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Abstract

In this paper B-elements and C-elements are defined in an
ortholattice. We obtain an equivalent condition for an or-
tholattice to become a distributive lattice and hence Boolean
algebra in terms of B-elements. Using B-elements two con-
gruences are studied. Finally for each C-element, we obtain a
decomposition for an ortholattice.
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1 Introduction

In [3], every Boolean algebra is isomorphic to the direct product of two element
Boolean algebras. The concept of Boolean algebra plays a key role in lattice
theory and mathematical logic. Ortholattices are one of the generalization of
Boolean algebras. Several authors discussed about the structure of an ortho-
lattice. In [2], Ivan chazda characterized the ideals of an ortholattice. By an
ortholattice we mean an algebra (L,V,A,,0,1) such that (L,V,A,0,1) is a
bounded lattice and " is an unary operations satisfying the following identities

=z
zAx =0andzVa =1
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(xANy) =2'Vy and (zVy) =2 Ny
0'=1and l'=0.

In this paper, we introduce B-elements in an ortholattice and obtain some
properties on them which are useful in consequent sections. If a is a B-element
in an ortholattice L, we obtain two congruences 6,, 1, on L. In fact 6, (and
,) need not be a congruence in an ortholattice L, where a € L. We obtain
two ortholattices namely L, and R,, which are not subalgebras of L, for any
a € L. We define C-elements in an ortholattice. If a is a C-element and a & d
are A-distributive, then we prove that L is isomorphic to L, X L,. Similarly, if
a is a C-element and a & a’ are V-distributive, then L is isomorphic to R, X R, .

2 B-elements in ortholattices

In this section, we define B-elements in an ortholattice and provide several
examples for it. Mainly, we obtain a necessary and sufficient condition for an
ortholattice to become a Boolean algebra.

Definition 2.1 An element a of an ortholattice (L,V,A,,0,1) is said to
be a B-element with respect to A, if for any v,y € L, a Nx = a Ay implies
aNz' =anNy. Correspondingly, we can define B-element with respect to V.

From now onwards by L we mean an ortholattice (L,V,A,”,0,1) in this
paper unless and otherwise stated by the authors.

Note 2.2 1. 0 and 1 are always B-elements with respect to N\ and \V in L.
2. For any a € L, a is a B-element with respect to A if and only if a’ is a
B-element with respect to V.

Example 2.3 Let L = {0,a,b,a’,b',1} be an ortholattice whose Hasse-
diagram is
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Then a and b’ are B-elements with respect to A.

Example 2.4 Let L = {0,a,b,a’,b',1} be an ortholattice whose Hasse-
diagram is

bl

Then a is a B-element with respect to A.

Example 2.5 Let L = {0,a,b,a’,b',1} be an ortholattice whose Hasse-
diagram is

Then there is no B-elements with respect to A\ or V except 0 and 1.

Example 2.6 Let L = {0,a,b,c,d,ad’,t/,c,d',1} be an ortholattice whose
Hasse-diagram s
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Then a,c, and d are B-elements with respect to A. b is neither B-element with
respect to N\ nor V.

Theorem 2.7 Let L be an ortholattice in which every element is B-element
with respect to \. Then L 1s distributive and hence a Boolean algebra.

Proof: Suppose that L is an ortholattice in which every element is a B-element
with respect to A. We claim that L has no copy of N5 and Ms5.

Case 1. Let us assume that L has a copy of N5. Then there exist a,b,c € L
such that a > b,aVe=bVcandaAc=bAc. Thend <bV,dVvd =00V
and d AN =W Nd. Takex =aAV. If x =0, then a ANV =2z =0=aAd. By
our hypothesis, a A b =a A a = a, which is not true in N5. So, z # 0. Now,

cAhx=cA(aAb)=(cNa)ANV =(cAbD)AY =0=0Az
dhNz=dNVNa)=([N)Na= (I Nd)ANa=0

By our hypothesis, 0 =2z Ad =2 A0 =2 A1l =2z Which is a contradiction
to x # 0. Therefore L has no copy of Njs.

Case 2. Let us assume that L has a copy of M5. Then there exist a,b,c € L
such that aVb =aVec=bVcand aANb=aAc=>bAc We have same
conditions on a’, V', . Take z = a AV. If x =0, then a AV =2 =0=aAd.
By our hypothesis, a Ab = a A a = a. But this implies a < b, which is not true
in Ms. So, x # 0. Now,

cAhx=cA@Ab)=(cNa)ANV =(cAD)AY =0=0Az
chNe=dNO Na)=(INY)Na= (I Nd)Na=0.

