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Abstract

The aim of this paper is to obtain coefficient estimates, dis-
tortion theorems, convex linear combinations and radii of close-to
convexity, starlikenees and convexity for functions belonging to
the subclass T'S,,\(f,g;a,5) of p-valent J—uniformaly starlike and
convexr functions. We consider integral operators and modified
Hadamarad products of functions belonging to this subclass.
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1 Introduction

The class of analytic and p-valent in U and has the form:

f(z) =2+ Z ap?® (peNN=1{1,2.1) (1)

k=p+1
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is denoted by S(p). We note that S(1) = S. Let f(z) € S(p) be given by (1)
and g(z) € S(p) be given by

g(z) =2 + Z bz, (2)
k=p+1

then the Hadamard product (f * ¢)(2) of f(z) and g(z) is defined by

(fx9)(z) =2+ Y axbpz" = (g% f)(2). (3)

k=p+1

Denote by T'(p) the class of functions of the form:

flz) =2 — Z arz® (ar > 0). (4)
k=p+1
Salim et al. [20] and Marouf [16] introduced and studied the following
subclasses of p—valent functions:
(i) A function f(z) € S(p) is said to be p—valent f—uniformly starlike of
order o if it satisfies the condition:
N — P

2f (2) }
Red —*+—a,;>p
{ f(z) f(z)
for some a( —p < a < p), B > 0and forall z € U.
denote to the class of these functions by 5 — S, ().

(ii) A function f(z) € S(p) is said to be p—valent f—uniformly convex of
order « if it satisfies the condition:

2f" () 2f" ()
refi+ S5t -ap2a e S
for some a( —p < o < p), > 0 and for all z € U. We denote to the class of
these functions by § — K,(«).
It follows from (5) and (6) that

2 (2) (z € 1), (5)

1+

(z € U), (6)

f(2) € 6~ Ky(a) = 7f €6 Sy(a). ™)

For different choices of parameters «, 3, p we obtain many subclasses studied
earlier see (for example) ([1], [11], [12], [13], [14], [18] and [19])
Definition 1. For 0 < a < p, p € N0 < A < land g > 0, let
Spa(f, g; , B) be the subclass of S(p) consisting of functions f(z) of the form
(1) and functions g(z) of the form (2) and satisfying the analytic criterion:

e { (L-A+2)2(f+9) () +32°(F+9) (2) a}
(1 =N (f*9)(2) + 22(f x9)'(2)

(8)
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(L=A+2)2(f*x9)(2) +2522(f x9)" ()
(1 =) (f*9)(2) + 22(f % g) ()

>

—p|(z€0) (9)

and

TSpa(f, 950, 8) = Spa(f, g5, 8) N T(p). (10)
We note that:
(DT Sia(f, g5, 8) =TS, (f, g, 8) (see Aouf et al. [3]);

o0

(i) TSy o(f, zp—l—k;l Q2% o, B) = T (au, Bm, B, @) (see Marouf [16]), where
. (oq)k_p.”(oq)k_p 1
R A PR % PR ) "
and
[(a+ k) 1 k=0
(@) = ['(a) - { ala+1)(a+2)...(a+k—1) keN "’ (12)

0<a<pf>0,a,€C(i=12..) and g; € C\{—1,-2,...},
j=1,2,..m,z € U);

(i) TSpo(f, 2P + i p(n,7,6,p)2% a,8) = Sh(a, B,7,6)(see Salim et

k=p+1
al.[20]), where
k
aindn = [0-) (1 E=0a) +actas] )
neNy=NU{0},7>0,>0,—p<a<p,p>0) (14)

and ( k)l
n+rK—p)!

n = 7 1
Cn+k—p n!(k _ p)! ( 5)

(V)T Spo(f. 2 + 32 Clh,n)(1 — vk)"247) = S3(a, B,7) and TS, (f, 27 +
k=1

C(k,n)(1—~k)"zk*P) = C,(«, 8,7)(see Darus and Ibrahim [7, by replacing
=1

I

by k — p]), where

(n+p)k
(L

(pEN,nENO,O§’y<%,O§04<p,520,z€U);

(V)TS,o(f, 22 + >, ®(k)z*) = K(u,7v,n,, B)(see Khairnar and More
k=p+n

[15, with n = 1]), where

C(k,n) = (16)

