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Abstract

In the paper, the authors introduce a new concept ”(3, a)-logarithmically
conver functions in the first and second sense” and establish Hermite- Hadamard
type integral inequalities for these convexities.
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1 Preliminaries

A function f: I — R is said to be convex on [ if the inequality

fu+(1=2)v) <Af(u)+(1=A)f(v) (1)

holds for all u,v € I and A € [0,1]. We say that f is concave if —f is convex.

In this section we give some necessary definitions which are used throughout
this paper. Let f: I C R — R be a convex mapping and u,v € I with u < v.
The following double inequality

H(M50) = ot [ e T )

2

is known in the literature as Hadamard’s inequality (or Hermite-Hadamard
inequality) for convex mapping. Note that some of the classical inequalities
for means can be derived from (2) for appropriate particular selections of the
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mapping f. If f is a positive concave function, then the inequalities are re-
versed. For some results which generalize, improve and extend the inequality
(2) see [2, 3, 6, 8,9, 10, 11, 12, 14] and the references therein.

Definition 1.1 [7] The function f : I — R is said to be (o, B)-convex function
if for all (o, B) € [0,1]° and X € [0, 1] we have

FOu+ 1T =2)0)<Af(w)+ 1 =2 F().

The function f: I C R — [0, 00) is said to be log-convex or multiplicative
convex if log f is convex, or, equivalently, if for all w,v € I and A € [0, 1], one
has the inequality

FOu+ 1 =X o) < [F @) f ).

In [1], Akdemir and Tung defined the class of s-logarithmically convex
functions in the first sense as the following:

Definition 1.2 [1] A function f : I C Ry — R, is said to be s-logarithmically
convez in the first sense if

f(ow+ Bo) < [f ()™ [f () (3)
for some s € (0,1], where u,v € I and a® + 55 = 1.

s-logarithmically convex functions in the second sense was defined in [13]
as follows:

Definition 1.3 [13] A function f : I C Ry — Ry is said to be s-logarithmically
convez in the second sense if

s

fQut (1=N0) < [f @ [f @) (4)
for some s € (0,1], where u,v € I and X € [0,1].

It can be easily checked for s = 1, in Definition 1.2 or inequality (4), then
f becomes the ordinary logarithmically convex function on I.

Lemma 1.4 /3, Lemma 2.1]Let f : I C Ry — Ry be a differentiable mapping
on I°, a,b € I witha <b. If f' € L[a,b], then the following equality holds:

f(a)—;f(b)_bia/a f(x)d:g:b;a/o (1= 2)) f' (Aa+ (1= A\)b) dA.

The main purpose of this paper is to define new classes of convex functions,
which is called the (3, «)-logarithmically convex functions in the first sense and
second sense. Some new Hermite-Hadamard inequalities to obtain for these
two new extensions of logarithmically convex functions.
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2 New Definitions

Motivated by Definitions 1.2 and 1.3, now we introduce concepts of (3, a)-
logarithmically convex functions in the first sense and second sense.

Definition 2.1 A function f : I C Ry — Ry is said to be (3, a)-logarithmically
convez in the first sense if

fte+ (1 =t)y) <[f @) [f @) ()

for some (8,a) € (0,1]%, where z,y € I and t € [0,1]. We denote by LV (I)
the set of all (B, a)-logarithmically convez in the first sense functions on I.

B

Remark 2.2 In Definition 2.1, if we take
i) = a =1, then f is the standard logarithmically convex function on I.
i) = a = s, then f is the s-logarithmically convex function in the first
sense on I.

Definition 2.3 A function f : I C Ry — Ry is said to be (B, a)-logarithmically
convez in the second sense if

fltz+ 0=ty <[f @) [f @) (6)

for some (8,a) € (0,1]%, where z,y € I and t € [0,1]. We denote by L™ (I
the set of all (B, a)-logarithmically convex in the second sense functions on I.

B

Remark 2.4 In Definition 2.3, if we take
i) = a =1, then f is the standard logarithmically convex function on I.
i) B = o = s, then f is the s-logarithmically convex function in the second
sense on I.

Definition 2.5 Let f : [0,b] = I — R be a function, (8,a) € (0,1)°. Then f
is said to be (5, a)-Godunova-Levin-log-convez functions in the first sense if
the 1nequality
a1 1

fta+ (1 —=1)b) <[f(a)]7 [f (D)
holds for all a,b € I and t € (0,1). It can be easily that for (B,a) €
{(1,1),(s,s), (o, ) } one obtains the following classes of functions: Godunova-
Levin-log-convex function, s-Godunova-Levin-log-convex function in the first
sense, a-Godunova-Levin-log-convex function in the first sense.

