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Abstract

A wvariety of algebras is called strongly solid if and only
if every its identity is a strong hyperidentity. The clone of
a strongly solid variety is free with respect to itself. M-solid
varieties generalize the concept of solidity. In this paper, we
describe the clone of an arbitrary M -strongly solid variety.
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1 Introduction

Let n € N and X,, := {z1,...,2,} be an n-elements set. The set X,, is called
an alphabet and its elements are called variables. To construct an n-ary term
of type 7, we also need a set {f;|i € I} of operation symbols, indexed by
the set I. The set X,, and {fi|i € I} have to be disjoint. To every operation
symbol f; we assign a natural number n; > 1, call the arity of f;. The sequence
T = (n;);es is called a type.

Definition 1.1 Let n > 1. The n-ary terms of type 7 are defined inductively
as follows:
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(i) Every variable x; € X,, is an n-ary term of type T.

(ii) If t1,...,t,, are n-ary terms of type T and f; is an n;-ary operation
symbol, then fi(t1,..., t,,) is an n-ary term of type 7.

The set W, (X,,) of all n-ary terms of type 7 is the smallest set containing
x1,...,%, that is closed under finite application of (ii). The set of all terms of

type 7 over the alphabet X := {x, xo, ...} is defined as W, (X)) := U W (X,).
By using step (ii) in the definition of n-ary terms of type 7, the term algebra

Fr(X) == (Wo(X), (£)727).

of type 7, the so-called absolutely free algebra, can be constructed where
W.(X) is the a carrier set and for each operation symbol f; and tq,...,t,, €
W (X)X () = filty, ).

The concept of a hypersubstitution was introduced by K. Denecke, D.
Lau, R. Poschel and D. Schweigert in 1991 [1]. They used it as the tool to
study hyperidentities and solid varieties. Let 7 = (n;);e; be a type with the
sequence of operation symbols (f;)ies-

Definition 1.2 A hypersubstitution of type 7 is a mapping o : {f; | i €
It — W.(X) which maps n;-ary operation symbols to n;-ary terms. Let
Hyp(T) be the set of all hypersubstitutions of type T.

For every o € Hyp(7) induces a mapping ¢ : W, (X) — W, (X) as follows,
for any t € W.(X), [t] is inductively defined by

(i) oft] =tift e X.

(i) olfi(ts, .. tn))] = o (fi) (0[], - . Oltn,]).

Using the induced maps &, a binary operation o;, can be defined on the set
Hyp(7). For any hypersubstitutions oy, 09 € Hyp(T), 01 0, 09 := 71 0 03 i.e.

Vi€ I, (o1 0p 09)(fi) = 01]02(f)]

Let ;4 be the hypersubstitution which maps each n;-ary operation symbol
fi to the term f;(xy,...,2,,). It turns out that Hyp(r) = (Hyp(7), op, 0ia) is
a monoid where 0,4 is the identity element.

In 2000, S. Leeratanavalee and K. Denecke [4] generalized the concept
of a hypersubstitution to a generalized hypersubstitution. We used it as a
tool to study strong hyperidentities and used strong hyperidentities to clas-
sify varieties into collections called strong hypervarieties. Varieties which are
closed under arbitrary application of generalized hypersubstitutions are called
strongly solid.
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Definition 1.3 Let 7 = (n;)ier be a type with the sequence of operation sym-
bols (fi)ier- A generalized hypersubstitution of type T, for simply, a generalized
hypersubstitution is a mapping o : {fi|i € I} — W.(X) which maps each n;-
ary operation symbol of type T to a term of this type which does not necessarily
preserve the arity.

We denoted the set of all generalized hypersubstitutions of type 7 by
Hypg (7). We begin with a number of definitions and some notations. Firstly,
we define inductively the concept of generalized superposition of terms S™ :

W, (X)) — W (X).

Definition 1.4 Let W, (X) be the set of all term of type 7. The operation
S W(X)™ Y — W(X) is defined inductively as follows:

(1) If t =x;,1 < j <m, then S™(z;,t1,... ,tn) ==1t;.
() If t =x;,m < j €N, then S™(x;,t1,... ,tn) == z;.