_ (@)r—p(1+DPep(1+p+10 =)k yp
k) = (Dr—p(L+p = Vkp(L+p+ 10— 1)y

(17)
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(—o<pu<l,—co<y<lneR" peN-—p<a<pf>0a€cRcce
R\ZO,Z € U)

Also we note thatéo

DT Spa(f, 22+ 3 (B)"2Fa,8) = T'S,a(n, a, B)

k=pt1 ©

' (1A +2)2(Dp f(2)+522 (D F(2))"
f€T(p): Re { (1=N(Dy  f(2)+22(Dp f(2)) “
_ (18)
> 3 (1=2+2)=(Dp () +52°(Dpf(2)"
(1=N)(D} , f(2)+22(Dp f (=)

0<A<L,—p<a<pB>0,n¢€NyzeU), where D} is p—valent Salagean
operator introduced by ([10] and [4]);
S W2k a,B) =TSY" (n, o, B)

Ayq,8
k=p+1

. (1—)\+%)z(Hp,q,s(al)f(z))'+%z2(Hp,q,S(O‘l)f(Z))" .
f < T(p) : Re{ (17>\)(Hp,q,s(al)f(z))+%z(Hp«q~9(al)(z))/
_ (19)
(1=t 2)2(Hp,q,s(01) £(2)+52% (Hp,a,s (1) (2))"
> B T N Ty e a0 T T 2y s (01) () p|(z€l),

where € is given by (1.10) and H,,s(cq) is the p—valent Dziok-Srivastava
operatorintroduced by ( [8] and [9], see also [5], [2] and [6]).
Denote by U the unit disc of .......

Remark 1.1 If f € A, f(2,() =2+ > 72, a;(¢) 2/, then
R"f(2,() =243 2,Cm ;i 1a;(Q) 7, ze U, e .

2 Coefficient estimates

Throughout our present paper, we assume that: g(z) is defined by (2) with
by >0(k>p+1),0<a<ppeN,0<A<1,f>0and z € U.

Theorem 1 A function f(z) € SyA(f, g; ., B) if
= + Mk —
Z (u> [k‘(l—l—ﬁ) - (oH—pﬁ)] |ak|bk Sp—oz. (20)
k=p+1 p
Proof. It suffices to show that

(L=X+2)2(fx9)(2) +32°(f x9)"(2)
TN 9)E) + 22 9 (2

—p (21)




40 M. K. Aouf, A. O. Mostafa and A. A. Hussain

(I-A+3)2(f*9)(2) +32°(Fx9)"(2) -
—he { TN ()& 2 * 9 (2) p} spoe (2
We have
(L-A+2)2(f+9) (2) +32°(fx9) (2) (23)
L-NF )G +2:(f gy () "
(1=X+2)2(fx9)(2) +232°(f x9)"(2)
‘Re{ T NG 20 ) ‘p} (24)
(1=X+23)2(fx9)(2) +22°(fx9)"(2)
U T TN G s G Y
(1+5) > (BRL2) (k — p) foul b
< h=ptl : (26)
N 1 i <p+>\§?k—p)) ‘ak’ by

The last expression is bounded above by (p — «) since (20) holds. Hence the
proof of Theorem 1 is completed.

Theorem 2 . A function f(z) € TSy\(f, ;. ) if and only if

i (w) [k(1+ B) — (a+ pB)l arby, < p — o (27)

k=p+1 P

Proof. In view of Theorem 1, we need only to prove the necessity. If
f(z) € TS,A(f,g;,8) and z is real, then

p— > <P+/\;’€—P)> apbp2* P - 2 <P+>\;’f—7’)> (k—p) apbpz"?
k=p+1 . k=p+1
1 — i (p—+)\(kfp)> akbkzk_p a 1 — i (p—Jr)\(kip)) akbkzk_p
k=p+1 P k=p+1 P
(28)
Letting z — 1~ along the real axis, we obtain the desired inequality
- + Ak —
> (P ks - @tpplabsp-a (9
k=1+p

and hence the proof of Theorem 2 is completed.
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Corollary 1 If a function f(z) € T'SyA(f,9;a,5). Then

ar < —— p—a (k>p+1). (30)
(B2L=2) k(14 8) — (@ + pB)] e
The result is sharp for the function
f(z) =2 — p—a Fo(k>p+1). (31)