Definition 2.6 Let f : [0,b] = I — R be a function (3,a) € (0,1]>. Then f
is said to be (B, a)-Godunova-Levin-log-convex functions in the second sense
if the inequality

f(ta+ (1= )b) < [f (@] [f ()] "
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holds for all a,b € I and t € (0,1). It can be easily that for (B,a) €
{(1,1),(s,$), (a,a)} one obtains the following classes of functions: Godunova-
Levin-log-convex function, s-Godunova-Levin-log-convex function in the sec-
ond sense, a-Godunova-Levin-log-convex function in the second sense.

Lemma 2.7 (See [13]) If0 < pu<1<mn,0<a,s <1, then
,Uas S Iusa and nas S nocs—i-l—s. (7)

Lemma 2.8 Lett € [0,1]. Then

/\1—2t\ktdt: [km_klz (ﬁ;) } =M (k; 8, ) (8)

|/ (@)
FHOln

where k =

Proof: Proof is directly clear via integrating by parts.

3 Main Results

Theorem 3.1 Let f : I C R — R, be a differentiable mapping on I°, a,b € I
with a < b and f € L{a,b]. If f is (B, «)-logarithmically convex in the second
sense, (B, a) € (0, 1]2, then the following inequality holds:

([f(a)]ﬁ,[f(b)]) L 0<f(a),f) <1

L by < FOIL(F@P FO) L 0<f@<1<f()

T [ @ L(If @) [f 0)° NESIOESES ()
| F@ O L (@ ) . 1< @), f0)

where L is logarithmic mean.

Proof: Since f € L5 (I), we have

8

[f (b)) 0" (9)

for all t € [0,1]. Integrating this inequality on [0, 1], we get

fta+(1—=1)b) < [f(a)]

1 b 1

/f (ta+(1—1t)b)dt = bia f(x)dng[f(a)]tﬂ [f(b)](l_t)adt.

0 a 0
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From (7),if 0 < f(a), f(b) <1, we get

1 . 3
e < o | (HQE))]] dat
{ -1
= [fo) |
In (J ).

_ U@ -UO” o
In[f (a)]ﬁ —In[f (b)]® L <[f( )7L L (B)] )

If0< f(a) <1< f(b),itis easy to see that
b 1 ¢
[f (@)’
/ /([f()] ) “
"Ll @) o).
Ifo<f(b) <1 gf()ltlseasytoseethat

b 1 3
/ < s ror [ ([[ﬁﬁb)”

= [F@"L(f @ o0).
If 1< f(a),f(b), so we reach

! o [ {F@PY
b_a/f(:c)d:c < [f(a)] [f(b)]o/ <7[f(b)]a> dt

= @O (@l o))
The proof is completed by combining the above four inequality.

Remark 3.2 i) In Theorem 3.1, if we take B = o = 1, then we have (see [4])

Lf ()], [f (0)]) .
i) In Theorem 3.1, if we choose f = o = s, then we obtain following
inequality
Lf (@], [f ()]) , 0<fla),f(b) <
if f (b)]l_sL([f (@], [f (O))) , 0<fla)<1<f
e L (@) L([f (a)], [f ()] o<f<si<f
F@I (O Lf @ [FOF) 1< f(a),fb)
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Theorem 3.3 Let f : I C R — R, be a differentiable mapping on 1°, a,b
€ I° witha < b and f € Lla,b). If |f'| € L5 (1), (B,a) € (0,1)°, then the
following inequality holds:

rOPELG L 0<f@ S0 <L

a)+£(b) ! M (k , 0<fla) <1<

M — S [LS @ e < 3 il 1 ) M (ki) | 0% P () <1< P (a)
PO O (kBa) . 1< (@) S (B

where M (k; 8, «) and k are given by Lemma 2.8.

Proof: As |f'| € L) (I), using Lemma 2.7 and 2.8 respectively, addition-
ally if we take 0 < f"(a), f'(b) <1, then

f(a)+ f(b) I
! —b_a/af(x)dx

< 1 =2t f(ta+ (1 - t)b)dt
/

IA

1
Ji-2lir@l 1y o)
0

1
< / 11— 2] (@) | (0)* ) at

_ _ o)l
_ \/\1 2t\[|f/b‘]
= [ 0" [ |1—2t|k'dt

/

= [/ O M (k; 8,0q).
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If we take 0 < f'(a) <1 < f'(b), we obtain

1

< /\1 — 2| f'(ta + (1 — 0)b)dt

f(a)+ f (D) I
! —b_a/af(:c)dx

< /I1—2t||f V1 ()]0 de

< /\1—2tuf<>|ﬁt\f<>| (e gy

- |/|1—2t|[ ‘; ]

= [ O M (kB ).