(iii) If t = fi(s1,...,Sn,;), then
Sm<t,t1,. .. ,tm) = fi(Sm(Sl,tl, Ce ,tm), Ce ,Sm(sni,tl, Ce 7tm))

To define a binary operation on Hypg(T), we extend a generalized hy-
persubstitution o to a mapping ¢ : W,.(X) — W,(X) inductively defined as
follows:

(i) 6[t] :==tift € X.
(ii) o[t] :== S™(o(f:),0t1],...,0ts,]) if t is a compound term, fi(t1,...,tn,).

Then we define a binary operation og on Hypg(T) by 01 oG 09 := 61 0 09
where o denotes the usual composition of mappings and oy, 09 € Hypg(T).
We proved the following propositions.

Proposition 1.5 ([4]) For arbitrary terms t,tq,...,t, € W.(X) and for ar-
bitrary generalized hypersubstitutions o, o1, 09 we have

(i) S™(a[t],alt1],...,0[ts]) = a[S"(t, t1,. .., tn)].
(ii) (61 009)" = 61 0 0s. O

Proposition 1.6 ([4]) Hypc(7) = (Hypa(T), 06, 0id) is a monoid where 0,4

1s the identity element and the set of all hypersubstitutions of type T forms a
submonoid of Hypg(T). O
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Let M be a submonoid of Hyps(7) and V' be a variety of type 7. The
variety V' is called M-strongly solid variety if

Vsate ldV,Yo € M(d[s] = alt] € IdV).
An identity s &= t € IdV is called M-strong hyperidentity if
Vo e M(V = é[s] = alt]).

If M = Hyp(7), then we speak of strongly solid variety and strong hyperi-
dentity, respectively.

2 Main results

A clone as a set of operations defined on the same set, closed under the
superposition and containing all projections can be equipped with algebraic
structure which gives a heterogeneous algebra

C:= ((C(n))nel\Ha (S;Ln)m,nEN+a (6?)nEN+,1§i§n) (N+ = {17 27 37 })

where C™ is a set of n-ary operations on the set A and e?,1 < i < n are the
n-ary projections with el'(aq, ..., a,) := a; for all aq,...,a, € A.

Definition 2.1 Let C™ n > 1 be the set of n-ary operations on the set A.
Then the (n+1)-ary superposition operation S™ : (C™) 1 — C™) s defined by

S™f, g1 s gn)(@1, oy ay) = flor(ar, ...y an), oy gn(aq, ..., a,)| for allay, ..., a, €
A. This can be generalized to an operation ST : C™ x (C™)" — C™) defined

by

S%(f? g1, 7gn) = f[gh 7gn]
m)a

and flg1, -y gal(a1, ..., am) = f(g1(ay, ..., a
A.

o gnlay, ..., an)) forallay, ..., a,, €

)

Let A = (A;(f#)icr) be an algebra of a type 7. Let OXL) be the

set of all n-ary operations f4 : A" — A and put Oy := U Ogl). We set
n=1
FA = {f#li € I} and FA™ .= FAn 01(4”). Let O4 be the heterogeneous clone
where the carrier set are the sets O for every n € N*. Then the clone 7 (.A)
of all term operations of A is the subclone of O, generated by (FAM), .+
cT(A) := (FAM™),cn+)o,. The carrier sets of 7 (A) are the sets T (A) of
all n-ary term operations of A. For A = F,(X)(the absolutely free algebra of
type 7 for a short written as F.) instead of 7(.A), we will write clone(7) and
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if Fy(X) is the free algebra with respect to V', we write clone(V') instead of
T(F(X)).

It is well-known and easy to check that this algebra satisfies the clone
axioms

(C1) 5P (X0, S™ (Y1, X1, .0y Xp), oo, S (Y, X1, 0, X)) &
S (SE (X0, V1, V), X1, oo Xin),

<C2) Srnn()\i?Xla JXTL) ~ XZvl S { S n,

(03) S:.Z(Xl, )\1, cees /\n> ~ Xl,

where gf; and gfjl are operation symbols corresponding to the operations
SPand S of clone(t) where Aq,..., A\, are nullary operation symbols and
X1, ..., X, Y1,..., Y, are variables.

