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Abstract

In this paper, we establish a common fixed point theorem
for two pairs of mappings satisfying an almost generalized
contractive condition for comparable elements in a partially
ordered metric space. Our results generalize and extend the
main results in [2] to multivalued mappings. As corollaries
we obtain the results in [8, 9], and many others.
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1 Introduction

In the literature there is a large number of generalizations of metric space. one
of these generalization is the partially ordered metric space, i.e., metric space
defined on it a partial order.

Definition 1.1 Any relation between two elements of a set X is called a binary
relation over X. A binary relation is called a partial order if it satisfies the
following conditions:

1) z 2z (reflexivity);
2) ifx Sy andy 2 x thenx =y (antisymmetry);

3) ifx 2y andy =z then x < z (transitivity);
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forall x,y,z € X.
A set with a partial order < is called a partially ordered set

Definition 1.2 Let (X, <) be a partially ordered set and x,y € X. x and y
are said to be comparable elements of X if either x <y ory < x.

Definition 1.3 Let (X, <) be a partially ordered set. A subset A of X is said
to be well ordered if a 2 b for all a,b € A.

In recent years, many results appeared related to fixed point theorems for single
and multivalued mappings on a complete ordered metric space. The first result
in this direction was given by Ran and Reurings [18], where they extended the
Banach contraction principle in partially ordered sets with some applications
to linear and nonlinear matrix equations. Subsequently, Nieto and Lpez [17]
extended the result of Ran and Reurings and applied their main theorems to
obtain a unique solution for a first order ordinary differential equation with
periodic boundary conditions. Therefore, results in this direction were proved
, see for example [16, 1, 4].

Let (X, d, <) be an ordered metric space and B(X) be the class of all nonempty
and bounded subsets of X. For A, B € B(X), functions D(A, B) and §(A, B)
are defined as follows:

D(A,B) =inf{d(a,b) :a € A,b € B},
d(A, B) = sup{d(a,b) : a € A,b € B}.
If A consists of a single point a, we write
D(A,B) = D(a,B) and §(A, B) = 6(a, B).
Also in addition, If B consists of a single point b, we write
D(A, B) =d(a,b) and 6(A, B) = d(a,b).

Obviously, D(A, B) < §(A,B) for all A,B € B(X), D(A,a*) =0=a* € A
and 6(A,a*) = 0 = A = {a*}, for §(A,a*) = sup{d(a,a*):a€ A} =0 =
d(a,a*) =0 for all a € A, i.e.,A = {a*}. The definition of §(A, B)
yields the following properties:
0(A,B) = 6(B, A)
d(A,B) < (A, C)+4(C,B)
3(A,B)=0 iff A=B=a
I(A, A) = diam(A).

Fixed point theory of multivalued functions is a vast chapter of functional
analysis. In particular, the function §(A, B) has been used in many works in
this area. Some of these works are noted in [8, 19, 3].
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Definition 1.4 Let F': X — 2%, (where, 2% is the power set of X or the set
of all subsets of X ) be a set valued mapping, i.e., X > x +— F(x) is a subset

of X. A point x € X is said to be a fixed point of the set valued mapping F if
z € F(z).

Definition 1.5 Let [ : X — X and F : X — B(X) be single and set valued
mappings on X. A point x € X is said to be a common fixed point I and F if

{z} = {lz} = F(x).
We will use the following relations between two nonempty subsets of a partially
ordered set.

Definition 1.6 /3] Let A and B be two nonempty subsets of a partially ordered
set (X, =). The relation between A and B is denoted and defined as follows:

(1) A <y B, if for every a € A there exists b € B such that a < b,
(ii) A <y B, if for every b € B there exists a € A such that a <b,

Definition 1.7 A sequence {A,} of subsets of X is said to be convergent to
a subset A of X if

1) Given a € A, there is a sequence {a,} in X such that a, € A,, forn =
1,2,..., and {a,} converges to a.

2) Given e > 0, there exists a positive integer N such that A, C A, forn > N
where, A, is the union of all open spheres with centers in A and radius
€.

Lemma 1.8 [11] If {A,} and {B,} are sequences in B(X) converging to
A and B in B(X), respectively, then the sequence {J(A,, B,)} converges to
d(A, B).

Lemma 1.9 [11] Let {A,} be a sequence in B(X) and y a point in X such
that 6(A,,y) — 0. Then the sequence {A,} converges to the set {y} in B(X).

