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Abstract

The aim of this paper is to give some results on the growth of
an entire separately harmonic function using its complexity. We
give also an estimation on Taylor series expansion coefficients and
some results on arithmetical entire functions.
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1 Introduction

Nguyen Thanh Van studied separately harmonic functions [Ng3] by weakening
Lelong’s assumptions and by introducing Leja’s polynomial condition.we take
two domains D; C R™ and Dy C R™ and a subset E; C D;.we assume that
h : Dy x Dy — R, and than h(z,.) is harmonic in D, for every = € E; and that
h(.,y) is harmonic in D; for every y € Es.we also assume that the harmonic
functions are locally unique in at a certain point a € D; and that E,verify
Leja’s condition at the same point a ;to finally prove that it exists a compact
K, C Dywhich contains a and F; in a way that R" \ K; be related .So, h is
harmonic in D; x D5[Si-Ng] .In this paper we give some results on the growth
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of an entire separately harmonic function using its complexity.We give also
some results on arithmetical entire functions.

2 Notations and Definitions

Notation 1 For a multi-index o = (ay...ay) € NN and Z = (21,...,2y) €

CN ,with:
S R A A
2 Qoag L 0ovzy  \ Oz "\ Ozn ’

laf = oy

And for any 7 =1,2..., N, write
A = { ($2j71,$2j) € R? such that ‘x%fl + z'x%‘ < 1} .
rd; = { (z,_,,105) € R? such that |$2j71 + ix%‘ <r}.

A = A x...xA, c R¥

= {(2,_1,22j) € C? such that ‘z%l + 2'22].‘ <1 and ‘z%l — z‘sz‘ <1}.

) D)

<.

= {(2,,_,,225) € C* such that ‘22]._1 + Z'ZQJ.‘ <r and ‘22]._1 - izzj’ <r}.
A = A xAyx..xAycC CN

Definition 1 Order and type of an entire function (see [Ro] for more detail).
Let x : [0, +o0[ — [0, +oo[ U {400} be an increasing function. We
define the growth order p(x) of x by the formula :

|
p(x) = limsup X\ (r)
rooo  lOgT

If x is of finite order, (0 < p(x) < o0) the growth type o (x) is defined by :

o (x) = limsup x(r)

r—00 rP

For any entire function f on CV, the N- growth of f is defined by the
growth of the function x (r) = log* My (f,r) where N is a norm on C¥

and My (f,r) = sup |f(2)|. For any complete bounded domain A of cen-
N(z)<r
ter 0 in CV, the A— growth of f is defined by the growth of the function
X (r) =log" Ma (f,r) where Ma (f,r) = sup |f (2)].
zer.
Remark that this definition can be extended to entire hanmonic functions

on RV,
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Definition 2 A function U defined on a neighborhood D of CV is said sepa-
rately harmonic function if and only if
02U
8zj82_j

(Z2) =0, Z=(z,..2xn)ED, j=1,..,N

Definition 3 An entire holomorphic function f : CN — C (resp. an entire
separately harmonic function U : R*N — R) is arithmetical if f(NV) C Z
(resp. U(N*Y) C Z)

3 Main Results

Theorem 1 Let U : R*V — R be an entire separately harmonic function of
order p (0 < p < o0) and A-type 0 (0 < 0 < 00). Then there exists a unique
entire function U on C*V of order p and A— type o such that U = U on R?V.

Proof. Let U (z1,...,29n) : R?Y ~ C¥ — R be a real entire separately

harmonic function.U can be represented by the following Poisson integral
formula :Vr > 0

]rewﬂ — (251 + zx2])|2

U (mla () xQN

U (rewl, e rew’v) dby...d0N

(1]1....ZEQN> c T.A, (Igj_l,.rgj) € T.Aj 3 j = }\N
The complexified of U is the function U : C2 — C defined by : V
r >0,

2T

-~

2ar N r? — (zgj_l + z%)
U (21, ey Z2N)

j=1 [Tewj - (221—1 + isz)] [rewj - (223‘71 - Z'ZQJ')}

Ulre®, ... re®)df,...d0x (3.1)

(/\Zl, ...,22N> € T.A, (Zgjfl s 22]') € T.A]’ s j = 1, ,N
U is holomorphic on C?" and equal to U on R?¥. The unicity follows from

the fact that R*" = Reel (C*V) is a unicity set for holomorphic entire functions
on C*V,
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For any (z9,_1, 29;) € r’.ﬁj, j=1,..N we have :