(B4 [k(1 + 8) — (o + pB)] b

p

3 Distortion theorems

Theorem 3 If f(2) € TS, \(f,9;, ), then for |z] =r <1

f)|=r? — p—a pptt 32
T e e i "

and

FEI<r + - A (33)
(%) (p+1+48—a)by
provided that by, > byyy (k> p+1).The equalities in (32) and (33) are attained
for the function f(z) given by

F(z) = 27 — ( p—a L (34)

%) (p+1+48—a)bp

Proof. Using Theorem 2, we have

wries-a (P ha 3w (39
p k=p+1
<Y (PP s - @ pilac<p-a G0
k=p+1 p
that is, that
ay < p—a . (37)
kgp;l k (%) (p+1+8—a)bp
From (4) and (37), we have
== S g (39)



42 M. K. Aouf, A. O. Mostafa and A. A. Hussain

>t o (39)
(T) (p+1+8—a)b,
and .
f) <P+ Y g (40)
k=p+1
<P 4 p—a A (41)

(%) (p+148—a)bpu

This completes the proof of Theorem 3.

Theorem 4 Let f(z) € TS,A(f,g;, ), then for |z|=r <1

/ 1 P+ —a) o
£ zpr ST (12)
and
VRGBT T s LA ) (43)

<I%> (p+1+8—a)bn
provided that by, > b1 (k> p+ 1).The result is sharp for the function f(z)
given by (34).

Proof. From Theorem 2, we have

o0

(p+1)(p—a)
;2;1 G%)@+1+5—®%H

The remaining part of the proof is similar to the proof of Theorem 3, then we
omit the details.
Now, differentiating both sides of (4) m-times, we have

! - k!
fm(z) = P pem_ Z makzk_m(k >p+l;pe Nym < p,m € Ny).
(45)

Theorem 5 If a function f(z) € T'S,A(f,g;a,8). Then for |z| =1 <1, we
have

‘fm@w p! (p+Dip—a) pem
(p=m)t (22) (41— m)l(p+ 1+ B — )by
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and
| I(p —
o= (2 e )
(p=ml (22) (1= m)(p+ 14 8 = a)bynr
(47)
The result is sharp for the function f(z) given by (34).
Proof. Using (27), we have
= k! Dl(p—
3 o S P+ Dp—a) R
W Bt T () (e L —m)l(p+ 1+ 8= )by
From (45) and (48), we have
|f(m)(z)‘ > _p pp=m _ pptl-m i k—!ak (49)
= -l 2 G—m)
! DHli(p —
> p - (p+Dp—a) r | e (50)
(p—m)! (’%) (p+1-—m)p+1+8—a)by
and
p! _ N k!
Fm) < —P e fpriem N B 51
|77 ) (p—m)! kzp;l(/ﬂ—m)! ) (51)
| I(n —

(p—m)! (m) (p+1=m)(p+ 145 — )y

T
This completes the proof of Theorem 5.

Remark 1 Putting m = 0 and m = 1, in Theorem 5 we obtain Theorem 3
and Theorem 4, respectively.

4 Convex linear combinations

Theorem 6 Let n, > 0 for p = 1,2,...,n and ) n, < 1. If the functions
pn=1
fu(2) defined by

fu(z) = 2P — Z g (ap, > 0 p=1,2,...,n) (53)
k=p+1
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are in the class T'Sy \(f, g; v, B) for every p=1,2,...,n then the function f(z)

defined by
SIS (zmaw) =

k=p+1

is in the class TSy \(f, g; o, B).

Proof. Since f,(z) € T'S,A(f,g;a, 3), it follows from Theorem 2 that

oo

Z (W) E(1+8) = (a+pB)| by ar, <p—a, (55)

k=p+1

for every p=1,2,...,n . Hence

Z (W) k(14 8) — (o + pB)] <Z mas u) by (56)
= Zm ( > (W) k(14 B) — (a+pB)] ar bk ) (57)

<p-0)Yn <r-a (58

By Theorem 2, it follows that f(z) € T'S,A(f, ¢; @, 5) and hence the proof of
Theorem 6 is completed.

Corollary 2 The class TS, \(f, g; 0, B) is closed under convex linear combi-
nations.

