Int. J. Open Problems Compt. Math., Vol. 9, No. 1, March 2016
ISSN 1998-6262; Copyright © ICSRS Publication, 2016
WWW.I-CSrs.org

Ascending Series Solution to Airy’s
Inhomogeneous Boundary Value Problem

S.M. Alzahrani*, |I. Gadoura, and M.H. Hamdan

Dept. of Mathematical Sciences, University of New Brunswick, P.O. Box 5050,
Saint John, New Brunswick, CANADA E2L 4L5

*0On leave from University of Umm Al-Qura, Kingdom of Saudi Arabia.
e-mail: s.alzahrani@unb.ca

Dept. of Electrical and Computer Engineering, University of New Brunswick, P.O.
Box 5050, Saint John, New Brunswick, CANADA E2L 4L5
e-mail: igadoura@unb.ca

Dept. of Mathematical Sciences, University of New Brunswick, P.O. Box 5050,
Saint John, New Brunswick, CANADA E2L 4L5
e-mail: hamdan@unb.ca

Abstract

A two-point boundary value problem involving the non-
homogeneous differential equation of Sir George Biddell Airy with a
right-hand-side that is a function of the independent variable, is
considered. Solution is expressed in terms of two recently introduced
integral functions that are expressible in terms of ascending series.
Evaluation of these functions gives rise to an open problem that is
stated in this work.
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1 Introduction

Airy’s differential equation continues to receive considerable attention in
the literature due to its mathematical implications and physical applications, [6].
Mathematically, finding and expressing solutions to Airy’s equation provides us
with further insights into series convergence and the introduction of innovative
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series techniques. In addition, advances in the knowledge of behaviour of this
equation and its solution can provide us with the ability to reduce mathematical
and physical problems to Airy’s equation. Recently, the use of Airy’s functions in
the study of flow over porous layers, [5], resulted in the introduction of a new
function that was further analyzed by Hamdan and Kamel [3] to discover its
salient features and the differential equations that this function satisfies. From an
applications point of view, Airy’s equation arises in various applications of
mathematical physics, including fluid flow and the study of optics. [1,4].

Although analysis of Airy’s equation has been directed in the main part to
the homogeneous Airy’s differential equation and the inhomogeneous equation
with a constant forcing function, recent analysis has branched into the
inhomogeneous equation with a variable forcing function. In fact, in a recent
article, [2], an initial value problem was considered in which solution to the
variable forcing function equation was obtained in terms of two recently
introduced integral functions, whose approximations were obtained using
asymptotic series. These same integral functions arise in two-point boundary
value problem associated with Airy’s differential equation with a variable right-
hand-side, as will be illustrated in the current work. The goal here is to analyze
the two-point boundary value problem, find the general solution and express it in
ascending series form, and deduce a solution satisfying the boundary conditions.
The method used, that is ascending series approximations of the resulting integral
functions, is also valid for initial boundary value problem. We end this work with
a statement of an open problem associated with series approximations.

2  Problem Formulations

We wish to solve the following inhomogeneous Airy’s ordinary differential
equation

1) y'=xy=f(x)
With two-point boundary conditions expressed as

@) y(@)=a
©) y(b)=p

where o, f e Rand x €[a,b].
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Equation (1) is the well-known Airy’s differential equation that has its
roots in the 19™ Century work of Airy, and continues to receive considerable
attention in the literature due to its applications in mathematical physics (c.f. [1,6]
and the references therein).

General solution to (1) has been discussed in detail in [3], and takes the form
@ Yy = CA () +6,B, () +7{K; (00— f (ON; ()}

In which ¢, and c, are arbitrary constants, and A (x)and B, (x) are the well-known
Airy’s functions of the first and second kind, respectively, defined by, [6]:

1% 1,
(5) A (X) = ~ ! cos(xt+§t )dt

(6) B.(x) = iT[Sin(xt+%t3)+exp(xt—%t3)]dt

and have the following non-zero wronskian, [1]

M WA, () = ABI() ~ B (IA () ==

T

The function N, (x) is the recently introduced Nield-Kuznetsov function, [5],
defined in terms of Airy’s functions as

(8) N, () = A ()| B, ()dt—B, ()| A (t)dt
0 0
and has the following integral representation

9) N, (x) :%T[Zsin(xt+%t3)—exp(xt—%t3)]dt.