2 2 2 2
|r e+ |22j,1 + zzj}

r? 4+ < 2r2,

— (1 +23)] <
<

Then |T€i0j — (232]'71 + iZQj)| 2 7'—|22j,1 + iZQj‘ 2 T—T/, for all (Zgjfl y ZQJ') S
The formula (3.1) and the above inequality gives :Vr > 1’/ > 0,

™ x N 2 2 2
’(7 (Zl Z2N>‘ < 1 /2 /2 H - ‘T _ (223'71—1_'22]'”
o — em Jo 0 iop e = (20 +izg)| [ret — (2951 — izg5)]
’U(rewl, ...,rewN)‘ df;...d0y

N 2NT2N -
‘U (z1, .,ZQN)‘ < s sup |U (2)] V (21, ..., 20n) €T.A
(r—71")" zera
. 2N,r.2N
sup ’U (21, ...,ZQN)‘ < ———5Ma (U,r)
(21,...,221\])67"’.8 (T - Tl)

/

—2N
Mz (ﬁ,ﬂ) < 9N (1 _ r—) Ma (U, r)

r

Consequentely, Vr > ' >0 :

/

Ma (U,r') < Mg (ﬁ,ﬂ) <oV (1 . T—>2N Ma (U, 7). (3.2)

r

The growth of U follows from inequality (3.2) =

Proposition 1 Let U be an entire separately harmonic function such that :

Ma (U,r) < Cexp(o.r) Vr > 0.

If U(x)= > aqnzx® is its Taylor expansion at the origin then

aeN2N
la] < C.AN) (20) |a)®™ o Va e N?V,

where the constant A(N) depends only of N.
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Proof. Let U (2) = > aqz“ the expansion series of the complexified of U,
aeNZN

/
for all » > 7 > 0, r".A contains the polydisc D, = {z e C¥: |z < %} , then

the Cauchy formula applied to U , gives :

| U Ip, 2 9lal .
jaal < L2 = 20 0 < 2y (0.0). (3.3)
(5) ! '
The inequality (3.2) and (3.3) gives:
N\ —2N
|ag| < 200N <1 — 7’_) N MA (U ) Y>> 0. (3.4)
r

t
Since the function defined by ¢ (t) = <1 — —) =1l ¢ €10, 7] reach its maxi-
r

mum at the point ¢t = %@r €10, r[, we have for all r > 0:
o N 2N
ool < 20t (LY g o s 0

< 201N (aN 4 |2Vl @N) TN ol el v (U, )

2N IN 2N+|«|
2N)™ ( W) 20 o™yl My (U.r).
The function
a —_— R
(2N)* ||

is bounded by a constant A (N) depending only on N, so :

aa] < A(N) 2180 (o™ r7lol My (U, r) Va e NV r>0

|ao] < A(N) .29 oY 770l Cexp(or)  VYaeN™ r>0  (35)

lex|
Using inequality (3.5) and the fact that inf (r~*lexp (0.r)) = <|6_0|> ’
«

|ev]
|ao¢| < CA (N) .2|04 |a|2N (60)

||

the proposition is conclued. m
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Theorem 2 Let U be an entire separately harmonic function on R?N ~ CV,
such that :
Ma (U,r) < C.exp(o.r) then :

| D°U (0) |< C.M (N).|a)? o', Yo € N2V (3.6)
where the constant M (N) depends only of N.

Proof. U can be represented by the Poisson integral formula :

1

U= | . / by (5 re®) U (re®) do

(2m)"

rer.A ((xg_1,29;) €r.A; for j=1.N),r>0, where

. N .
P. (x, Tew) = l;[ P’ (xzj_l , T9j re’ej)

and
ri (w1 + 23)
retl — (2951 + z'xgj)\2
0 _ 0y . ifs iOn _
re = (re ,re? e ) and df = df,.d0s...dO

A "
P! (91,295 , 7€) =

For any j the kernel P’ is harmonic on an open neighbourhood including
the closed disk r.A; C R? ~ C, then P? and all its partial derivatives whith
respect to Tgj_1 et 9, are continous in rA; x (9 (r.A;)),since for all o € N2V

, N , A .
DSP, (ZL‘,TGZQ) = 1I D<a2j_1’a2]) P’ (m2j_1,x2j,7“e“9]) ,

j=1 (902]'71,362]-) T

P, and all its partial derivatives whith respect to x9;_; et xy; are continous in
(r.A) x (0(r.A)), where 0 (r.A) = (0 (r.Ay)) x (0(r.Ag)) X ..... x (0 (r.An)),
it follows that :

2m 2m
DU (0) = (;)N /0 ...... i D2P, (0,7¢") U (re”) df, Vo € N*V.

