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Abstract

Using the technique of differential subordination, we ob-
tain certain results for starlike and parabolic starlike func-
, . : : : zf'(2) 2f"(z)
tions involving the differential operator I+a—; .

f(2) f'(2)

We study the above operator for multivalent functions and
also conclude some results for univalent functions.
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1 Introduction

Let A, denote the class of functions of the form

[e.9]

f(z) =2+ Z ap?”,  (p€N;z €E)

which are analytic and p-valent in the open unit disk E. Obviously, A; = A,
the class of all analytic functions f, normalized by the conditions f(0) =
f'(0) — 1 = 0. Let the functions f and g be analytic in E = {z: |z| < 1}. We
say that f is subordinate to g in E (written as f < g,) if there exists a Schwarz
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function ¢ in E (i.e. ¢ is regular in |z| < 1,¢(0) = 0 and |¢(2)| < |z| < 1) such
that

f(z2) = 9(0(2)), |2 < L.
Let ® : C?> x E — C be an analytic function, p an analytic function in E with
(p(2),2p'(2);2) € C*> x E for all z € E and h be univalent in E. Then the
function p is said to satisfy first order differential subordination if

O(p(2), 2p'(2); 2) < h(z), 2(p(0),0;0) = h(0). (1)

A univalent function ¢ is called a dominant of the differential subordination
(1) if p(0) = ¢(0) and p < ¢ for all p satisfying (1). A dominant ¢ that satisfies
G < q for all dominants ¢ of (1), is said to be the best dominant of (1). The
best dominant is unique up to a rotation of E.

A function f € A, is said to be p-valent starlike of order (0 < e < p) in E, if

R (ﬁé?) >a,z€E. (2)

We denote by Sy(«a), the class of p-valent starlike functions of order a.. Note
that S;(0) = S, which is the class of p-valent starlike functions.
A function f € A, is said to be p-valent parabolic starlike in E, if
JEQNER
f(z) f(z)
We denote by Sp, the class of p-valent parabolic starlike functions. Note that
S5 = Sp, the class of parabolic starlike functions. Define the parabolic domain

() as under
Q={u+iv:u>+/(u—p)?+v2}.

o-r H(220)

maps the unit disk E onto the domain 2. Hence the condition (3) is equivalent

to
2f'(z)
f(2)
where q(z) is given above. In the literature of univalent function theory, the
differential operator

/ "
L(Z) (1 + ozzfl (2>> is investigated by many authors for obtaining star-
f(z) f'(2)
likenes of analytic functions. We refer to Lewandowski et al. [8], Ramesha
et al. [1], Obradovic et al. [4], Padmanabhan [3], Li and Owa [2]|, Ravichan-

dran et al. [6],[7]. In 1976, Lewandowski et al. [8] proved the following result:

p|,z € E. (3)

Clearly the function

< q(2),z € E,
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Theorem 1.1 If f € A satisfies

(D e

then f € S*.

In 1995, Ramesha et al. [1] gave the following sufficient condition for starlike-
ness:

Theorem 1.2 [If f € A satisfies

p{ A (10l S0 e B for someazo, 9

then f € S*.

Later on, Li and Owa [2] improved the above results and gave the following
sufficient conditions for starlikeness:

Theorem 1.3 If f € A satisfies

%{ZJ{(/(ZZ)) (1 + azjﬁ/;iz)))} > _70‘,2 € E, for some a > 0, (6)

then f € S*.

Theorem 1.4 If f € A satisfies

%{%ﬁ;) (1+@%§;))} >M,26E,for some (0 < a < 2),
(7)

then f € S*(a/2).
Later on, Ravichandran et al. [6] proved the following result:

Theorem 1.5 If f € A satisfies

%{ZJ{C(S) (HO‘ZJJ:;Z))} > af {5—%1+[ﬁ—%} 2EFa>00<8<1,
(8)

then f € S*(5).

In the present paper, we obtain certain results pertaining parabolic starlike-
ness in terms of the above differential operator as well as certain results for
starlikeness.
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2 Preliminaries

To prove our main results, we shall use the following lemma of Miller and
Mocanu [5].

Lemma 2.1 Let q be a univalent in E and let 0 and ¢ be analytic in a
domain D containing q(E), with ¢(w) # 0, when w € q(E). Set Q(z) =
2q'(2)¢lq(2)], h(z) = 0lq(2)] + Q(2) and suppose that either
(i) h is convez, or
(ii) Q is starlike.

In addz’tz’on; assume that
(iii) R (zg((;)) > 0 for all z in E.
If p is analytic in E, with p(0) = ¢q(0), p(E) C D and

O[p(2)] + 2p' (2)0[p(2)] < 0lq(2)] + 24'(2)plq(2)], z € E,

then p(z) < q(z) and q is the best dominant.