Theorem 7 Let f,(z) = 2P and

p—«
(W) [k(1+ B) = (o + pB)] b

Then f(z) € TS, \(f,g;c,B) if and only if

fu(z) = 2P — Hk>p+1).  (59)

= Y % f(2), (60)

k=p+1

where v > 0 and > v = 1.
k=p
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Proof. Assume that

F ()= w ful2) (61)
= 2P — f: ) W 2. (62)
Sy (B2 (k1 + B) — (@ + pB)] by

Then it follows that

5 (224=2) k(1 + ) — (o + )] bn (o)
) v
p-a (P222) b1+ ) — @+ B
(63)
= > w=1-7<L (64)

So, by Theorem 2, f(z) € T'S,A(f,9; . B).
Conversely, assume that the function f(z) belongs to the class T'S, (£, g; @, 3).
Then

P —
Ve (k>p+1). (65)

T () k(11 8) — (0 + 9B by
Setting

(22 [k(1 + ) = (o + pB)] an

Ve = p—« bzp+l) o

and
VPZI_Z’Y’“’ 90
k=p+1

we see that f(z) can be expressed in the form (60). This completes the proof
of Theorem 7.

Corollary 3 The extreme points of the class T'S, \(f, g; v, B) are the func-
tions fy(z) = 2P and

filz) = 2 — p—a Fhk>p+1).  (68)

(B2L=2) k(1 + ) — (o + ) be

p
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5 Radii of close-to-convexity, starlikeness and
convexity

Theorem 8 Let the function f(z) € TS,\(f,g;a,5). Then

Corollary 4 (i) f(z) is p-valent close-to-convexr of order 6 (0 <6 <p) in
|z| < ri, where

1

(IM) (p—8) k(1 +B) — (a+pB)br) "

p

= &% k(p — «) (69)
(i1) f(z) is p-valent starlike of order § (0 <9 < p) in |z| < ra, where
() o0k - @7
T k—0)(p—a) - (1)
The result is sharp, the extremal function being given by (31).
Proof. (i) We must show that
f(2)
1 P <p—20 for|z| <r, (71)
where 7 is given by (69). Indeed we find from (4) that
(= — -
fp(_l) —p‘ < > ka7 (72)
o k=p+1
Thus )
f(z
p—1 -Pp < p— 57 (73)
if

f: (%) ag |z|" 7P < 1. (74)

k=p+1

But, by Theorem 2, (74) will be true if

( " ) e (m2dn)) k48—t odlbe

p—29 (p— )
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that is, if

1

k—p

(W) (p—0) [k(1+ B) — (o + pB)] by
| <

< oo (k>p+1). (70)

|z

the proof of (i) is completed.
(ii) It is sufficient to show that

Sy <p-oor < (77)
where 79 is given by (70). Indeed we find, again from (4) that
: > (k= pag 2"
z2f (2) k=p+1
—p| < — (78)
f(z) 1- 3 &k’Z‘kip
k=p+1
Thus )
2f (2
if
— (k—0) &
> ( 5> 12" Pa, < 1. (80)
W (p=9)
But, by Theorem 2, (80) will be true if
_ A0 ) [k(1+ ) — (a+ pB)] b
(k 5) |Z’kfp ( p ) (81)

(p—9) - (p—a)
that is, if

< (W)(p—é)[k;(1+5)_(a+p6)]bk -
- (k—=0)(p—a)

(k>p+1). (82)

the proof of (ii) is completed.

Corollary 5 Let f(z) € TS,yA(f,9;a,8). Then f(z) is p-valent conver of
order § (0 <9 < p) in |z| <rs, where

{ (2282) (5 8) (1 +6) — (o +p3)] }

F =0 (p—a) (83)

The result is sharp, with the extremal function f(z) given by (31).
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6 Classes of preserving integral operators

In this section, we discuss some classes preserving integral operators. Consider
the following operators

(i) F(z) defined by

z

F(2) = U)o = 22 [0 1 (51)
= 2P — Z di2*(f € S(p);c > —p), (85)
k=p+1
where
dk—(Zi]k))ak<ak(k>p+l) (36)
(ii) G(z) defined by
o [ SO
G(z) ==z / m dt (87)
— Z—k‘—l—i-l apz (k>p+) (88)