The study of common fixed points of mappings satisfying certain contractive
conditions has been at the center of vigorous research activity. The area of
common fixed point theory, involving four single valued maps, began with the
assumption that all of the maps commuted. Afterward Sessa [20] introduced
the notion of weakly commuting mappings, which generalized the concept of
commuting mappings. Then Jungck [15] generalized this idea, first to com-
patible mappings and then to weakly compatible mappings [14]. There are
examples that show that each of these generalizations of commutativity is a
proper extension of the previous definition. In [13, 12] Jungck and Rhoades
extended definition of compatibility and weak compatibility to set valued map-
pings setting as follows:
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Definition 1.10 The mapping I : X — X and F : X — B(X) are §-
compatible if
lim §(Flz,,[Fx,) =0,

n—oo

whenever {x,} is a sequence in X such the IFz, € B, Fx, — {t} and
Iz, —t, for somet € X.

Definition 1.11 The mapping [ : X — X and F : X — B(X) are weakly
compatible if for each point u in X such that Fu = {Iu}, we have FIu = I Fu.

Definition 1.12 [1] Let (X, <) be a partially ordered set and f,g : X — X
be two single valued functions. A mapping f is called weak annihilator of g if
fgr 2z forallx € X.

Definition 1.13 [1] A mapping f defined above is called dominating if v =< fx
forallx € X.

The concept of almost contractions were introduced by Berinde[5, 6]. After-
wards, almost contractions and its generalizations were further considered in
several works like the paper of Ciri¢ et al. [9] who proved some fixed point
results in ordered metric spaces using almost generalized contractive condition,
which is given in the following definition.

Definition 1.14 Let f and g be two self mappings on a metric space (X, d).
f and g are said to satisfy almost generalized contractive condition if there
exists 0 € [0,1] and L > 0 such that for all z,y € X :

. 90) 0w {d(s, ) e, f). d(y, g), " AL

+ Lmin {d(z, fz),d(y, gy), d(z, gy), d(y, fr)}.

Therefore, Aghajani et al. [2] generalized the above definition to four self
mappings and proved the following theorem in ordered metric spaces.

Theorem 1.15 Let (X, <X,d) be an ordered complete metric space. Let f, g, S
and T be self mappings on X, with f(X) C T(X) and g(X) C S(X) and
dominating mappings f and g are weak annihilators of T and S, respectively.
Suppose that f and g satisfy:

d(fx,gy) < OM(z,y) + LN(z,y), (2)

where

M(x,y) = max {d(Sz,Ty),d(fz,Sz),d(gy, Ty), d(Sz, gy) ; d(fz, Ty)}
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N(x,y) = min{d(fz, Sz),d(gy, Ty),d(Sz, gy),d(fz,Ty)},

for every two comparable elements x,y € X and § € [0,1] and L > 0. If for
a nondecreasing sequence x, with x, = y, for all n and y, — u implies that
xn, 2w and furthermore (a) {f, S} and {g, T} are weakly compatible; (b) one
of f(X),9(X),S(X) and T(X) is a closed subspace of X, then f,g9,5 and T
have a common fixed point.

Finally, Choudhury and Metiya [7] improved the same almost contraction of
Ciri¢ et al. [9] and established the existence of fixed points of multivalued and
single valued mappings in Partially ordered metric space.

Theorem 1.16 Let (X, <) be a partially ordered set and suppose that there
exists a metric d on X such that (X,d) is a complete metric space. Let T :
X — B(X) be a multivalued mapping such that the following conditions are
satisfied:

(1) there exists xo € X such that {xo} <1 Txo,
(ii) for z,y € X, x <y implies Tx <1 Ty,

(iii) if x, — x is any sequence inX whose consecutive terms are comparable,
then x,, < x, for all n,

(iii)

Tz, Ty) <p(max{d(z,y), D(x,Tz), D(y, Ty), D(z,Ty) ‘;‘ D(y,T:c)}

+Lmin{D(x, Tx), D(y, Ty), D(z, Ty), D(y, Tr)}),

(3)

for all comparable x,y € X, where L > 0 and ¢ : [0,00) — [0,00) is
a nondecreasing and upper semi-continuous function with ¥ (t) < t for
each t > 0.

Then T has a fized point.

