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Abstract

In this paper we study some comparative growth properties of
composite entire functions in terms of their maximum terms on the
basis of their relative orders (relative lower orders) with respect to

another entire function.
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1 Introduction, Definitions and Notations

Let C be the set of all finite complex numbers and f be an entire function
defined on C. The maximum modulus My (r) of f on |z| = r is defined as

My (r) =max|f (2)| .

|z|=r
On the other hand, the maximum term p, (r) of f = > a,2" is defined by
n=0

py (r) = max (lan| ") -

We use the standard notations and definitions in the theory of entire
functions which are available in [8]. In the sequel we use the following notation:

logh! = log <log[k7” 36) k=1,2,3,..and log” x = x.

If f is non-constant then M;(r) is strictly increasing and continu-
ous and its inverse Mf_l(r) : (|f(0)],00) — (0,00) exists and is such that
lim M ! (s) = co. Bernal [1] introduced the definition of relative order of f

§—00

with respect to g, denoted by p, (f) as follows:

p, (f) = inf{u>0:M;(r)<M,(r") for all r > 7o (u) > 0.}

. log M, M ()
= limsup log 7 .

Similarly, one can define the relative lower order of f with respect to
g denoted by A, (f) as follows :

log M~
A (F) = lim g 28 Mo s (1)

T—00 log r

If we consider g (z) = exp z, the above definition coincides with the
classical definition { cf. [7] } of order ( lower order) of an entire function f
which is as follows:

Definition 1. The order p; and the lower order \; of an entire function f
are defined as

log? Mf log? Mf
pr= lim sup—Og / (r) and Ay = lim inf—og / (T)
00 ogr T—00 log r
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Using the inequalities p (r, f) < M (r, f) < Z5=p (R, f) {cf. [6]}, for 0 <

r < R one may give an alternative definition of order(lower order) of entire
function in the following manner:

log i, (r log i (r
py = lim supg—Mf() and A\ = liminfg—uf().
r—00 ogr r—00 log r

In the case of relative order, it therefore seems reasonable to state
suitably an alternative definition of relative order of entire function in terms
of its maximum terms. Datta and Maji [2] introduced such a definition in the
following way:

Definition 2. [2] The relative order p, (f) and the relative lower order A\, (f)
of an entire function f with respect to another entire function g are defined as
follows:

. log iy s (1) . Jdog gty (1)
py (f) = hmsupliTrf and A\, (f) = hTngvlflf)TTf'

In this paper we wish to establish some results relating to the growth

rates of composite entire functions in terms of their maximum terms on the
basis of relative order (relative lower order ).

2 Lemmas

In this section we present some lemmas which will be needed in the sequel.

Lemma 1. [5] Let f and g be any two entire functions Then for every a > 1
and 0 < r < R,

o aR
Hiog (T) < o — 1/’Lf (mﬂg (R)> :

Lemma 2. [5] If f and g are any two entire functions with g (0) = 0. Then
for all sufficiently large values of r,

Lemma 3. [2] If f be an entire function and o > 1, 0 < 5 < «, then for all
sufficiently large r,

pp(ar) > Bug(r) .
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3 Theorems

In this section we present the main results of the paper.

Theorem 4. Let f, g and h be any three entire functions such that

N log 11, " (11,(7))
(4) 1HOO (logr)°®

= A, a real number > 0,

(if) Tim inf-28 " ()
= (log g, (r) ™

and g (0) = 0 for any «, B satisfying 0 < a < 1, >0 and a(f+1) > 1
Then

= B, a real number >0

pp(fog)=
Proof. From (i) we have for a sequence of values of r tending to infinity,
log 11, (1y(r)) = (A —¢) (logr)" (1)

and from (ii) we obtain for all sufficiently large values of r that

log iy (s (r)) = (B —¢) (log iy * ()" .

Since p, (1) is continuous, increasing and unbounded function of r, we get from
above for all sufficiently large values of r that

log ;" (15(11y (1)) = (B =¢) (log s, (11, (1)) . (2)

Also ;' (r) is an increasing function of r, it follows from Lemma 2, Lemma
3, (1) and (2) for a sequence of values of r tending to infinity that

_ _ 1 T
10g f1y, oy (1) > log py” {uf (g% <Z>)}

e., logﬂ}jl,ufog(r) > log,ugl {'uf (,ug <1g())>}

B r p+1
e log , fige,(r) = (logﬂh ( <ﬁ>>>
1 r aq B+1
>
eo Tog i apy(r) 2 (B =) (A =2) (log (55) )]
e log iy yey(r) > (B—e) (A=) (logr + O(1))*"*V
log 1, t170g(r) (B — ) (A—e)”"" (logr + 0(1))"""Y
logr - logr
1 ~1 _ PRV-ES a(f+1)
e., limsup—og”h Fgeg(7) > liminf(B e)(A—e)” (logr+O(1))" :

00 log r ~ rooo log r
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Since € (> 0) is arbitrary and a (8 + 1) > 1, it follows from above that

pi (f 0 g) = o0,
which proves the theorem. O
In the line of Theorem 4 one may state the following two theorems
without their proofs :

Theorem 5. Let f, g and h be any three entire functions such that

1 —1
lim inf—SHh (M‘ZM(ﬂ) = A, a real number >0,
r—00 (log )

lim sup
_ B+1
r—oo (log i, " (7))

and g (0) = 0 for any o, satisfying 0 < o« < 1, >0 and a (S +1) > 1.
Then

B, a real number > 0

pu(fog)=o0.