(iii) The Komatu operator [16] defined by

HE) = P =t / et (og2)" f

R S e
c+k

k=p+1

(d>0;¢>—p;peN;zel), (89)

and
(iv) I(z), which generalizes Jung-Kim-Srivastava integral operator (see [13]
) defined by

z

I(z) = ipf(z)zmi/tﬂ (1—5) : f (t)dt

_ Cle+ E)(d+c+p) k
25+ Z I‘

arz
A~ Tle+pT(d+cth) "
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(d>0;¢>—p;z € 1), (90)

In view of Theorem 2, we see that 2P— > dy2" is in the class 'S, \(f, g; @, B)
k=p+1
as long as 0 < di < a; for all k. In particular, we have

Theorem 9 Let f(z) € TS,(f,g;c,8,\) and ¢ be a real number such that
¢ > —p. Then the function F(z) defined by (84) also belongs to the class

jﬂgnk(fvg;CIaﬁ)‘

Proof. From (27) and (86), we have the function F'(z) is in the class
jnggA(fag;(kuﬁ)'

Theorem 10 Let F'(z) = 22— Y axz® (ax > 0) be in the class T'S, ([, g; o, B),
k=p+1
and let ¢ be a real number such that ¢ > —p.Then the function f(z) given by

(84) is p-valent in |z| < Ry, where

_ _ =
B e [P @EME=p) 145 @t pBb )
k>p+1 k(c+k) (p—a)
The result is sharp.
Proof. From (84), we have
2 [F ()]
f(z c>—p 92
(@)= o> (92)
c+k
= 2P — Z ( ) a2 (93)
k=p+1 C-+_p
In order to obtain the required result, it suffices to show that
];p(_zl) —p‘ < p whenever |z| < Ry, (94)
where R; is given by (91). Now
f(2) ’ o kle+k)
—p| < ag |z|"7". 95
@ k§i—1 crp) P (93)
Thus J;;(_Zl) —p’ < pif
= k(c+k
3 ket k) <1, (96)
p (¢c+p)

k=p+1
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But Theorem 2 confirms that

o (W) k(14 B) — (o + pB)] ax| by

> <1. (97)

—
k=p+1 p

Hence (96) will be satisfied if

e+ k) oy _ [p Mk=p)) B(1 4 8) — (o pA)] by

() p—a 98

that is, if

|d<{UH#0@+A%—pH%ﬂ+BM—m+pmwk

k(c+k) (p—a) } (k>p+1). (99)

Therefore, the function f(z) given by (84) is p-valent in |z| < R;. Sharpness
of the result follows if we take

(p—a)(c+k)
BB [k(1 4 8) — (o + pB)] b (c + )

p

fz) =2 — < Fk>p+1) (100)

and hence the proof of Theorem 10 is completed.
Theorem 11 If f(z) € TS, A\(f, g, ), then H(z) € TS, \(f, ;).

Proof. The function H(z) defined by (6.5) is in the class T'S, \(f, g; o, B)
if
_ ctpyd
o (20 (14 8) — (a+ pB)] i (£2)

>

k=p+1

a, < 1. (101)

Since Ei—i <1for k>p+1, then

o (R0 (14 B) — (o + pB) b (52)

> e ax (102)

k=p+1

o [p+A(k—p)] Lk —(« by
<y (—p ) [ (1p+_602 (a+ppB)] et (103)

k=p+1

Therefore H(z) € T'S,A(f, g; @, 5).
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Theorem 12 Let d > 0,¢ > —p and f(z) € T'S,A(f,9;, 5). Then function
H(z) defined by (89) is p-valent in |z| < Ry, where

1

— in (C+k)d(p+)\(k_p)[k<1+ﬁ>—(Oé-l-pﬁ)]bk o
Ry = k;Zp—f‘rl { k(c+p) (p—a) } . (104)

The result is sharp for function f(z) given by

Fz) =27 — b= )l +p) (k> p-+1). (105)

<M> k(14 8) = (a +pB)] bx (¢ + k)"

p

Proof. In order to prove the assertion. it is enough to show that

H'(z .
‘ zp(1> —p| < pin|z| < Ry (106)
Now
H'(z) - c+p\ k-
_ < L p
Zp—1 ‘ - k:;rl c—l—k;) =
o0 d
c+p k—
< > k(c+k) ay |2|F 7.
k=p+1