The main aim of this paper is to define dominating and weak annihilator set
valued mappings defined on an ordered set and introduce the corresponding
existence theorem of common fixed point for these mappings in partially or-
dered metric space which generalize the above result of Aghajani et al. [2] and
others.
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2 Main results

Before we state and prove our main result we need to give the following defi-
nitions:

Definition 2.1 Let (X, d, <) be a partially ordered metric space and F : X —
B(X) be multivalued mapping. F is called dominating if {x} <o Fx for all
reX.

Definition 2.2 Let (X, d, <) be a partially ordered metric space and F': X —
B(X), I: X — X be multivalued and single valued mappings. F is called weak
annihilator of I if FIx <o {z} for all z € X.

Example 2.3 Let X = [0, 00[ be the set of all nonnegative real numbers. Sup-
pose that 7<” be the usual ordering in R, we define a new ordering "< on X
as follows:

rysy<z Vr,y € X.

Define the mappings [ : X — X and F : x — B(X) as,

Iz =2z and F{B:[O,g] for all z € X.

Clearly, for any number p € Fr = [0, 3] there exists an element # € X such
that p <z or x < p, then {z} <o Fz for any x € X.

Also, Iz = 2z for any x € X and Flx = [0,z], i.e., for any element of the
singleton {z} one can find the same = in the set F'Ix such that x < = =
Flz <9 {z} for all z € X.

Thus, the dominating mapping F' is weak annihilator of I.

Example 2.4 Let X = [0, 1] with the usual order, <=<, be a partially ordered
set. Define the mappings I : X — X and F : x — B(X) as,

B O, .CEG[,%] 0, -TG[?]:
Im_{Qw—l, r € (3,1], {w, 1}, xe(%, I

Obviously, F' and I commute at their coincidence points, {0, 1}, then the pair
{F, I} is weakly compatible. Also we have {z} <y Fz for all z € X i.e., F is
dominating.

Since, Flz =0 if z € [0,2] and Flz = {z,1} if z € (2,1] then for any v € X
we can find y € Flx with y < . Thus, Flx <5 {z} for all z € X. This means
that F is also weak annihilator of .

o]
]

— N

and Ta::{

Remark 2.5 Definition 1.11 is a special case of Definition 2.1 as F' is a single
valued function.
Indeed, if F is a single valued then {x} <o Fo = {a} <o {Fz} = o < Fux for
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allx € X.

Also, Definition 1.10 is a special case of Definition 2.2. Apply the same argu-
ment, if F' is a single valued then Flx <o {z} = {Flz} <y {2z} = Flz <z
forall x € X.

Theorem 2.6 Let (X, <,d) be an ordered complete metric space. Let I,J :
X — X be single valued and F,G : X — B(X) be multivalued mappings, with
UF(X) C J(X) and UG(X) C I(X) and the dominating set valued mappings
F and G are weak annihilators of J and I, respectively. Suppose that there
exists a non decreasing and upper semi-continuous function v : [0,00) —
[0,00) with ¥(t) < t for each t > 0 and L > 0 such that for every two
comparable elements x,y € X,

0(Fz,Gy) < v(M(z,y)) + LN(z,y), (4)

where

D(Iz,Gy) + D(Fx, Jy)
2

N(z,y) = min{D(Fz, Ix), D(Gy, Jy), D(1z,Gy), D(Fx, Jy)}.

If the pairs {F, 1} and {G, J} are weakly compatible and one of [(X) and J(X)
is a closed subspace of X. Furthermore, if {x,} <o A, for all n and A, — A
then {x,} <2 A, where {x,} is a singleton subset of X and A,, A € B(X).
Then, the set of common fixed points of F,G,I and J is well ordered if and
only if F,G,I and J have one and only one common fixed point.

M(z,y) = max{d(Iz, Jy), D(Fz,Ix), D(Gy, Jy), }

proof Let xy be an arbitrary point in X. Since UF(X) C J(X), then Fxy C
J(X) that means, there exists at least one point z; € X such that yo = Jz; €
Fzy. similarly, by UG(X) C I(X), we can find another point z, € X with
y1 = Izy € Gzy. Continuing this process we construct two sequences {x, } and
{yn} in X such that:

Yon = JTont1 € Fxay

Yont1 = LTt € GTop. (5)

Since F is dominating and weak annihilators of J then {z3,} <2 Fza, <»
{Jxons1} <o FJxony1 <2 {xon11}, note that, since yo, € Fxg, and yo, =
Jxony1 = Jxoni1, then for each element in the set {Jxg, 1} there exists an
element yo, in Fy, with ya, = Jxonyi1, i.€., Fro, <o {JTay11}.

