x,0),
at
@) E%J L10n - 1000 v TED.

Properties of Elzaki transform can be found in Refs.([16],(17]), we mention
only the following :

1.EQQ) =Vv?; 3.E(t") = niv™?;

n

2E(t) :V3; 4.E(Vn+2) :F

2.3 Elzaki transform of fractional derivatives

To give the formula of Elzaki transform of Caputo fractional derivative, we use
the Laplace transform formula for the Caputo fractional derivative [13].

(11) L{C D& f(t); s}: s“F(s)— Es“’k’l f (0,
k=0

where (m-1<a<m) m € N*.

Theorem 2.6 [19] Let A defined as above. With Laplace transform F(s), then the
Elzaki transform T(v) of £(t) is given by :

1 TW)= vF(%).
Theorem 2.7 Suppose T(v) is the Elzaki transform of the function f(t) then :
(13) E{"Dg f(t);v)= @ —nz_lskw £ (0).
k=0
Proof (see [20]).

3  Fractional Elzaki decomposition method (FEDM)

In this section, we make a change to the method proposed in [11] and we
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extend to solving nonlinear partial differential equations with time-fractional
derivative. To illustrate the basic idea of this method, we consider a general
nonlinear nonhomogeneous fractional partial differential equation :

14)  “DIW(X,t) + Rw(x,t) + Nw(x,t) = g(x,1),
where m-1<o<m, m=1,2,..., and the initial conditions :

{amlw(x, t)
(15) |7 Ami

m— = fm—l(x)lmzlaza---;
a 1t :|t0

where “D*w(x,t) is the Caputo fractional derivative of the function w(x,t), R is

the linear differential operator, N represents the general nonlinear differential
operator, and g(xt) is the source term.

Applying Elzaki transform (denoted in this paper by E ) on both sides of Eq.
(14), we get :

(16) E[*D{w(x,t)]+ E[Rw(X,t)]+ E[Nw(x,t)] = E[g(X,t)].

Using the property of Elzaki transform, we obtain :

E[w] = mZv“Bt‘k’q +VUE[g(x,1)]

—Vv*E[Rw + Nw],

where m-1<o<m, m=1,2,....

(17)

Operating with the inverse Elzaki transform on both sides of Eq. (17), we get :
18)  W(x,t) =G(x,t) — E™(v*E[Rw(X,t) + Nw(x,1)]),

where G(x,t), represents the term arising from the source term and the prescribed
initial conditions. The second step in Elzaki decomposition method, is that we
represent solution as an infinite series given below:

19) W(xt)= iwn (x,1),

and the nonlinear term can be decomposed as:

o) Nw(x =2 A W),
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where A, are He's polynomials [21] of wp, Wi, Wy, ...,wn, Which can be calculated
by the following formula :

e AWy, W, 1|§/;{ (Zﬂ'w)} ,n=012,...

p=0

Substituting (19) and (20) in (18), we have:

e 2w, =G —E(VERY W, + N A (W),

On comparing both sides of Eq. (20), we get:
w, (X,t) = G(x,t),
23) WD) =—E E[Rw,(x.1) + A (w)))
w, (x,t) = —E(v“ E[Rw, (x,t) + Al(w)]),
In general, the recursive relation is given as :
@4 W,,,(xt)=—E*(v*E[Rw, + A (W)]),n>0.

Finally, we approximate the analytical solution by truncated series:

25)  w(xt)=lim D w, (x.1).

N—w n=0

The above series solutions generally converge very rapidly [22].
4 Application of the FETDM

In this section, we apply the fractional Elzaki transform decomposition method
(FETDM) for the Caputo fractional derivative, to solve nonlinear partial
differential equation with time-fractional derivative.

Example 4.1 Consider the following time-fractional partial differential equation :
26) °‘Dfw+ww, —w, =0,0<a <1,
subject to the initial condition
(27)  w(x,0) = x.
Applying Elzaki transform on both sides of Eg. (26). Thus, we get:
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28) E[‘D{w]+ E[ww,]-E[u,]=0.
Using the differentiation property of Elzaki transform, we have :
29) E[w(x,t)] = x—E*(V'E[ww,_—w._].