By our hypothesis, we get 0 = 2 A = 2 A0 =2 A1l = 2. Which is a
contradiction to x # 0. Therefore L has no copy of Ms. Thus L is distributive
and hence a Boolean algebra. U

Corollary 2.8 Let L be an ortholattice in which every element is B-element
with respect to V. Then L is distributive and hence a Boolean algebra.
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3 Congruences on ortholattices

Let us denote B be the set of B-elements with respect to A and B’ is the set of
B-elements with respect to V. For each B-element, we study two congruences.
In an ortholattice, we present two ortholattice structures which are not sub
ortholattices.

Theorem 3.1 For any a € B, the set 0, = {(z,y) | aANx =a Ay} isa
congruence on L.

Proof: 1t is easy to verify that 6, is an equivalence relation on L. Let
r1,Y1, T2, Yo € L such that a Axy = a Ay, and a A 9 = a A ys. Then
aNzi=aANy] and a Az = a Ayl (since a € B). Now,

aNTINTy = aNaNxi N\ T

aNxT1N\Naxy

aANyi AaANys (by our assumption)
aNaANys Ny

= aNYy1 NY2

and
al(x1Vay) = aNzi Nl

aNz)NaA

= aAy;ANaAyy (by our assumption)

= aANy Ay,

= aN(y V).
So, aA(x1Vxa) =aA(y1Vysz) (since a € B). Therefore (x1 Ao, y1 Aya), (21 V
To,y1 V Ya) € 0,. Hence 6, is a congruence on L. O

Note 3.2 If a is not a B-element with respect to A, then 6, need not be
a congruence on L. For, see Example 2.3., 0, is not a congruence (because
(a',b') € 0, but (a,b) & 0,), where as b is not a B-element with respect to A.

Theorem 3.3 For any a € B, the set ¢, = {(z,y) |aVx =aVy} isa
congruence on L.

Proof: 1t is easy to prove that i, is an equivalence relation on L. Let
x1,Y1, T2, Y2 € L such that a Vx; = aVy, and a Vs = aV ys. Then
aVz,=aVy, and aVzy=aVy, (since a € B'). Now,

aVriVzeo = aVaVIVe
= aVziVaVx
= aVyVaVyy (byour assumption)
= aVyiVys
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and
aV(xy ANxg) = aVayVa
aV iV,
= aVaVayVa,
= aVy;VaVy, (byourassumption)
aVyVy,
= aV(nAy).

So, aV (1 Axg) = aV (y1 Ayz) (since a € B'). Therefore (z1 Axg, y1 Aya), (21 V
To, Y1 V Ya) € 1,. Hence 1), is a congruence on L. O

Note 3.4 If a is not a B-element with respect to V, then 1, need not be
a congruence on L. For, see Example 2.3., ¥y is not a congruence (because
(a,b) € Yy but (a’',0') & Yy ), where as b’ is not a B-element with respect to V.

Definition 3.5 An element a of L is said to be A-distributive, if for any
r,y € LiaN(xzVy)=(aNz)V(aNy).

It is easy to prove that if a, b are A-distributive, then aAb is also A-distributive.

Theorem 3.6 Let a be a N-distributive element in L. Then the set L, =
{a Nz | x € L} is itself an ortholattice with induced operations V,\ and the
unary operation x defined by z* = (a Nz)* = a Nz’ for all x € L,.

Proof: 1t is easy to verify that (L, V, A, 0, a) is a bounded lattice. Let z,y € L
such that x =a A z,y = a A y. Then,

™ =(aNz)*=aA(aN2) =an(dVz)=ahz=urx,

(zVy) =an(@xVy) =arnd' ANy =(@nz)AN(aNy) =2 ANy,

and
(@Ay) = an(z/ry)
a (@' Vy)
= (aNZ)V(aNYy) (since ais A -distributive)
= z*Vy*
Therefore (L4, V,A,*,0,a) is itself an ortholattice. O

Theorem 3.7 Let a be a A-distributive element in B. Then the mapping
f:L— L, defined by f(x) =aAzx, for allx € L, is a homomorphism from L
onto L.



Decomposition of an Ortholattice 7

Proof: Let x,y € L. Then

flany)=anzAy=(anz)N(aNy)=f(x)A f(y)

flzvy) =

al(xVy)
(anz)V(aNy) (since ais A -distributive)
f(@)V f(y)

and f(2') =aAnz’ =aA (a V) (since ais A-distributive) = a A (a A z) =
f(z))*. Therefore f is a homomorphism from L onto L,. U

Definition 3.8 An element a of L is said to be \V-distributive, if for any
r,ye L, aV(xAy)=(aVz)A(aVy).

It is easy to prove that if @ and b are V-distributive, then a V b is also V-

distributive.