Similarly, Since G is dominating and weak annihilators of I then {xg, 11} <o
Groni1 <2 {I{Top12} <2 Glxo,19 <o {Tay12}. Thus we have zy, = 9,41 and
Tont1 = Tonpyo implies that x, =<z, for all n > 0. Now, we show that the
sequence {y,} defined in (2.2) is a Cauchy sequence, for this two cases arise,
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either y,, = y,41 for some n or y, # y,1 for all n.

Case L. If y,, = y,,1 for some n. Without any loss of generality, setting n = 2m
and using (2.1) to claim that Yo, = Yams+1 = Yoms1 = Yoms2 and so on. For
this aim we assume that d(Yomi1, Y2mie) > 0 and then obtain a contradiction
as follows:

d(Yom+1, Yoms2) < 0(GTamyit1, Fromia) = 0(Fxomio, GTom1) (6)
< Y(M(xomia, Tome1)) + LN (Tomia, Tam1),

where

M($2m+2, 1‘2m+1) = max{d<1x2m+27 J$2m+1), D(F$2m+2, ]$2m+2), D(Giﬂ'zmH, J$2m+1),
D(I%om+2, GTomi1) + D(FZomia, JTomi1) )
2
S maX{d(y2m+17 me)a d(y2m+27 y2m+1)> d(y2m+1> y2m)a

d(Yom+1, Yom+1) + A(Y2m+2, Yom) )
2

d m—+2, Y2m
= maX{07 d(y2m+27 y2m+1>7 07 %}

:d(yzm+27 y2m+1),
and

N (Zom+2, Tomy1) = min{ D(Fropmio, [Tomi2), D(GTomi1, JTomi1), D(I02m12, GTomy1),
D(Fomi2, Jromy1)}
= min{d(Yam+2; Yom+1)> A(Y2m+1, Yam)> A(Yam+1, Yom+1)s A(Yam2, Yom) }
< min{d(Yom+2, Y2m+1), 0,0, d(Yom+1, Yom) }
=0.

Therefore, d(yom+1,Yom+2) < ¥(d(Y2m+2, Yom+1)) that contradicts with the
properties of ©. Thus, d(yom+1, Y2ms2) = 0 = Yoms1 = Yomio. By a similar
way one can prove that Yo, 10 = Yo,13 proceeding in this manner, it follows
that Yo, = Yomak OF Yn = Ynik for each k > 1. Thus, in this cases {y,} is
Cauchy sequence since, we can find an integer N = n with d(yu,, Ym4p) = 0 for
all m > N.

Case II. If y,, # yny1 for all n. we shall prove that d(y,, Yni1) < d(Yn-1,Yn),
for this purpose we replace x by z, and y by 23,41 in condition (2.1),

d(yzn,yan) < 5(F$2n7 G$2n+1) < w(M(fL'zn, 5U2n+1)) + LN(SEzm 513'2n+1)7 (7)
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where

M(Q?Qn, x2n+1) = max{d([mn, Jl’2n+1>, D(FZ‘Qn, Iwgn), D(G$2n+17 J$2n+1>,

D(Iz9n, Gxoni1) + D(Faay, J$2n+1)}
2

<max{d(Yon—1,Y2n), AY2n, Yon—1), A(Y2n+1, Y2n),

d<y2nfl> y2n+1) + d(yZna y?n) }
2

d<y2n—17 y2n+1) }
9 )

=max{d(Y2n—1, Y2n), A(Y2n: Yon+1),

and

N(I'zm 372n+1) = min{D(szn, [l“zn), D(G$2n+1, J$2n+1)7 D(I@m Gx2n+1>7 D(Fl'an J$2n+1)}

< min{d(yzn, y2n—1)7 d(y2n+1, y2n)7 d(yzn—l, y2n+1), d<y2n7 yzn)}
=0.