By applying the aforesaid decomposition method, we find :

o W0 =x-ETWIED A M) - (W),

The first few components of A,(w) polynomials [21] for example, is given by :

AO (W) = VVOVVOX !
A (W) = Wo Wi, + W, W

X’
31
(1) A, (W) = W, W,, +W, W, +W,W,

X!

On comparing both sides of Eq. (30), we get:
W, (X,t) = X,
W, (%) = —E (v E[A (W) — (o)., )
G WD) =—E(E[A W) - (w),,])
W, (1) = —E (v E[A, (W) = (w,) )

Using He's polynomials (31) and the iteration formulas (32), we obtain:

W, (X,t) = X,
w, (X,1) ——x; “
R YR R
WZ(X,'[):XL Za,
(33) I'2a+1)
W (x,t) = —x 4[F22(a +1)+ T (2a +1)]
I'(a+)rQ@Ra+1)

The approximate solution of Eq. (26), is given by:
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a 2a

Ca+l) | TQa+l)
GV AC(@+D) +TRa+D) .
(MM +1)°T (Ba +1)
The approximate solution of Eg. (26) in the special case o=1, is given by

(35)  W(X,t)=x(L—-t+t>—t°+t*--).

W(X,t) =X —X

That gives :

X
= — 1
36)  W(X,t) 1+t’|t|<’

which is an exact solution of KdV
equation as presented in [23].

0.9+

0.8

Fig. 1 : (a) Exact solution, (b) the
approximate solution in the case o=I, . .
(c) The exact solution and approximate ’ o
solutions of Eq. (23) for different |
values of a when x=1.

Example 4.2 Consider the nonlinear time-fractional partial differential equation
of order a (1<a<2)

Exact = Alpha=09§ —— Alpha=1 |
(©

(37) CDtaW+%WWX =0,t >0,x =0,

with the initial conditions
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1

(38)  W(x,0)=0,w,(x,0) = v

If a=2 and with the initial conditions (38), the exact solution of the following
equation :

(39) th+%WWX:O’t>O,X¢O,
is given by :
(40)  W(X,t)= tanG).

By using (22), we can obtain the iteration formula :
0 t . " 2 o0

@y W (xt)= v E 1(V E[?Z A, (W)D-
n=0 n=0

The first few components of A, (W) polynomials [21] for example, is given by:

AO (W) = WOWOX !

Ai(W) = Wo Wi, + Wy Wy
(42)

X!

A2 (W) = WoW,, + W, W, + W, W,

In a similar way as above, we have:

WO(X,t)zl,
X
2 ta+l
W, (X,t) = 3
INa+2) x
16 t2a+1
W X,t = )
@3 W= o )
3a+l
W23(X,t)=i 8+F§2a+2) t _
I'Ga+2) I'a+2) | x
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The approximate solution in a series form, is given by :

t 2 ta+l 16 t2a+1
w(x,t)=—+ —+ :
X INa+2) x> T'Ra+2) x

24 2 +2) |t3
8+ 5 -
I'Ga +2) (F(a + 2)) X

As a=2, we obtain :

Wit =L +1H3 +3(1j5 +£(L)7 _ tan(i)
(45) " x 3lx) 15\x) 315(x) X

which is an exact solution of the nonlinear partial differential equation (34).

(44)

Remark For graphs of the 4
approximate solution, we took only
four terms in the two previous
examples.

Fig. 2 : (A) The exact solution, (B)
The approximate solution when
a=2.90, (C) The approximate
solutions of Eq. (32) for different
values of o when x=1.

0.1 02 03 04 0.3 0.6 0.7 0.8

— Alpha=195 Exact Alpha=170
—— Alpha=1 90 —— Alpha=1§0

)
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Example 4.3 Consider the nonlinear time-fractional partial differential equation
of order o (2<0<3)

46) °‘Dfw—-3ww,, =0,t>0,x=0,

with the initial conditions

@47y W(x,0) = 1 W, (X,0) = iz W, (x,0) = %
X X X

If a=3 and with the initial conditions (47), the exact solution of the following
equation :

(48) W, —3ww, =0,t >0,x =0,

is given by :

<1, x#0.