If we obtain 0 < f'(b) <1< f'(a), we get

ACETICR Sy Ly

1
< — / _
2 b—a < /|1 2t| f'(ta + (1 — t)b)dt
0

1

/ 11— 2t| [F(@)” 1 (0) """

0

/ 11— 26 (@) | )70
0

i e 1 e [ @)
= 7@ 1 ) 0/|1 21 [W)

= If @11 @) M (k; 8,0).

IN

IA
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If we take 1 < f'(a), f'(b), we get

fla+fo) 1
5 —b_a/Gf(:c)dx

1
< /|1 — 2t f'(ta+ (1 — t)b)dt

< /H—2Wf @[ If (1) dt

IA

/H—QHV(H“”BU(H gy

_ /al—ﬁl N
— 1) Iwa!H 2ﬂLﬂ(

ww]“
= 1@ )M (K Bya).

We reach required result.

Remark 3.4 i) In Theorem 3.3, if we take = a =1, then we have

)f(a);f@) _bia/abf(x)dx

i) In Theorem 3.3, if we take 5 = o = s, then we have

e

f(a)+f(b f1(b)| M (k;s,s

oo Iy )] < /@[ IF ()" M (k5. 5)
|f' (@) [/ ()] M (K; s, 5)

where M (k; 5, «) is as in Lemma 2.8.

Theorem 3.5 Under the conditions of Theorem 3.3, if | f'|* € L5 (I), (8, ) €
(0, 1]2 for p,q > 1 with % + % =1, then the following inequality holds:

'fmﬁj““—bia/ﬁﬂ@d g(—ijwpx

< [f(0)| M (k;1,1),

(]

A
=
=
INIA

[L( e o)) L 0<f (@), f () <1
RO mmdfwﬂ)] < (@) 1L f)
r@r (@] esrm<i<r@

\hfmﬁﬁu%ﬂ L@ erd)]” . 1< @ e

)
where M (k; 58, a) and k are given by Lemma 2.8.



On (f, a)-logarithmically convex functions 47

Proof: Under the assumptions, using Holder inequality, we obtain

fl@+fo 1 [
5 —b_a/Gf(x)dx

< L =2t | (ta+ (1 —t)b)| dt
/

(/11—215”0[15) N (/lf’(ta+(1—t)b)th) N
1/
< (5)" (/f (@ 1 )" )

IN

For 0 < f"(a), f' (b) <1, we get

[ir@r i e < [Ir@Pt s o a
e [ [P@]
= ror /[|f’()l ] o

[F}E ifaql}
= O | s
in ({6t
@) = 1f (0"
n[f (@] = [f ()]
= L(If @)1 ®1).

1

1
/ F@ 1 O a < / (@) | ()00 gy
0

S AG
= £ I L (I @) 1 o).

N———
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IA

[1r@r = e ar

0

s e [ @]
= 1f@ 17 ) Oflf,(b)aq] i

/ S @I 1 @)1 at
0

_ g p-p @) = [ (0]
S @~y o

= 1@ L (I @)™ [ ).

For 1 < f'(a), f' (b), we get

; 1
Jir@r e e < i@ e
0 0

1 t
_ / 15 atH-la ‘f/
= @ /[f ]
0
i
7

|
_ 1-6 o (@) [ ()™
@71 o) L (@) 1n S (0]

= If' @11 ®)" ([f ()], [ (b))

The proof is completed.

Theorem 3.6 Under the conditions of Theorem 3.3, if |f'|* € Ly™(I), for
q¢>1 and (B,a) € (0,1]%, then the following inequality holds:

b
EGE GRSy T L S
( (1 )" M (ke 5q, aq)]"* L 0<f(a), f(0) <1
[ )M (k1 8g,00)] L 0< fl@) 1SS 0)
7@ 1 )P M (1 80.09)] L 0< P <1< F (@)
1@ 1 P M s .0g)] L 1< (@) )

where M (k; 5,«) and k are defined by Lemma 2.8.
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Proof: By virtue of Definition 2.3, Lemma 2.7 and 2.8, and Holder in-
equality, ¢ > 1, we have

)f a)+ f(b /f ) da

< /|1—2t||f (ta + (1 — £)b)| dt

. (D/a ;1 1/a

(/12tdt) (/12tf’(ta+(1t)b)th)
1/q

(/1—2tf T A0 dt)