Theorem 3.9 Let a be a V-distributive element in L. Then the set R, =
{aVzx|x € L} isitself an ortholattice with the induced operations V & A, and
the unary operation x is defined by x* = (aV x)* =aV 2, for all x € R,.

Proof: Let x,y € L such that t =a V x and y = a V y. Then,

zVy=(aVz)V(aVy =aV(xVy) € Ry,

zAy=(aVz)A(aVy) =aV(xAy) € R, (since a is V —distributive),

and

¥ =aVa e€R,.

Therefore (R, V,A\,*,a,1) is a bounded lattice. For x,y € L,

¥ = (aVva')*
= aV(dAN2")
= (aVd)A(aVz) (sinceais V —distributive)
= 1A(aVu)
= aVzx
=
(xAy)” = aV(zAy)
= aV (@ Vy)
(aVa)V(aVy)
= z*Vy~
(xVvy) = aV(zVy)
= aV (2 NY)

= " Ay~

Therefore R, is an ortholattice.

(aVa')A(aVy') (since ais V —distributive)
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Theorem 3.10 Let a be a V-distributive element in B. Then the mapping
g: L — R, defined by g(x) = aV x, for all x € L, is a homomorphism from L
onto R,.

Proof: Let z,y € L. Then
gleny) = aV(zAy)
= (aVz)A(a
= g(x) Agly)
glxVy)=aV(zVy)=(aVr)V(aVy)=gx)Vgy).
and g(2') =aVa' =1A(aV2')=aV(dAN2')=aV(aVz) =aVg(zr) = g(x)*

(since a is V-distributive). Therefore g is a homomorphism from L onto R,.
O

Vy) (since ais V —distributive)

4 C-elements in ortholattices

In this section, we define C-elements in an ortholattice. For each C-element,
we obtain a factor congruence and hence it leads to a decomposition for an
ortholattice.

Definition 4.1 A B-element a with respect to A (or with respect toV ) of an
ortholattice L is said to be a C-element, if it satisfies the following conditions,
for any x,y € L,

(i) (avd)Nz=(aANz)V(dNz)=1x
(i) aN[(aNx)V(d ANy)=aNz
(1))  N(aNz)V(d ANy)=d Ny

It can be easy to verify that if a is a C-element of L, then a’ is also a C-element
of L.

Note 4.2 FEvery B-element need not be a C-element in L. For, see Example
2.3., a is a B-element but not a C-element in L (because a = (aAb)V(a’Ab) # b)

Lemma 4.3 For any C-element a of L, 0, N0, = A.
Proof: Let (z,y) € 0,N0y. Thena Az =aAyand ¢ ANz =a Ny. Now,

r=1ANz = (aVd)A

(

(aNz)V (a Az) (since a is a C-element)
Ea Ay) Vv (a Ay)
1

aVa)An (since a is a C-element)
Ny = y
Therefore 6, N6, = A. U
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Lemma 4.4 For any C-element a of L, 6,0 0, = L x L.

Proof: Let z,y € L. Taket = (aAz)V (¢’ Ay). Thena At =aAN[(aNx)V
(@' Ny)] = a Az (since a is a central element). Therefore (¢,z) € 6,. Similarly,

adANt=d N[(aNz)V(d Ny)] =da Ay (since a is a central element). Therefore
(t,y) € 0. Hence (z,y) € 6,0 0,. Thus 0,00, = L x L. O

Now, we have the following from the above two lemmas

Theorem 4.5 If a is a C-element of L, then 6, is a factor congruence on
L.

Theorem 4.6 If a is a C-element of L and a & a' are N\-distributive then
L= La X La"

Proof: Define h : L — L, X Ly by h(x) = (aAz,d’ Az) for all x € L. Then h is
well-defined and onto. Let x,y € L such that h(z) = h(y). Then aAx =a Ay
and ' ANx =da Ny. Now,

r = (avd)Azx
= (aAz)V(d Az) (since a is a C-element)
= (any)V(a' Ay)
= (aVvd)Ay (since a is a C-element)
=Y
Therefore h is one-one. Hence h is bijective. It is easy to verify that A is a
homomorphism and hence h is an isomorphism from L onto L, X L. O

We conclude this paper with the following which are similar to 4.3, 4.4, 4.5
and 4.6.

Lemma 4.7 If a is a C-element of L, then
(Z) 77Z)a N 77Z)a’ =A
(’LZ) @Z)a 0] 77/}@/ =L x L.

Lemma 4.8 If a is a C-element of L, then 1, is a factor congruence on L

Theorem 4.9 If a is a C-element of L and a & a' are V-distributive, then
L= R, X Ry.

5 Open problems
1. If one can exhibit algebraic operations on congruences (6, and v,) in

an ortholattice, then it may leads some fruitful results in terms of B-
elements and vice versa.
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