1 |t
49)  w(x,t)= —t‘;

By using we can obtain the iteration formula :
o0 1 t t2 B 5 o0
(50) D W, (1) ==+ —+ 5 +3E7 VIE| D A W) ||
n=0 X X X n=0

The first few components of A, (W) polynomials [21] for example, is given by:

Ao (W) = WoW,

AI(W) = W Wi, + Wy Woy s
(51)

X!

Az (W) = WoWs, + W, W, + W, Wy
In a similar way as above, we have :

2
w, (X,t) :§{1+§+i—2},

1 ta ta+l ta+2 ta+3 ta+4
Wl(X,t):; a1F+a2?+a37+a4 6 +a5 7 y
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2a 2a+1 2+2 2a+3 2a+4
1 t t t t t
wz(x,t)=; ae—x6 +a,——+tq 5t —5+dy—5 |

where :
3 41 Bl 22 x3°
= &, =—— g =———, 8y =———,
I'a+1) IN'a+2) I'a+3) I'a+4)
Q 25 x 3° o 66x3 [ 78x3  96x4l | [(a+2)
> T(x+5  ° T'Ra+l)' " |T(e+1) T(x+2)|TFR2a+2)’
. | 24xa , 108x4l  132x5! | I'(a +3)
° | T(@+]) T(a@+2) T(x+3)|TQRa+3)’
. | 126 x4 L _24x6! | T(a+4) _ 18x6! T(a+5)
T T(@+2) T(@+3) |T2a+4) ™ T(@+3) T'2a+5)

The first terms of the approximate solution of Eq. (46), is given by :

1 t t2 ta a+1 OC+2 ta+3 ta+4
w(x,t)==|1+—+—+a,—+a +a +a,—+a ——
X X X2 a1x3 2xt T xE T s T T
t2a t2a+l t2a+2 t2a+3 t20{+4
+a +a +a +a +a +ee .
6 X6 7 X7 8 XS 9 X9 10 XlO

As 0=3, we obtain :
2 3 4 5
W(X,t)=1|:1+£+[£) +(£) +(£j +(£j
X X X X X X
G2 e e ) 150ty 3 (t)?
—| =] ] = +=| =] +=| =] +--|
SEOROE-HE- GRS

That gives :

(49) W(x,t)=it, ” <L x=0,

‘L

which is an exact solution of the nonlinear partial differential equation (48) as
presented in [11].
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(A) ®)

Fig. 3:(A) The exact solution, (B) The ]

approximate solution whena =3, (C) The
approximate solutions of Eq. (40) for

different values of & when X =1, and we

took only three terms. o]
2
01 02 03 04 05 06 07 08 09
Exact — Alpha=3  —— Alpha=2 .80‘
- Alpha=270 — Alpha=250
5 Conclusion ©

In this paper, the fractional Elzaki transform decomposition method (FETDM)
has been applied for finding the exact or the approximate solutions to the
nonlinear fractional partial differential equations. The FETDM can easily be
applied to many problems and is capable of reducing the size of computational
work. The results show that the fractional Elzaki transform decomposition method
(FETDM) is an appropriate method for solving nonlinear partial differential
equations of fractional orders.

6 Open Problem

In this work, the fractional Elzaki transform decomposition method (FETDM)
to be effective for solving nonlinear partial differential equation with time-
fractional derivative. One can apply the fractional natural transform
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decomposition method (FNTDM),...,to the same problem (nonlinear fractional
partial differential equations). Is it possible to solve nonlinear partial integro-
differential equations of fractional order by this method (FETDM)?

References

[1] G. Adomian, Nonlinear Stochastic Systems Theory and Applications to
Physics, Kluwer Academic Publishers, Netherlands, (1989).