If 0 < f'(a), f'(b) <1, we obtain

IA

<

IN

/ L2 @ < [ e
0

! "(a Bq7"
= o -2 [—“jﬁin i

0
1
— \f’(b)|aq/|1—2t|kqtdt

0
= |f (O™ M (k%; Bg, aq)
fo< f'(a) <1< f/(D), we get

IN

1
1_ 2t qt q(l t dt 1_ 2t f/ a Bqt f/ b aq(l—t)—l—l—a dt
| | 1f'(a)]
0

e | @]’
— 7o) /|1—2t| [W] i

1
= | ()|t / 11— 2t| k" dt

0
= |f (&) M (k% Bg, aq) .
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Ifo<f'(b) <1< f'(a), hence
1

/ 1= 2t | (a)| ™" [ ()] """ e

0

< / 1= 28] (@) )

7 15 Oéq _ |f'(a)|
7@ 1 /|1 2t|[|f,b|]

— 1@ ) / 11— 20| ke

0
= [f'(@)""|f (b)|" M (k7 Bq, aq).
If1 < f'(a), f (b), then

/I1—2t||f @ |1 B)" at

< / 1= 2] (@) ()0
0

1 / Tk
@I I e /H_Qﬂ[u(anaq] i
0

|/ ()]

1
= @) P / 11— 2| Kt
0
= |f' (@)1 @) M (k% Bq, aq) .

We reach desired result.

4 Open Problem

It is a well-known fact that if f is a convex function on the interval I C R, then
the Hadamard’s inequality retains for the convex functions. As a matter of
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fact, it has been demonstrated lots of this type inequalities for several convex
functions. Therefore, there is one questions as follows:

Under what conditions, the composition fog or fg are (f, a)—logarithmically
convex function on I7 Can we prove Hadamard type inequalities for f o g or
fg.

ACKNOWLEDGEMENTS. The authors also thank the careful referee
for helpful suggestions which have improved the final version of this paper.

References

[1] Akdemir A.O., Tung M., On some integral inequalities for s-
logarithmically convez functions, Submitted.

[2] Bai R.F., Qi F., Xi B.Y., Hermite-Hadamard type inequalities for the m-
and (a, m)-logarithmically convex functions, Filomat, 27 (2013), 1-7.

[3] Dragomir S.S., Agarwal R.P., Two Inequalities for Differentiable Map-
pings and Applications to Special Means of Real Numbers and to Trape-
zoidal Formula, Appl. Math. Lett. 11 (5) (1998) 91-95.

[4] Dragomir S.S., Mond B., Integral inequalities of Hadamard type for log-
conver functions, Demonstratio Mathematica, 31 (2) (1998) 354-364.

[5] Dragomir S.S., Refinements of the Hermite-Hadamard integral inequal-
ity for log-convex functions, RGMIA Research Report Collection, 3 (4)
(2000) 527-533.

[6] Dragomir S.S., Pearce C.E.M., Selected Topics on Hermite-Hadamard
Inequalities and Applications, RGMIA Monographs, Victoria University,
2000.

[7] Ekinci A., Klasik Egitsizlikler Yoluyla Konveks Fonksiyonlar i¢in Integral
FEsitsizlikler, Ph.D. Thesis, Thesis ID: 361162 in tez2.yok.gov.tr Atatiirk
University, 2014.

[8] Niculescu C.P., The Hermite-Hadamard inequality for log-convez func-
tions, Nonlinear Analysis, 75 (2012), 662-669.

9] Noor M. A., Hermite-Hadamard integral inequalities for log-p-convex
functions, Nonlinear Analysis Forum, 13 (2) (2008) 119-124.

[10] Sarikaya M.Z., Yaldiz H. and Bozkurt H., On The Hermite-Hadamard
type integral inequalities involving several log-convexr functions, Interna-
tional Journal of Open Problems in Computer Science and Mathemat-
ics(LJOPCM), 5 (3) (2012) 61-67.



52 TUNC, ACIKEL

[11] Sulaiman W.T., Refinements to Hadamard’s inequality for log-convex
functions, Applied Mathematics, 2 (2011), 899-903

[12] Tung M., Some integral inequalities for logarithmically convex functions,
Journal of the Egyptian Mathematical Society, 22 (2014), 177-181.

[13] Xi B-Y., Qi F. Some integral inequalities of Hermite-Hadamard type for
s-logarithmically convexr functions, Acta Mathematica Scientia, Chinese
Series, 33 (2013) 1-12.

[14] Yang G-S. Tseng K-L., Wang H-T., A note an integral inequalities of
Hadamard type for log-convexr and log-concave functions, Taiwenese Jour-
nal of Mathematics, 16 (2) (2012) 479-496.