Since, w < max{d(yan_1, Yon ), d(Yon, Yons+1)}, it follows that

d(Y2n, Yont1) < Y(max{d(yen—1,Y2n), d(Y2n, Yont1)})- (8)

If d(yan—1,Y2n) < d(Yon, Yon+1), then it follows from inequality (2.5) that:

d(Yon, Yont1) < U(d(Yan, Yont1))

which implies that d(yon, y2n+1) = 0, contradicting our assumption that y,, #
Yna1 for all n. Thus

d(Y2n, Y2nt1) < d(Yan—1,Yo2n)- (9)

Again applying the considered contractive condition with z = w9, and y =
To,_1, We have

d(Yon—1,Yan) < 0(Grop_1, Fxey) = 6(F gy, Gron_1) < (M (22, on—1))+LN (T2, Tan—1),
(10)
where
M (9, Top—1) = max{d(Izan, JTon—_1), D(FTa,, [x9,), D(Gran_1, JTon_1),
D(Il‘2na Gx?n—l) + D(Fﬂfgn, Jx?n—l)}

2
<max{d(yan—1,Y2n—2); A(Yon, Yon—1), A(Y2n—1, Yon—2),

d(Yon—1, Yon—1) + d(Yon, Yon—2) -
2 J

d(yzm yzn—2) }

=max{d(Yan—1, Y2n—2), A(Y2n; Y2n—1), 5

= max{d(yanla y2n72)7 d(yzn, QZn—l)}>
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and
N(iﬁzn, 1U2n71) = min{D(Fxgn, Ix2n)7 D(G$2n71, J$2n71)7 D(h?Qm Gx2n71>7 D(Fil?2m Jx?nfl)}

< mm{d(yzm ?J2n—1)7 d(y2n—1a ?J2n—2)7 d(an—la y2n—1)7 d(yzm an—z)}
=0.

If d(yon—1, Y2n—2) < d(Y2n, Yan—1), We obtain a contradiction, then

d(Y2n—1,Y2n) < d(Yan—2, Yon—1)- (11)

Therefore, d(yn, Ynt+1) < d(Yn—1,yn) for all n and {d(yn,yn+1)} is & monotone
decreasing and bounded sequence of nonnegative real numbers. Then there
exists a r > 0 such that, d(yn,yn11) = 7 as n — oc.

From (2.4), d(y2n, Yont1) < ¥(d(Yan—1,Y2n)). Then passing to the upper limit
and using the upper semi-continuity of ¢ yields r < limSup,,_, oy (d(ysn_1,y0m))<:(r)
a contradiction unless » = 0. Thus

Next, we claim that {y,} is a Cauchy sequence. Suppose the contrary, then
there exists an € > 0 for which we can find two sequences of positive integers

{2n4} and {2my} such that for all £,

ng > mg > k’,
d(Yomy,, Yon,) > € and
d<y2mk7y2nk71) < €.

By the triangle inequality, € < d(Yam,, Y2n,) < d(Yomy s Y2ne—1)FA(Yon,—1, Yon,) <
€ + d(Y2n,—1, Yan, ). Taking the limit as k — oo and using (2.9) tends to

lim d(Yam, , Yon, ) = 0. (13)

k—o0

Also we have

A(Yo2my—15Y2n,) < A(Y2my—15 Yomy,) + A(Y2my, > Yan, ) and

d(meknynk) < d(mek, y2mk—1) + d(y2mk—1a yznk)«

Taking the limit at & — oo in the above inequalities and using (2.9) and (2.10),
we get

lim d(yzmkfl, ank) = €. (14)
k—o0

By a similar way we can prove that

m d(Yom,—1, Yony+1) = €. (15)

k—o0

Also we have
d(Yomy > Yong+1) < A(Yomy. > Yon, ) + d(Y2ny, s Yon,+1) and
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A(Y2my—15 Yong+1) < AY2mp—1, Yomy,) + A(Y2mys Yong+1)-
Taking the limit at & — oo in the above inequalities and using (2.9), (2.10)
and (2.12), we get

hm d(ykaa y2nk+1) = €. (16)
k—o00

Now in a position to apply the contractive condition and use the previous
limits, to obtain

d(mekaank+l) < 5(Fiv2mk> Gxan—i-l) < ¢(M($2mk,$2nk+1))+LN(iU2mk,$2nk+1)7
(17)

where

M(fEka, LEanJrl) = max{d([:cgmk, J.ngnkJrl), D(Fxgmk, [xgmk), D(zenk+1’ JxanJrl),

D(Il’gmk, Gl’gnkJrl) + D(F%ka, Jxan+1>}
2

S max{d(y2mk—1a ank)a d(yka ) y2mk—1)7 d(ank-i-la y?nk)7

d(Yomg—15 Yong+1) + A(Yomy,, Yon,,) )

2
— max{e, 0,0, %} =,

and
N(Zomys Tan,+1) — 0 as k — oo.