The function, K, (x), introduced in [3], is defined by either of the following
forms:

(10) K.(x) = A (x)Hj B, (r)dr}f '(t)dt— B, (x)j{j A (r)dr}f '(t)dt

(11) K, () = f ()N, (%) —{A\ (0] F B )dt—B ()] F©)A (t)dt}
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Now, upon using boundary conditions (2) and (3) in (4), we can obtain the
following values of the arbitrary constants and render the boundary value problem
solved:

[ f ()N, (b) - K;(b) +£]Bi (a)— [ f (a)N; (a) - K; (a) + ~18; (b)
T T

(12) C, =
[A (b)B;(a) - A (2)B; (b)]

. AT N, ()~ K, (0) + £1A @)~ 2T (@N, ()~ K, (a) + Z1A ()
@ e= [A (2B, (0) - A (0)B, ()]

It is clear from the above discussion that finding the arbitrary constants, and
evaluating the solution over the interval [a,b], necessitates evaluating A (x),
B, (x), N;(x)and K;(x) for a<x<b. While this is a challenging task, we will

attempt to approximate these integral functions on the given interval using series
approximations.

3 Ascending Series Approximations

Airy’s functions, A (X) and B,(x), their derivatives and integrals can be

approximated using infinite series. Two popular series approximations are the
asymptotic series and ascending series methods that have been reported in the
literature (cf. [1,6] and the references therein). These same series can be used to
derive series expressions for N,(x)and K, (x). Asymptotic series approximations

have been discussed in a previous article, [2], in connection with initial value
problems. We will in the current work discuss ascending series approximations
for the boundary value problem at hand.

Ascending series representations for Ni(x), Ki(x) and their derivatives and
integrals are developed using the ascending series representations of A (x) and

B, (x), their derivatives and integrals, reported in [6].
Letting

(14) a, = A (0) ~ 0.3550280538878172
(15) a, = —A/(0) ~ 0.2588194037928067
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®  Re-X

¢ (3 3k +1)!
w035 G
SO
o s3] 25

where (b), is the Pochhammer symbol, defined as, [6]:
(20) (b), =1

@) )=t

the following representations can then be obtained, [12]:

b(b+1)(b+2)...b+k-1);k >0

(22) A (x) = a,F/(x) —a,F; (X)
(23) B (x) = v/3[a,F/(x) +a,F; (X)]

(24)  [A®dt=aF,()-aF,(x)
(25) j B (t)dt = v/3a,F; (x) +~/38,F, ().

Using (16)-(21) in (22)-(25) we obtain the following ascending series
representations of Airy’s functions and their integrals:

1 3k 3k 3k 3k+1
(26) A= alZ( j (3k)! ZZ( j (3k +1)!

k=0

3k 3k © 2 3k 3k+1
@ B= ‘F"’“ZU (30)! ﬁaz@ D

© (1 3k 3k+1 © (9 3k 3k+2
(28) jA(t)dt—aiZ( j Bk+1)! Z)(E (3k +2)!
3k 3k+1

. (1 » gy 32
(29) IB(t)dt_‘/gaiz[ ] @K+ Zo j Bk +2)1"
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In order to obtain an ascending series representation for N, (x), we substitute
(22)-(25) in (8) to get either

(30) N, (X) = 238,38, [F/(X)F, (x) - F; () F, (¥)]

or

(31) N; (X) = A (X)[/3a,F, (x) + /38, F, (x)] - B, (X)[&,F, (X) — &, F, (X)].

Equations (30) and (31) have the following equivalent summation expressions,

respectively
— (lj 3k 3k [ J 3k 3k+2
~\3), (3K)! (3k +2)!
(Zj gk y 3k (1) 3k y 3k
=\ 3), Gk+1)1 |\ 3), (3k+1)1] |
- 3k 3k+1 3k 3k+2
- 2) 22 $(2) 22

© 1 3k X3k+1 0 2 3k X3k+2
-5 (X){a“kz_:;(ﬁ)k (Bk+1)! azkz_:;(El (3K + 2)!}

In order to obtain an ascending series representation for K, (x) , we express the
integrals on RHS of (10) in terms (22) to (25) as follows:

(32) N, (x) = 2/3a,a,

(33)

(34)

O Ly <

{ | A(r)dr}f'(t)dt= [{a. ' OF.® -3, f ©)F, 1)t

and

(35) j{j B (T)dr}f (t)dt = j{\/§alf (©)F, (1) +/3a, T (O, () it.

Upon integrating by parts and using (18) and (19), we obtain

(36) J‘ f'OFMdt= f(x)F(x) _-[ f (t){i(lj :()’Bk)l}

and
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2 3 t3k+1
j f'(®)F, (t)dt = f (X)F,(X)— j f(t){ (j (3k+1)l}dt.