The last inequality is bounded a above by p if

H'(2) =k (c+p\* -
—p]g 3 5( ) a2 < 1. (107)

zp—1 c+k
k=p+1 T

Since f(z) € TSy \(f, g; @, B), then in view of Theorem 2, we have

i (W) [k(1+ B) — (a +pB)] b

Thus, (107) holds if

e\ o PHAE=p)[k(L+5) — (a+pB)] by
k<c+k‘) S p—«

ay < 1. (108)
p—«

. (109)

or

o] < {(H BY'Ip+ Ak = p)] [F(1+8) — (@ + pB)] be

Kot )i —a) } (k2pt1).

(110)
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Therefore, the function H(z) given by (89) is p-valent in |z| < Ry. This
completes the prove of Theorem 12.

Following similar steps as in the proofs of Theorems 11 and 12, we can
prove the following theorems concerning the integral operator I(z) defined by
(90).

Theorem 13 If f(z) € TS,A(f,9;a,8), then I(z) € TS, \(f, g; v, B),where
I(z) is given by (90).

Theorem 14 Let d > 0,¢ > —p and f(z) € T'S,A(f,g;, 5). Then function
I(2) defined by (90) is p-valent in |z| < Rs, where

1

o (TP L)~ (o)
5T k3pt kT(c+k)T(d+c+p) (p—a) '
(111)
The result is sharp for function f(z) given by
(2) = 2 (p—a)l(c+k)(d+c+p) HE > pt).
(22 [k(1 + ) = (o + pABRT (e + p)T (d + ¢ + k)
(112)

7 Modified Hadamard products

Let the functions f,(z) be defined for p = 1,2,..m by (53). The modified
Hadamard products of fi(z) and fy(z) is defined by

(fi* fa)(2) = 2" — Z Qg 1ax2 2" (113)

Theorem 15 Let f,(z) € TSyA(f, g; ¢, B)(p = 1,2), where f,(2)(p=1,2)are
in the form (58). Then (fi * fa)(z) € T'SyA(f,g;6,0), where

(p — )*(1+5) ‘
(”“) (p+1—a+p)P?by —(p—a)?

p

5=p_ (114)

The result is sharp for

(p—a)
pH\) (p+1—a+B)b

(= 1,2). (115)

p

fu(z) =2 —
(
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Proof. Employing the technique used earlier by Schild and Silverman [21],

we need to find the largest real parameter o such that

~ (M) k(1 + B) — (8 + pB))bi

2 (p—90)

k=p+1

Since f, € TSpA(f,g;0,8)(pn = 1,2), we have

. (M) [k(1+B) — (o + pB)]bi

2 (p—a)

k=p+1

ap1ap2 < 1.

a1 <1

and
% <’M) [k(1+3) — (o + pB)]bx

2 (p—a)

k=p+1

ag < 1.

By the Cauchy-Schwarz inequality we have

o (M) [k(1+ B) — (o + pB)]by

2 (p—a)

k=p+1

Vg 102 < 1.

thus it sufficient to show that

(220 (k1 +5) = 65+ )

(p — 5) Ap,10k,2
(W) [k(1+5) — (e + pB)]bx
= (p—a) Vit

or, equivalently, that

(p—0)[k(1+B) = (a+ pB)]
Varage < (p—a)[k(1+8)— (0 +pB)]

Hence, in the light of the inequality (119), it is sufficient to prove that
(p— ) < =9k +5) — (a +pP)]

(p+>\(k—p)) k(1+8) — (a+pB)br (p—)[k(1+B) — (6 +pB)]

p

It follows from (123) that

(1+B8)(k —p)(p — )?

)< p—

K1+ 5) = (o + pB) R, — (p — )2

(116)

(117)

(118)

(119)

(120)

(121)

(122)

—~

123)

(124)
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Let

(L+B)(k—p)(p— )

M(k)=p—
(222) k(14 8) = (04 pB)Pbi — (p = )

then M (k) is increasing function of k(k > p + 1). Therefore, we conclude that

(1+58)(p — )

S<Mp+1)=p—
(22) 0+ 14 8= )by = (0 — )2

(126)

and hence the proof of Theorem 15 is completed.