Passing to the upper limit in Eq. (2.14), € < lim SUD s o0ip(M(22m, @2m 1)) <th()>
which contradicting with the fact that ¢ > 0. Then we deduce that {y,} is
Cauchy sequence in X.

Since X is complete then there exists a point p in X such that {y,} converges
to this point. Therefore, yo, = Jxo,11 — p and yo, 11 = 29,10 — p. Since
Jxony1 € Fxgy, for all n and Jxg,,1 — p then by Def. (1.5) Fay, — {p}. Also.
Gzont1 — {p}. Assume that I(X) is closed then there is an element u in X
with p = Tu.

Also, {mon1} <2 GToni1 — {p} = {Tons1} <2 {P} = 22041 = p for all n,
and {za,4+1} <2 {p} = {{u} <2 GIu <5 {u} = 29,41 = u for all n. Using
inequality (2.1) with 2 = v and y = 29,41 implies Fu = p as follows:

6(Fu7 G:CQnJrl) S ?/J(M(U, x2n+1)) + LN(U, x2n+1)7 (18)

where

D(ITu, Gxapy1) + D(Fu, Jxo,

M (u, x9,4+1) = max{d(Iu, Jxo, 1), D(Fu, Iu), D(Gxapi1, JTopi1), 5

— D(Fu,p) as n — oo,
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and
N(u, x9n11) = min{ D(Fu, Iu), D(Gxopy1, Jronti1), D(1u, Gxapy), D(Fu, Jreni1)} — 0 as n —

Taking the limit when n — oo in (2.5), we get 6(Fu,p) < (D(Fu,p)) <
Y(0(Fu,p)) = 6(Fu,p) = 0. Then, Fu = {p}. (Note that , D(Fu,p) <
d(Fu,p) = D(Fu,p) < 6(Fu,p) < aD(Fu,p) = D(Fu,p) =0 = p € Fu,
and 0(Fu,p) < aD(Fu,p) < ad(Fu,p) = §(Fu,p) =0 = Fu = {p}). Thus,
we have F'u = {Iu} = {p}. By Using the weak compatibility of the pair {F, I}
we get Fp = Flu = IFu = {Iu}. We in the position to show that F'p = {p},
for this we set z = p and y = 29,41 in (2.1) and then take the limit at n tends
to infinity as follows:

§(Fp, Groni1) < Y(M(p, 2ant1)) + LN(p, Tony1), (19)

where

D(Ip, Garans1) + D(Fp, Jwan 1)

M(]?, $2n+1) = maX{d(Ipa Jx2n+1>7 D(Fp7 Ip), D(G$2n+17 J$2n+1)7 5

— D(Fp,p) as n — o0

and

N(p7 x?n-l—l) = mln{D(va ]p)a D(Gx2n+1a JxQn-i—l)a D<]pa Gm?n-{-l)a D(Fp7 Jx?n-i—l)}
=0

This implies

Fp=A{Tp} = {p}. (20)
Since UF(X) C J(X), then Fu C J(X), i.e., there exists v € X with Jv €
Fu = {Iu} = {p}. Thus, we have Jv = Iu = p. Now we show that Gv =
{Jv} = {p}. Using inequality (2.1) with x = u and y = v gets:

(Jv,Gv) < 0(Fu,Gv) < (M(u,v)) + LN(u,v), (21)
where
M (u,v) =max{d(Iu, Jv), D(Fu,lu), D(Gv, Jv), D, Gv) —g D, JV)}
=max{0,0, D(Gvr, Jv), D(JVT’GV)}

=D(Gv, Jv),
and
N(u,v) =min{D(Fu, Iu), D(Gv, Jv), D(Iu, Gv), D(Fu, Jv)}
=min{0, D(Gv, Jv), D(1u, Gv),0}
=0.
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So §(Jv, Gv) < Y(D(Gv, Jv)). Thus, Gv = {Jv} = {p}.