[2] G. Adomian, R. Rach, Equality of partial solutions in the decomposition
method for linear or nonlinear partial differential equations, Comput. Math. Appl.,
10, (1990), 9-12.

[3] G. Adomian, Solving Frontier Problems of Physics: The Decomposition
Method, Kluwer Academic Publishers, Boston, (1994).

[4] G. Adomian, Solution of physical problems by decomposition, Comput. Math.
Appl., 27, (1994), 145-154.

[5] G. Adomian, Solutions of nonlinear P.D.E., Appl. Math. Lett., 11, (1998),
121-123.

[6] S.A. Khuri, A Laplace decomposition algorithm applied to a class of nonlinear
differential equations, J. Math. Annl. Appl., 4, (2001), 141-155.

[7] S.A. Khuri, A new approach to Bratus problem, Appl. Math. Comput., 147,
(2004), 31-136.

[8] D. Kumar, J. Singh, S. Rathore, Sumudu Decomposition Method for
Nonlinear Equations, Int. Math. For., 7(11) (2012), 515 - 521.

[9] M.S. Rawashdeh, S. Maitama, Solving Coupled System of Nonliear PDEs
Using the Naturel Decomposition Method, Int. J. of Pure and Appl. Math., 92(5),
(2014), 757-776.

[10] M. Khalid, M. Sultana, F. Zaidi, U. Arshad, An Elzaki Transform
Decomposition Algorithm Applied to a Class of Non-Linear Differential
Equations, J. Nat. Sci. Res., 5(5), (2015), 48-55.

[11] D. Ziane, M. Hamdi Cherif, Resolution of Nonlinear Partial Differential
Equations by Elzaki Transform Decomposition Method, J. Appro. Theo. Appl.
Math., 5, (2015), 17-30.

[12] T.M. Elzaki, S.A. Alkhateeb, Modification of Sumudu Transform "Elzaki
Transform” and Adomian Decomposition Method, Appl. Math. Sci., 9(13),
(2015), 603 — 611.

[13] I. Podlubny, Fractional Differential Equations, Academic Press, San Diego,
CA, (1999).



Elzaki transform and the decomposition... 39

[14] A.A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and Applications of
Fractional Differential Equations, Elsevier, Amsterdam (2006).

[15] K. Diethelm, The Analysis Fractional Differential Equations, Springer-
Verlag Berlin Heidelberg (2010).

[16] T.M. Elzaki, S.M. Elzaki, E.A. Elnour, On the New Integral Transform
"Elzaki Transform, Fundamental Properties Investigations and Applications”, Glo.
J. Math. Sci., 4, (2012), 1-13.

[17] T.M. Elzaki, E.M.A. Hilal, Homotopy Perturbation and Elzaki Transform for
Solving Nonlinear Partial Differential Equations, Math. Theor. Mod., 2, (2012),
33-42.

[18] E.M. Abd Elmohmoud, T.M. Elzaki, Elzaki Transform of Derivative
Expressed by Heaviside Function, W. Appl. Sci. J., 32, (2014), 1686-1689.

[19] T.M. Elzaki, S.M. Ezaki; On the Connections Between Laplace and ELzaki
Transforms, Adv. Theo. Appl. Math., 6(1), (2011), 1-10.

[20] A. Neamaty, B. Agheli, R. Darzi; New Integral Transform for Solving
Nonlinear Partial Differential Equations of fractional order, Theo. Appr. Appl.,
10(1), (2014), 69-86.

[21] Y. Zhu, Q. Chang, S. Wu, A new algorithm for calculating Adomian
polynomials, Appl. Math. Comp., 169, (2005), 402-416.

[22] M.M. Hosseini, H. Nasabzadeh, On the convergence of Adomian
decomposition method, Appl. Math. Compu., 182, (2006), 536-543.

[23] A.M. Wazwaz, The variational iteration method for rational solutions for
KdV, K(2,2), Burgers, and cubic Boussinesq equations, J. Comp. Appl. Math.,
207, (2007), 18-23.