Theorem 16 Let fi(z) € TS, A(f, g;, B) and fo(2) € TSy A(f, 9;7, B), where
fu(2)(w = 1,2) are in the form (53). Then (fi* f2)(2) € TSyA(f,9;&, ), where

(1+8)p—a)p—7)

£<p——7— (127)
@%)@+1+B—®@+1+6—w%H—QP%Mp—w
The result is sharp for
fl (Z) — P _ - (p - Oé) Zp+1 (128)
@%)@+1+5—@%H
and
fo(z) =27 — (=) 2P (129)
(%) (P+1+48—=7)bpt
Proof. We need to find the largest real parameter £ such that
o (BRL) k(1 + 8) - (€ + pB)on
a paps < 1. (130)
k:ZpH =6 10k 2
Since f1(z) € T'SyA(f, g; v, B), we readily see that
(B0 k(1 + B) — (a+ pB)
4 ap, <1 (131)
kggl (p—a) i
and fo(z) € TS, (f,9;7,5), we have
o [ PFAE=D) ) 11 1+8) = (v+pB)b
§Z< ) k(1 + ) - (v b )

ps (p—")
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By the Cauchy-Schwarz inequality we have

%0 <p+A;k—p>> [k(1+ B) — (a+pB)]z [k(1+ B) — (v + pB))2b -
2 VD = ayp =7 Vi <

= (133)

thus it is sufficient to show that

(W) k(1 + B) — (£ + pB)]bk

(p — f) ak,lak,Q (134)
_ (P52 B+ 5) — o+ B KL+ 6) — (0 + pO)
= \/pTa D=7 Vg, 10k 2
(135)
or, equivalently, that
(p— k(L +8) — (ot pB)]2 [K(1+5) — (v +pB)]?
it S T ek A - B Y
Hence, in the light of the inequality (133), it is sufficient to prove that
VP —ayp—7 (137)
(2292 [k(1 + ) — (o + pB)J# [K(1+ B) — (v + pB)) by
B S N e R A G ECR ) R

VP —ap =7 k(1 +5) = (§+pp)
It follows from (137) that

(1+B8)(k—p)p—a)lp—7)

< p- '
b (mgc—p)) k(14 8) = (a+pB)[k(L+ B) — (v +pB)lbe — (p — ) (p — )
(139)
Let
T (1+8)k—-p) p=0a)(p—1) ,
(m;k—p)) [k(1+8) — (a+pB)[k(L+ B) — (v + pB)]be — (p — @) (p — )
(140)

then A(k) is increasing function of k(k > p + 1). Therefore, we conclude that

(1+8)p—a)p—"7)

(%f) (P+1+B8—a)p+1+8—=")bp1—(p—a)lp—1)
(141)

§ < Alp+l) = p—

and hence the proof of Theorem 16 is completed.
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Theorem 17 Let f,(2) € TSp)(f,9 ;0,8)(n = 1,2,3), where f,(2)(p =
1,2,3) are in the form (53). Then (fi* fax* f3)(z) € TSpA(f, 9 ;7,5), where

1+ 8)p—a)’ _
(22) (p+1+8-a) — (p—a)

TOp — (142)

The result is best possible for functions f,(2)(p = 1,2,3) given by (115).

Proof. From Theorem 15, we have (fy * f2)(2) € T'S,A(f, g ;0,5), where
J is given by (114). Now, using Thoerem 16, we get ( fi * fo x f3 )(2) €
TSya(f,g;7,B), where

(1+8)(p—a) (p—29)(k—Dp)

7T < p— T A—p) .
(F2E2) k(1 + 8) — (o + B)][K(L+ B) = (6 + B)lbx — (p— a)(p — 0)
(143)

Now defining the function B(k) by

(1+B8)p—a)(p—9)(k—p)

(E2E2) k(1 + 8) — (o + B)][K(1 + B) = (6 + B)lbx — (p— @)(p — 0)
(144)
We see that B(k) is increasing function of k(k > p+1). Therefore, we conclude

B(k) = p-

that

(1+8)p—a)p—0)

(22) 0 +14+ 8= a)p+1+ 8= )by — (p—a)p— )
(145)

7 < B(p+1) =p—

)

substituting from (7.2), we have

1+8)p—a)
(22) (p+1+8-a) — (p—ay

T=p— (146)

and hence the proof of Theorem 17 is completed.