By Using the weak compatibility of the pair {G,J} we get Gp = GJv =
JGv = {Jp}. Putting z = p and y = p in (2.1) and then take the limit at n
tends to infinity yields:

6(p, Gp) < (M(p,p)) + LN (p,p), (22)
where
M (p,p) =max{d(Ip, Jp), D(Fp,Ip), D(Gp, Jp), Dp, Gp) JQF D&Ep, Jp) }
_ D(p,Gp) + D(p, Gp)
=max{D(p, Gp), 0,0, 5 }
=D(Gp, p),
and

N(p,p) =min{D(Fp, Ip), D(Gp, Jp), D(Ip,Gp), D(Fp, Jp)}
=0

This implies

Gp = {Jp} = {p}. (23)
From Egs. (2.7) and (2.10) we say that p is a common fixed point of F, G, I
and J.
Now suppose that the set of common fixed points of the four mappings is well

comparable and there is another common fixed point ¢ € X with p # ¢.Then
we have:

d(p,q) < 0(Fp,Gq) < (M (p,q)) + LN(p,q), (24)

where

D(Ip,Gq) + D(Fp, JQ)}
2

M (p,q) =max{d(Ip, Jq), D(Fp,Ip), D(Gq, Jq),

d(p,q) + d(p, Q)}
2

<max{d(p,q),0,0,
=d(p,q),
and
N(p,p) =min{D(Fp, Ip), D(Gq, Jq), D(Ip,Gq), D(Fp, Jq)}
=0.

Then, d(p,q) < ¥(d(p,q)). i.e., p=q. Conversely, if F,G, I and J have only
one common fixed point then the set of the common fixed point of these four
mappings being singleton which is well ordered.
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Remark 2.7 Let F: X — B(X) be multi valued mapping defined on the set
X and Ix be the identity mapping on the same set X. If F is dominating
and weak annihilator of Ix, then we have {x} <o Fx and Fx <y {x} for all
x € X, this means, x <y for ally € Fx and there exist z € Fx with z < x.
Thus we have x =X z and z =< x for some z. Then x = z € Fx. If we consider
A, and A to be singleton subsets of X, i.e. A, = {yn} and A = {y}, then the
relation {x,} <2 A, is equivalent to this one x, X yn, Ay, > A<y, — y and
{zn} <0 A= {2} <2 {y} =2 =y.

Takin ¥(t) = at, « € [0,1] and considering F' and G be single valued map-
pings in Theorem 2.1, we have the following result

Corollary 2.8 Let (X, =,d) be an ordered complete metric space. Let F,G,1,J :
X — X be single valued mappings, with F(X) C J(X) and G(X) C I(X) and
the dominating mappings F' and G are weak annihilators of J and I, respec-
tively. Suppose that there exists an o € [0,1] and L > 0 such that for every
two comparable elements x,y € X,

d(Fz,Gy) < aM(z,y) + LN(z,y), (25)
where
d(Iz,Gy) + d(Fx, Jy)
2
N(z,y) = min{d(Fx, [z),d(Gy, Jy),d(Iz,Gy),d(Fz, Jy)}.
If the pairs {F, 1} and {G, J} are weakly compatible and one of [(X) and J(X)
1s a closed subspace of X. Furthermore, if x,, <y, for alln and vy, — y then

T, 2 y. Then, the set of common fixed points of F,G, I and J is well ordered
if and only iof F,G,I and J have one and only one common fized point.

M (z,y) = max{d(Iz, Jy),d(Fz,Iz),d(Gy, Jy),

}

The following result is a natural consequence of Theorem 2.1 when F' = GG and

I =J=Ix.

Corollary 2.9 Let (X, =<,d) be an ordered complete metric space. Let F' :
X — B(X) be multivalued mappings with x € Fx for all x € X. Suppose
that there exists a non decreasing and upper semi-continuous function v :
[0,00) — [0,00) with ¥(t) <t for each t > 0 and L > 0 such that for every
two comparable elements x,y € X,

(Fz, Fy) <(M(x,y)) + LN(x,y), (26)

where

D(z, Fy) + D(Fz, y)}
2

N(z,y) = min{D(Fz,z), D(Fy,y), D(z, Fy), D(Fx,y)}.