Thus,to estimate | DU (0)] it suffices to estimate

|DgPT (O,Teie)‘ — i_v[l D(Ol2j717042j) 2% (O,Tewj)
=

T25—1,T25 r

This will be do by expressing P? (221, 22; , re®®) as a series of harmonic
polynomials.
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Let
- rt— (@ +y°)
Kr 6 — :
((@9),7¢?) | ret® — (z +dy) |?
_ r’— (@ 4y
72+ (22 +y?%) — 2r (xcosf + ysinb)
L P
‘ 2
K, (l.’y)’,reze = L
(&) ) = F T,
2
r r
K 0~ w2l 3.7
r((x,y),re ) - kZ:—O ( ) ) rk k,rei® (t) ( : )
6 in 6 1
Where ¢ = — 2 |—|—|ysm syl = (:E2—|—y2)§ ,N(k,n) < A2 | A
Y

depending only on n, and Ly . is the Legendre polynomial of degre k. Write

Tk ,reifd (’V) = |,7|k Lk,rew (t)

T} e an homogeneous harmonic polynomial of degre & such that :

) Ty (re) = [re?]* = o+

ii) DPTy 0 (0) =0 VB, |B] # k.
Hence, it is enough to show that :

—N(k
DEK v, et Z D’BT it (7)
k=0

For all fixed re? the function K, ( , rew)is harmonic on an neighbourhood
of the closed disc D (0,7) , and therefore real-analytic in the open disk D (0, 7).
So its Taylor series at 0 converges uniformly on an open neighbourhood of
the origine to K, ( , rew). By rearranging the terms of same degree in the
Taylor expansion we obtain series of homogeneous polynomials, converging
to K, ( , Tew) on some neighbourhood of the origin. By unicity of Taylor
expansion we deduce that this series coincide whith the series (3.7) and by
derivation we obtain

DI (1. re") = SNE2DE (' Ly e (1))
= T Nk2DS (T e (1)

then :
N( 81,2

DYK, (0,re") = e

DTjg) , rewo (0)
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and

|DYE, (0.r¢”) | = [N(1 81,2)] v~ [ DITjg) peio (0)] -

To estimate‘DfT‘ slreie (0)| we use the following lemma due to UKuran [Kul(
see also[Ar2] )

Lemma 1 [Ku/: Let H,,, the vector space of all homogeneous polynomials

of degree m in R", || || denote the norme on H,, introduced by Brelot and

Choquet [Br-Ch] and defined by the formula

1 3
| H ||= (—/ H%la) , He Hyp
Sn S(1)

where S (1) is the unit sphere of center 0 of R™ and S, denote its mesure .
If H € Hy,p and |B] =m then |DPH| < ml( (dim Hyn)? . || H || -
The above lemma gives :

1
| DT, 0 (0)] < B8] (dim Hig2) 2 || Tis), ero

|
since || Tig|, e |[>= (dim Hyg2) " then : | D Tig 00 (0) |< |BIL,

so |DPK, (0,re”)| < AlB|lr Pl B e N2
Consequently :

’D(azj—l""Qj)Pg (O,reiej) < A (Oégjfl + Ckgj)!ri(omj*ﬁra%) VJ = 1N

’D(O‘%*Lazj)Pg (O,Teiej) < 2A (g1 + Oz2j)!7“_(a2j‘1+a2j) Vj=1.N

N
‘DO‘ (O re' )‘ < 2V AN 7"_|°‘|H(042j_1 + ;)
j=1

N
But [] (agj—1 + a9;)! < |a! so -
7=1

|DP, (0,re)| <2V AN |aft r7lol Vo e NPV
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and finally :
| DU0) | < 2V AN |af! r7lol M4 (u,7) Va e N*N r >0
< C2N |af! relexp (o.r) Va e N2V r >0
< 02V ! (eo) ol Va € N2V
< €2V |al7 ol o172 jall ol Vo e N2V

Using Stirling formula we get :

DU (0)] < C M(N) ||z 6 Vae NV

Corollary 1 Under the hypothesis of theorm(2), if U (x) = > aqax® is the
aEeN2ZN
Taylor expansion at the origine of U then :

%
lao| < C M (N) @0'“, Va € N2V,
a!
DU (0)

Proof. Its follows from a, = '
= a!