Theorem 18 Let f,(z) € TS, \(f.g;c,08)(p = 1,2), where f,(2)(p =
1,2)are in the form (53). Then

(e o]

h (z) =2F — Z (ail + azz)zk (147)

k=p+1
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belongs to the class T'S,\(f, g; ¢, B), where

201+ 8)(p - o)* |
(B52) 0+ 14 8= @)y — 200 — a)?

The result is sharp for functions f,(z)(p = 1,2) defined by (115).

p<p-—

Proof. By using Theorem 16, we obtain

o <p+)\§)kfp)> k(14 8) — (a+pB)]b
,2;{ (p— )
~ (ﬁ%ﬁﬂ>wu+ﬂy—a+pﬁ
<:{2;1 (p—a)
and ( )
~ [ (22 ma+5 (o +pB)]b
S }

<p+>\;k:—p)> k(1+8) — (a+ pB)b }
ak2

It follows form (149) and (151) that

2

2

ps (p—a)

Therefore, we need to find the largest ¢ such that

Gﬂ%ﬂ>wu+5%%¢+mm@
(p—»)

2

{ (2221) [k(1 + B) — (o + pB)] by }

<

N —

(p—a)
that is
2(1+B)(k —p)(p — a)®
PR [k(1+ 8) — (@ + pB)Jbx — 2(p — )?

oo ptA(k—p) k —( by,
21{( 421 [1(1 + 9) — (o + p6) }(ai,1+ai,2><1.

o7

(148)

(149)

(150)

(151)

(152)

(153)

(154)

(155)

(156)
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Let

p— 2(1+B)(k —p)(p—a)®
(ﬁ&tﬂ)mu+5y_M+p@P%_2@_ay

p

, (157)

H(k) =

then H(k) is increasing function of k(k > p+1). Therefore, we conclude that

21+ 6)(p — @)?
@“)@+1+5—a)m4—m — Q)

p<H({p+1) =p— ;- (158)

and hence the proof of Theorem 18 is completed.

Remark 2 (i) Putting g(z) = 2P+ Z C(k,n)(1—~k)"2*, where C(k,n) given

by (16) by replacing k by k—p, A = 0 cmd A =1, respectively, in Theorems 16,
17 and 77?7, respectively, we obtain modified Hadamard products for the classes
Sx(a, B,A) and Cy(a, B, \), respectively, defined in the introduction.

(i1) Putting A = 0 and by = ., where Q. is given by(11) and 0 < a <
p,B>0,0, € Cli =1,2,...0), B; € C\{—1,-2,...}(j = 1,2,...m)in Theorems
16, 17 and 7?7 respectively we modified the results obtained by Marouf [16,
Theorems 4, 3 and 5, respectively].

(11i) Putting A = 0 and by = ¢r(n.\.9,p), where ¢yis given by (13) and
(n € Nj,A > 0,6 > 0,—p < a < p,f > 0)in Theorems 16, 17 and ??,
respectively, we obtain the results obtained by Salim et al. [20, Theorems 3, 2
and 4, respectively].

(1v) Putting A = 0 and by, = ®(k),where ®(k) is given by (17) and (—oo <
p<l,—oco<y<lneR " peN-p<a<pf>0aeR ceR\Zzce
U),in Theorems 16, 17 and ??, respectively, we obtain the results obtained by
Khairnar and More[15, Thoerems 4.2, 4.1 and 5.1, respectively, with n = 1].

Remark 3 Specializing the parameters p, A\, «, 5 and function g(z)in our re-
sults,we obtain new resultes associated to the subclasses T'S,\(n,a, ) and

TSy, (n,a, B) defined in the introduction.

8 Open problem

The authors suggest to obtain the same properties of the class consisting of
functions f(z), g(z) € T'(p) and satisfying the subordinating condition:

L=+ 2)2(f*x9)(2) + L2(fx 9)" ()
(L=7) (f*9)(z) + 22(f * 9)'(2)

(159)
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U=+ 1) x9) (D) + 1A+ 9) (2) 1+ Az

TN 9@+ 2=(fx9) () © <P 5. (€0). (160)

where < denotes the subordinate.
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