Definition 2.2 Let C := ((C™),en+; (S™ ) pmment (€8 nen+ 1<i<n) be a clone
and let (X )nent, Xn € O™ be a generating system of the clone C. Then a
system @ = (©n)nen+ of @ mappings o, : X, — C™ with p,(e?) = e, n € N*
for a projections is called a clone substitution. By Substx,) we denote
the set of all clone substitutions.

n€N+> ’

Definition 2.3 A set I := (I,)pent, I, € C™ for every n € Nt is said to be
independent with respect to a family QQ of a mappings 1 = (V¥ )nen+ such that

Yn t In = C™ (Q-independent) if every 1 can be extended to a homomorphism
Y of the subclone (I)¢ of C generated by I into C i.e., v : (I})¢ — C.

Definition 2.4 Let C be a clone and let Q C Subst(x,) _..) where (X;)nen+
1s a generating system of C. Then @) is called Q-free with respect to itself if
(Xn)nen+ 18 Q- independent.

If Q) = Subst Xn),ent) We have the usual concept of freeness with respect
to itself. The extension @ of elements ¢ € Subst Xn),ent) TO arbitrary elements

of (C™),,cn+ are defined in the usual inductive way. If o1, 5 € Subst((x,), r)
we define a product ¢ o, o of substitutions by @; o 3. This is again a
substitution from Subst((x,) _..). Since this product is associative and since
the identity ;g belongs to Subst((x,,) ), we obtain a monoid.
Proposition 2.5 (i) There is a bijection between the set Hypa(7) of all gen-
eralized hypersubstitutions of type T, and the set Subst  pr.m)) ot) of all clone
substitutions of clone(T).

(ii) For every variety V of type T every generalized hypersubstitution of type T
defines a clone homomorphism clone(t) — clone(V).

+
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Proof.(i) Let o : {f;|i € I} — W (X) be a genemlz’zed hypersubstitution of
type . We set I := {fili € I} and let F™ be the set of all n-ary opera-

tion symbols from F. Then we define a family o := (0,)nen+ of a mapping
such that o, : F™ — W_.(X). Since clone(t) is generated by (F7™), cx+,
for every o 1= (0, )n,en+ we define a family ¢ = (@, )n,en+ of a mappings

O, FFM) 5 clone™) (1) by gom(fiff(x)) = Uni(fff(x)) where clone™)(T)
is the mith carrier set of clone™(7). Since o,,(f;)7"X) is the term opera-
tion of Fr(X) induced by the term o(f;), we get o, (fi)7X) is an element
of clone™) (7). Remember that any n-ary term of W.(X) induced an n-ary

element of clone™ (1) in the following inductive way :
(Z) Zf T; € Xn; then [EZ:T(X) = e?’]: c clone(”) (T),

(ii) if v; € X \ X,,, then xfT(X) = x?’f € clone™ (1) where :c’;’F is the term
operation of F.(X) induced by the term x;,

(13) if fi(t1, ..., tn,) is a composed term and z'fth(X),i =1,...,n; are the n-ary
term operations induced by t;, then we define

[fi(try ooy b)) = i (770 7204770 € clone™ (7).

Therefore ¢ : FFX) — clone(7) is a clone substitution. By definition above,
o defines ¢ uniquely.

Conversely, we assume that ¢ : F¥7(X) — clone(7) is a clone substitution.
Then for each f; we choose a term o(f;) € W,(X) such that o(f;)") =
o(fi)7 X It is clear that o = {fi|li € I} — W,.(X) is a generalized hyper-
substitution and the 1mage of this generalized hypersubstitution is the clone
substitution @. Then we have ¢ defines o uniquely.