Using (36) and (37) in (34) and (35) we obtain, respectively

(38)

(39)

1 3 t3k
'([{J.A(r)dr}f "(Hdt= a{f(X)F(X) If(t){ ( j (3k)'}dt}

2 3k 3k+1
_a{f(x)F(x) jf(t){ ( j e 1)|}dt}

) 1 3kt3k
HIB(r)dr}f (dt=+3 a{”X)F(X) / f“’{ U (3k)'}dt}

2 3 t3k+1
+\/_a{f(x)F(x) jf(t){ ( ] o 1)|}dt}

Equation (10) then takes the following form with the help of (38) and (39):

(40)

K; () = A (x) f (x)[V3a, F, (x) ++/3a,F, (X)]
+ B, (X) f (X)[a,F, (x) - a,F, (x)]

(){i[lj igi)l}dt

_Ai(x) \/§aj 3 t3k+1
_ +\/_a2If(t){ ( j (3k+1)|}dt
1) 3+t |
ajf(t){ ( j (3k)l}dt

2 3 t3k+l
_a jf(t){ ( j (3k+1)l}dt

+B,(4)

which simplifies to the following final form of K,(x):
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K, (00 = fOON, (x) - [V3a,A () + 2,8, (0 *

2 3 t3k+1
@y f(){ S(2) o 1)|}dt
~[aaA -2, (x)]jf(t){ HE }dt

(3k)!

Ascending series form of the general solution (4) is obtained by substituting
(26), (27), (33) and (41) in equation (4). After some simplification we obtain:

1) 3% | ),
Yy =[a2[\/§c2 ¢,]+2V3ma, | f(t){ [ J (3k)l}dt]
0 2 3kX3k+l
{Z(‘;(E)k (3k +1)!}
© 2 3kt3k+l
+(al[\/§cz+cl]—2\/§7zal .| f(t){Z( j o 1)'}dt]*

0 1 3k X3k
{z(é] (3k)!}

Values of the arbitrary constants are obtained from (12) and (13) once the
values of A (X), B, (x), N;(x),K,(x) at x =aand x = b are obtained from (26), (27),

(33) and (41). A concrete example is implemented in the following section to
illustrate the procedure.

(42)

4 An lllustrative Example

Suppose we are required to solve equation (1) with f(x)=\/§ with the
boundary conditions y(0) =0 and y(1) =1. Substituting f(x)=\/§ in (41) and
(42), and integrating, the function K;(x) and the general solution take the forms,
respectively:



9 Ascending Series Solution to Airy’s BVP

K, 00 = XN, (0 - [V33,A 00 + 8,8, (9
o 2 3k X3k+5/2
(43) {g@k 3k +1)!(3k + 5/ 2)}

- 1 3k X3k+3/2
_ [ﬁaﬁ (x) —a,B, (X)]{kz_;(gjk (3k)!(3k + 3/ 2)}

et -aaeama{S () e
3322
fatf e 2fimaf$(2) .
pEES

In order to satisfy the given boundary conditions, we find the arbitrary
constants, ¢, and c,, given by equations (12) and (13). This requires calculating

A (X),B;(x), N, (x), K, (x) and f(x) at x = 0 and x = 1. Definitions (8) and (11) give
us the values N;(0)=0 and K,(0)=0 . The literature, [1,6], reports the
values A (0) = 0.3550280538878172 and B, (0) = \/§A (0) =0.6149266274460007 .
We thus need to calculate A (1),B.(1),N,(®),K; (). These are computed from

equations (26), (27), (33) and (43) where we have used the first five terms of the
series and retained 16 significant digits in the calculations. It is noted that the first
omitted term (sixth term) in each of the series (16)-(19) is less than 107 at x = 1.
This is considered as a measure of accuracy of the computed solutions.

(44)

The following values are thus obtained:
A (1) =0.1352924154742438

B. (1) =1.207423592970825
N, (1) = -0.1672560920565251
K. (1) = -0.0791473538868198

and the values of arbitrary constants, computed using (12) and (13), are:
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c, =—1.287255812781822
¢, =0.7431974900254956 .

Upon using these values of arbitrary constants in (44), equation (44)
represents the complete solution to the boundary value problem.

4  Conclusion

In this work, we have considered Airy’s non-homogeneous equation with
a right-hand-side that is a function of the independent variable, subject to
boundary conditions. Solution is cast in terms of four integral functions (the two
Airy’s functions and two recently introduced integral functions). All functions are
expressed in terms of ascending series in order to facilitate accurate computations.

5 Open Problem

Accurate evaluation of the integral functions N,(x) and K, (x) represents
a challenge at two levels: 1) Both functions are defined in terms of the functions
A (x) and B;(x), thus embedding a dependence of N;(x) and K;(X) on Airy’s
functions. 2) Evaluation of N,(x) and K,(x) relies heavily on our ability to
accurately evaluate Airy’s functions, and choosing the most efficient
representation.

The above two points warrant further investigation into the possibility of
finding different or better representations of the integral functions in terms of
elementary functions, or in terms of functions with less elaborate computational
requirements.
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