If v, 2y, for alln and y, — y then x, = y. Then, the set of fized points of
F' 1s well ordered iof and only if F' has one and only one fixed point.

M (z,y) = max{d(z,y), D(Fz,z), D(Fy,y),
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Open Problem

In this section we should present open problems

1 Is Theorem 2.1 true in ordered cone metric space.

2 Is Theorem 2.1 true for hybrid pairs of occasionally weakly compatible map-

pings.

References

1]

M. Abbasa, T. Nazir and S. Radenovié¢, ”Common fixed points of four
maps in partially ordered metric spaces”, App. Math. Lett., Vol.24, (2011),
1520-1526.

A. Aghajani, S. Radenovic and J. R. Roshan, ”Common fixed point re-
sults for four mappings satisfying almost generalized (S, T')-contractive

condition in partially ordered metric spaces”, Computers Math. Appl.,
Vol.60, (2010), 1776-1783.

[. Beg and A. R. Butt, "Common fixed point for generalized set val-
ued contractions satisfying an implicit relation in partially ordered metric
spaces”, Math. Commun., Vol.15, (2010), 6576.

I. Beg and A. R. Butt, "Fixed point for set-valued mappings satisfying
an implicit in partially ordered metric spaces”, Nonlinear Anal., Vol.71,

(2009), 3699-3704.

V. Berinde, 7 Approximating fixed points of weak contractions using the
Picard iteration”, Nonlinear Anal. Forum, Vol.9, No.1, (2004), 4353.

V. Berinde, ”General constructive fixed point theorems for Ciric-type al-
most contractions in metric spaces”, Carpathian J. Math., Vol.24, No.2,
(2008), 1019.

B. S. Choudhury and N. Metiya, ”"Fixed point theorems for almost con-
tractions in partially ordered metric spaces”, Ann. Univ. Ferrara, Vol.58,
(2012), 21-36.

B. S. Choudhury and N. Metiya, ”"Multivalued and singlevalued fixed
point results in partially ordered metric spaces”, Arab J. Math. Sci.,
Vol.17, (2011), 135-151.

L. Ciric, M. Abbas, R. Saadati and N. Hussine, ” Common fixed points of
almost generalized contractive mappings in ordered metric spaces”, Appl.
Math. Comput., Vol.217, (2011), 57845789.



Common fixed points of hybrid pairs of mappings in ordered metric spaces 61

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

B. Fisher and K. Iseki, ”Fixed points for setvalued mappings on complete
and compact metric spaces”, Math. Japonica, Vol.28, (1983), 639646.

B. Fisher, ”Common fixed points of mappings and setvalued mappings”,

Rostock Math. Collog., Vol.18, (1981), 69-77.

G. Jungck and B. E. Rhoades, "Fixed Points for Set Val- ued Functions
without Continuity”, Indian J. Pure Appl. Math., Vol.29, No.3, (1998),
227238.

G. Jungck and B. E. Rhoades, ”Some fixed point theorems for compatible
maps”, Internat. J. Math. Math. Sci., Vol.16, No.3, (1993), 417428.

G. Jungck, ”Common fixed points for noncontinuous nonself maps on
non-metric spaces”, Far Fast J. Math. Sci., Vol.4, (1996), 199215.

G. Jungck, ”Compatible mappings and common fixed points”, Int. J.
Math. Math. Sci., Vol.9, No.4, (1986), 771779.

H. K. Nashine, "Fixed point results for mappings satisfying (¢, ¢)-weakly
contractive condition in partially ordered metric spaces”, Nonlinear Anal.,
Vol.74, (2011), 2201-2209.

J. J. Nieto, R. R. Lpez, ”"Contractive mapping theorems in partially or-
dered sets and applications to ordianry differential equations”, Vol. 22,
(2005), 223-239.

A. C. M. Ran and M. C. B. Reurings, ” A fixed point theorem in partially
ordered sets and some applications to matrix equations”, Proc. Amer.
Math. Soc., Vol.132, No.5, (2004), 14351443.

R. K. Saini and A. Sharma, ”Common Fixed Point Result of Multivalued
and Singlevalued Mappings in Partially Ordered Metric Space”, Advan.
Pure Math., Vol.3, (2013), 142-148.

S. Sessa, ”On a weak commutativity condition of mappings in fixed point
consideration”, Publ. Inst. Math. Soc., Vol.32, (1982), pp. 149153.