Corollary 2 let U be an entire separately harmonic function such that Ma (U,r) <
Cexp(or),r>0.Ifoc <1 and all D*U (0) are integers then U is polynomial.

[ D%u (0)|

Proof. Tts follows that | a, |= ‘
a!

goes to 0 when |a| — oo, which

implies that all a, vanish for large rank because D*U (0) are integers, then U
is polynomial m

Remark 1 In [Ar2] , Armitage etablish an inequality of type (3.6) in a more
case but in our particular situation we obtain more precise results.

Theorem 3 let U be a entire separately harmonic function such that Ma (U, 1) <

~

Cexp (or), Vr >0 then Ve > 0 3C () > 0 such that the complexified U sat-
1sfies :

~

U212, 28)| S C(e)exp[(o +¢€) (|21] + |22 + oo + |20n])]  V (21, 20n) € C*N.

------
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Proof. Let U an entire separately harmonic function on R*¥ ~ C¥, and
U(x)= > aqx"its Taylor expansion at the origin.
aeNZN

Let U(z) = 3 aq2* the complexified of U. From the corollary (1) there
aeNZN
exist a constant M (V) depending only of N such that :

|ov]
laa] SC M(N) | a |t Z—, Vo e N2V,
!
then :

’ fj(Zl,....ZgN) ‘ <

~

NI

S C.M (N) o]

al ol |z
aeNZN :

< o)y S gl e
E>0la|=k &'
|| ||

1 o (c4+e) Jal! | &

< CM(N al?. . — |z
”élék" (7)) S

< cumT |y ké( o )’f (42| ]!
X . .kzo |a|:k. PRSI

B al ’z|]
k k
[ o (0 +¢) la! | .
C.M(N) k= . —
kzz:o (N) (0’+€) k! g;k al g

k
( o ) being bounded, there exist
o+e

The fonction ¢ (k) = C.M (N) k
C (g) such that :

NI

(7 (Zl, 2’27..., Z2N)

‘<C<5)Z<U+€)k

o e
w2
k>0 la|=k
; ) ko _ !
It ’s easy to show that : (|2, |+ ... + |2,x]) >

T |2|*, and then :
lal=k “*-

~

U (21,2, 22n) | < C(e) exp (o +€) ([2] + - 4 [20])]

In fact this inequality relies the A—type of U and the type of U whith
respect to a norm N of C?V. =
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4  Arithmetic Entire Function
In this section we give a some results on arithmetical entire functions.

Theorem 4 Let U an entire separately harmonic functions on R*N such that:
JA >0 suchthat Ma(U,r) < Aexp(or) Yr>0. (4.1)

If 0 < log?2, then U is a polynom.
Proof. Let U an entire separately harmonic function on RN ~ C¥ such
that:

JA >0, Ma(U,r)<Aexp(or) Vr>0. (4.2)

and o < log2,so U develops according

U(z) = Z wxa

|
aeN2N o

Development converge uniformly on any compact of CV.
From the theorem 2 there exist a constant M (N) depending only of N such
that:

DU (0 |ot]
’—()‘ < CMN)|al? 2, Vae NN
al al
1 10g2|a‘
If o < log2,then |a,| <C M(N)| a2 '
o

s0 laa] — 0 when | a|— +oo,which implies that all a,vanish for large rank
then U 1is a polynom .

Corollary 8 Let U be an entire separately harmonic function on R* satisfies
inequality (4.1) with o < log 2.

i) If U is arithmetical, then U is a polynom.

i) If U (N*) =0 thenU =0 on R
Proof. From theorem(4) U is a polynom. m

Proposition 2 Let U be an entire separately harmonic function on R?N satisfies
inequality (4.1) .

If UN,,) CZ and o <log2 , then there exists a polynomial P with m
real variables such as:

U(z1,....@m, 0. 0) =P (21, Tp) (21,..., ) € R™.

or Ny, = {(z1,...,52ay) € NN L Tl = Tz = ... = oy = 0}
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------

.....

.....

5 Open Problem

Let V be an entire separately harmonic function on R?V satisfies inequality
(4.1).If V(R,,) CZ and o < log2.

Is there a polynomial P with m real variables such as:

V(x1,.o, T, 0..0) = P (21, xm) (21,..c, Tm) € R™.

or R, = {(ml,...,xm\/) ER 1 =Ty = ... :ng:(]}
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