3 Main results

Theorem 3.1 Let o be a non zero complex number and let q(z) be a uni-
valent conver function such that

2q" () 1—a
R (1 + 70 + 2pq(z) + > ) > 0. (9)

If f € A, satisfies
S (1

) < (1= a)pg(e) + op?(q(=))? + ap=q (2).2 € B, (10)

i@\ TR
then P
j?f((j)) < q(2),z € E.
Proof. Write ;"?((ZZ)) = u(z), in (10), we obtain:

(1 — a)pulz) + ap*(u(2))” + apzu'(z) < (1= a)pq(z) + ap*(¢(2))* + apzq'(2)
Define f(w) = (1 — a)pw + ap’w® and ¢(w) = ap. Therefore,

Q(2) = ¢(q(2))2q (2) = apzq'(2)
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and
h(z) = 0(q(2)) + Q(2) = (1 — a)pg(2) + ap®(q(2))* + apzq'(2)
On differentiating, we obtain Zg;(z? =1+ Z;//;S) and
zh'(z) 2q"(z) B -«
Q) T T

h/
In view of the given conditions, we see that Q is starlike and (ZQ ((Z))) > 0.
z

Therefore, the proof, now, follows from Lemma 2.1.

4 Applications with dominant
q(z):%_iﬁ)z, 0<pB<1,zek.

1+ (1-206)

Remark 4.1 Selecting q(z) = N Z, for 0< B <1 in Theorem

3.1. A little calculation yields:

L) 1
¢(z) 1=z
and
2q"(z -« 2z 1+ (1-20)z 1
1+ q<)—|—2pq(z)—|— = +2p 1+1-28)z + —
q(z) a 11—z 11—z a

Obviously, for a > 0, q(z) is conver and satisfies the condition (9). Conse-
quently, we get the following result.

Theorem 4.1 For a positive real number «, if f € A, satisfies

S ) R e e R

2apz(1 — )

1—2) 0<pB<1l,z€E,

then

Sf(z) | [1+(1-20)
) <p[ -2

} ie. f€S8(7), where v = Bp and 0 <y <p.
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Theorem 4.2 If f € A, satisfies

2f'(z) zf"(2) o an? 2—1a —3) » o
RS (145 | > G-awsrer'sigopti-). < >0£§ﬁ<1

then f € S;(v), where v = fp and 0 <y < p.
By taking a = 1 in Theorem 4.1, we conclude the following result.

Corollary 4.3 If f € A, satisfies

7 () < ()

z e K,

then
! 1+(1-2
) 1+ 0-20)
f(2) 1—2
By taking p = 1 in Theorem 4.1, we get the following result for univalent
starlike functions.

} ie. f €S8 (7), where v = Bp and 0 <y <p.

Corollary 4.4 Suppose « is a positive real number and if f € A satisfies
the condition

z]{(g) <1+azfl’;(;)')) ) (1_a){1+(11_—225)z} +a{1+(11_—22ﬁ)2}2

20z(1 — f)
EEEEE

then
2f/(2) 1+ (1-25):
f(2) -2

ie. feS(P),0<5<1.

The Corollary 4.4 presents the following result for § =0 and o = 1.
Corollary 4.5 If f € A satisfies
z2f'(2) z2f"(2) 1427 2z
A i R e ——=F ek
o () < (15 vt reses

where F(z) is a conformal mapping of the unit disk E and

FE) -\ {ueCiRw < 5}

then f € S*.

Remark 4.2 If we take p=1 and 8 = 0 in Theorem 4.2, then we obtain the
result of Li and Owa [2] given in Theorem 1.8. For p=1, Theorem 4.2 reduces
to result of Ravichandran [7] given in Theorem 1.5.
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5 Applications with dominant
2
q(z) =1+ % (log Gf\\/fi)) ,z € .
1++/z

9 2
R k 5.1 Wh lect the dominant =1+= (!
emar en we select the dominant q(z) +t ( 0g (1 — ﬁ))
in Theorem 3.1. A little calculation yields that

!
1
1+Z(]'(Z):21+—Z)Jr \/Zl—l—f
¢ (2) ( < (1 —2)log (17\2)
2q"(2) -« Vz o[3z-1 1
+— 5+ 2pq(z) + = +
¢ (2) o 1—z | 2y/z log(irﬁ)
2 1+v2\\?| 1
2p |1+ — |1 —
| (e (7)) |

Thus for positive real number o we notice that q(z) is convex and condition
(9) is satisfied by this dominant. Therefore, we, immediately arrive at the

following result.

Theorem 5.1 Suppose o be a positive real number and if f € A, satisfies

2O (v o) < u-anfi 2 (m ()]
oo (s (1))}
ropr o (L) e

ZJ{E'E’;) <p+ % (log (%))2 ie. f€Sp.

then

Keeping a = 1 in Theorem 5.1, we have the following result.

Corollary 5.2 If f € A, satisfies

O () <o 2 (e (L)) )
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4pz 14z
— 1] E
TRVEI -2 0g(1—ﬁ>’26 /

122 e

Letting p = 1 in Theorem 5.1, we get the following result for parabolic
starlikeness of univalent functions.

then

Corollary 5.3 For a positive real number « if f € A satisfies

SO (o) < fi 2 (e (22)))

+a{1+% (log Gt\\g))g}z

daz 1++/2
1 E
+7r2\/5(1—z) Og(l—\/z)7ze ’

zJ{ES) . 1+% (10g(17:\\g))2 ie. f €Sp.

then

6 Open Problem

The sufficient conditions for starlikeness and parabolic starlikeness of normal-
ized analytic functions have been obtained in terms of the differential operator

2f'(2) 2f"(2)

— 1+ a—> only in case where a > 0. The above conditions are
f(2) ( f'(2)

still open for a < 0. One may also investigate the above said operator for
uniformly starlikeness and convexity of normalized analytic functions.
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