(1) We show that the mapping @ : clone(r) — clone(V) defined by t7=X)
A[t]]: "X is an homomorphism @ of clone(r). Because of the bijection t
t77X) for every t € W.(X) mentioned above the mapping o is well-defined.
Since efT™N) = 17X fort = x; € W,(X,), we have p(e]”™ ™)) = o2 X)) =

o(x ,)fV( ) = fo(X) = e;-FV(n). This projections are mapped to projections. Fi-

nally, we prove

BSR4, 6Ty = Sp (B0, @), - Bt )
by induction on the complexzty of term t by the axioms (C1) and (C2). Let
t e W(X,) and ty, ..., tn, S1, .y Sn € Wi(X).
Ift = z; € Xy, then P(St (#7077 &) 477y

—90(5"( Fr(X) tff( ) ...,th(X)))

(S:( nf fT(X) t?XEX))) Fr(X) Fr(X)
= B 00) = 5@ 00), B, . ).

1

Ift=x;€ X\ X, then (p(Sgl(t]:r(X)’tl}—T(X)7 o B
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_ @(S%(x‘fT(X), th(X), - tnT(X)))
= oY)

= S (@), 8(67Y), s Bt ).
Ift = fi(s1,...,8n) and assume that the formula is satisfied for sy, ..., s, then
@(SZ"L(t]-‘T(X)’ th(X), tFT(X)))

= P(S™ (fi(s1, ..., 8,)77X) t1 (X) T (X)>)

D,

Ssn m(ff(X)?Sff(x’)’_“, f:( )) ) (X)))
= @(Sﬁ;( +(X) (S{-}(X)’tff(X)’m’tn (X ) S" (Snz ),th(X),._.,th(X))))
=%wx“ﬂ B (T, 700, widehatp (S (7, £
= S ((p(f, J—'T(X)) (@(S{:T(X))7gp(t-l7:f( )) "'v(ﬁ(tf(x))),.-.,@(Sﬁ(x)),¢(tf(
BTN
= S (S X) B(sT ), L B(shr YY), ), L et My)
:SZ(S;?(U( ") G517 0, G50, [T O, (N, L Bt Y)
= S (G[7 X, a7, L ptn )
= Sﬁ(ﬁ[t]ﬂ(x) I IRCI At

O

Note that Proposition 2.5 (i) expresses the well-known fact that generalized
hypersubstitution of type 7 and clone substitutions of clone(7) are essentially
the same thing if the generating family of clone(7) consist of the basic oper-
ations of the free algebra F,.(X). The reason for that is the natural bijection
between terms of type 7 and the term operations of the absolutely free algebra
F,(X) on countably many generators.

Since clone(V') is the quotient algebra clone(r)/IdV, where IdV has to be
regarded as a heterogeneous full invariant congruence on clone(7), there is a
natural homomorphism

naty : clone(r) — clone(V).

The homomorphism from Proposition 2.5 is composition of the extensions of
clone substitutions corresponding to generalized hypersubstitutions and naty .
As a consequence of Proposition 2.5, we have:

Corollary 2.6 The monoid (Hypg(T);oq,0iq) is isomorphic to the monoid
(Sub$t<(F]-‘.,—(n))n€N+);os,(pid) where o, is defined by o1 o5 g = Py 05 Yo and
where piq is the identical clone substitution of clone(T).

Proof. By Proposition 2.5, we have a bijection between Hypg(T) and
SUbSt«F}'T(n)) . Then we have p;q (ffT(X)) ffr %) = filwy, ., ,) ) =

aia(fi)" ) and chrl,Oz € Hypa( ) then (g10602)(f;)"" %) = G102 (f;)] 7Y
P1(o2(fi)7)) = Bulpa(fi) 7)) = (1 05 02) (fi) 0.

Ll
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If M C Hypg(7) is a submonoid of the monoid of all generalized hypersub-
stitutions of type 7, then by Proposition 2.5 there is a subset @) C Substcione(r)
corresponding to M. Now we asking whether a similar proposition is true for
clone(V) if V' is an M-strongly solid variety of type .

Lemma 2.7 Let V' be an M-strongly solid variety of type T and let clone(V)
be the clone of all term operations of the V -free algebra Fy(X). Then to M it
corresponds a set of clone substitutions of clone(V).

Proof. Let {ffV(X)U € I} be a generating system of clone(V'). For anyo € M
we define a mapping

oY {fifV(X)|z' € I} — clone(V)

by gp%(ff‘/(x)) = o(f;))7vE) where o(f;)"X) is the term induced by o(f;)
on the V-free algebra Fy(X). We show that ¢, is well-defined, assume that
FV = VO then fi(wn, o an,) R fi(@1, e tn,) € 1AV where 1V de-

notes the set of all identities satisfies in V. Since V' is M-strongly solid for
every o € M, we have 6(f;(x1,...,x,,)] = 0[fj(z1,....,xp,)] € IdV, and by

definition of the extension ¢ we get

o(f)7V Ol a0y = o (f) VO @V, L)
and thus
St (o (f) TV, TV et T 00) = (o (fi)7V 0, e TV L e TV ),

By aziom (C3), it follows o (f;)"™X) = o(f;)7vX) and by the definition of 7,

we have gpv(ff‘/( ) = gpv(ff"( )). Since o(f;)7V) is an ng-ary operation
from clone(V'), the mappz'ng 0y can be regarded as a family ¢, = (69 )n)nen+ -
For projections in {f7V )i € I} we have o5 (ef"7VN)) = g(em)7v(X) =
Gl (21, ey 0,)) V) = 6(2;) V) = fV(X) =e" FVE)  This show that 0%
is a clone substitution of clone(V'). If conversely @7, is a clone substitution of

clone(V) then it defines a generalized hypersubstitution o with o(f;)"vX) =
gpv(fzfv ) for every i € 1. O

To prove that ¢f is well-defined, we needed that if two operation symbols
induce the same term operations of Fy/(X), then their images under a gener-
alized hypersubstitution o also these properties. We define:

Definition 2.8 A generalized hypersubstitution o of type T is called general-
ized meaningful for the variety V' of type T from fifV(X = fij(X), it follows
that o( £} = o(f;)7V ).
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Now let Qs be the set of clone substitutions of clone(V) corresponding
to the submonoid M of Hypg(7) by Proposition 2.5(i). Then we obtain the
following characterization of M-strongly solidity:

Theorem 2.9 For a submonoid M C Hypg(T) the variety V' of type T is M -
strongly solid if and only if each o € M 1is generalized meaningful for V', and
for Qun = {pv|oc € M} the algebra clone(V') is Qur-free with respect to itself
with Qar-basis FFv X)),

Proof. Assume that V is M-strongly solid. By Lemma 2.7, every o € M
is generalized meaningful for V. Let ¢ : {ff‘/(X)|z' € I} — clone(V') be an
element in Qp (the set of all clone substitutions of clone(V') corresponding by
Lemma 2.7 to M ). By definition of ¢, there is a generalized hypersubstitution

o € M such that for everyi € I we have gp(ff‘/(x)) = cr(f.fV(X)). We show that

@ can be extended to a clone endomorphism of clone(V'). Clearly, {ffV(X)|z' €
I} is a generating system of clone(V'). The mapping clone(t) —clone(V') : t —
t7vX) s obviously a surjective homomorphism with the kernel IdV . For any
o € M, o[IdV] is the kernel of the homomorphism clone(t) —clone(V') : t —
&[t)"vX) considered in Proposition 2.5(ii). Since V is M-strongly solid, every
identity of V' is an M -strong hyperidentity, that mean IdV C o[IdV]. By the
general homomorphism theorem, there exists an homomorphism clone(V) —
clone(V) : t/vX) s 6[t]7vX) and this homomorphism extends . So clone(V)
is Qur-free with respect to itself and (F7VX)M) | 1 is a Qpr-free independent
generating system.

Conversely, we assume that clone(V') is Qur-free freely generated by the
Qar-free independent set (FFvX)M) . That means, every ¢ € Qu can
be extended to a clone endomorphism of clone(V). Since every o € M is

generalized meaningful for V. from f7V©) = ffV(X)’ we obtain (V) =

a(fifV(X)) = J(fj]:V(X)) = go(ffV(X)). If s ~t e IdV, then s"vX) = t/v(X)
and applying the extension of ¢ we get p(s7VX)) = G(t7v X)) and thus 6[s] ~
o(t] € IdV. This true for any o € M and s =t is an M-strong hyperidentity.

O

3 Open Problem

Let Regqa(7) be the set of all regular generalized hypersubstitutions of type 7.
The theory can be used to describe by Regq(T)-strongly solid variety.
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