Theorem 6. Let f, g and h be any three entire functions with

log 11, (114(r))

lim inf o A, a real number >0,
r—00 (log r)
log ;!
lim inf & L (Mf(r)) B, a real number > 0

= (log ! ()

and g (0) =0 for any o, with0 < a <1, f>0 and a(B+1) > 1. Then

An(fog)=o0.

Theorem 7. Let f, g and h be any three entire functions satisfying

1 -1
lim sup 08 I (,ug (07; ))
r—00 (log[z] ’I">

log [_logwfm]

= A, a real number > 0,

o log py, ' (r)

lim inf =

= Tlog iy (1)

and g (0) =0 for any «, B satisfying a > 1, 0 < <1 and aff > 1. Then

= B, a real number > 0

pn(fog)=o0.
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Proof. From (i) we have for a sequence of values of r tending to infinity we
get that

log 1, (14(r)) = (A =€) <logm 7“) (3)
and from (7i) we obtain for all sufficiently large values of r that

log 117, (p4(r)) 118
log — > (B—e¢)|logu, (r)

[ log 1" (1) (B <) fog 4" (1)

log 11, (115(r)) 1,1
: > B—¢)|l :
" log iy (1) = exp [( e) [log 1, (r)] ]

Since p,, () is continuous, increasing and unbounded function of r, we get from
above for all sufficiently large values of r that

log 11, (11 (1t (1))
log 11, (11, (1))

>exp (B —2) log i (1, ())"] - @)

Also p; ! (r) is increasing function of r, it follows from (3), (4), Lemma 2 and
Lemma 3 for a sequence of values of r tending to infinity that

log i, trog(r) o i {uy (51, (5))

logr - logr
o Jogm ppeg(r)  Tog i {ny (1 (555)) }
Y log r - log r
e 10g f17," 154 ()
log r
log puy, " {11y 1y (155)) } log " (11 (355))
log 1" (1 (155)) log r
Y 10g 1, 1oy (7)
o log r
o (4-e) (108 ()
= exp [(B —¢) [log,u,:l (Mg (ﬁ))} ] . logr =
10g 11, 1o (7)
N log r
051 (A—e) (log? (&)
> exp |:(B - 5) (A — 8)5 (10g[2] <Hro>> :| . <10gr )
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i IOng_Lleog(T)
Y log r
2\
af—1 r (A - 5) (10g (ﬁ))
N B o) (A—2)f (1 2 <L)) 2 <_> :
= &P {( 2) (A =€) (log™ (55 & \100 log r
- log i gy (1)
i.e, ———29° 7
log r
AN (Boo)(A—e)? (log) (12:))" ! (A —¢) (logm (ﬁ))
ES) -
100 logr
1 —1
e limsup 2Hn Hreor)
00 log r
o b (1os (T (B-2)(A—0) (1052 (12:)) " (A —¢) <log[2] (1L00)>
= TRR <0g <1_()O)> logr
Since € (> 0) is arbitrary and « > 1, a8 > 1, the theorem follows from
above. O

In the line of Theorem 7, one may also state the following two theorems
without their proofs :

Theorem 8. Let f, g and h be any three transcendental entire functions such
that

1 -1
lim inf 08 Fon (Mg (;“))
ree (logm r>
log {_“’g n 1(%(7«))}

, Tog 27, (1)
lim sup = B, a real number >0

- B
r—oo [log " (r)]
and g (0) =0 for any o, B with a > 1, 0 < <1 and aff > 1. Then

A, a real number >0,

pn(fog)=o0.

Theorem 9. Let f, g and h be any three transcendental entire functions such
that

1 —1
lim inf—2 20 (115(r)) = A, a real number >0,

e (logm T)

log [_loww»]

o log 17, ' (r)
lim inf = B, a real number >0

e flogy! (1)
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and g (0) =0 for any o, B satisfying o > 1, 0 < 5 <1 and af > 1. Then

A (fog)=

Theorem 10. Let f, g and h be any three entire functions with 0 < A, (g) <
pp (g) < 00, and g (0) =0 and

-1
lim sup log w1 (uf (r))

= = A, a real number < oc.
r—oo  log (1)

Then
M (fog) <AN(9) < pp(fog) < Ap,(g) -

Proof. Since p;* (1) is an increasing function of r, it follows from Lemma 1,
Lemma 2 and Lemma 3 for all sufficiently large values of r that

i gy ) = i s (1 (555) ) } (5)

1 tpog (1) < g Ly (114 (267)) } (6)

and

respectively.
Therefore from (5) we get for all sufficiently large values of r that

1Ogu}:1,ufog(7") > logpy! {:uf (/‘g <ﬁ)>}

log i 1oy (r) - og i {1ty (11 (365)) }

he logr N logr
ie loglufjllj’fog(r)
o log r
log 1, {“f (1 Hg (1)) } ) log 1y, * (Mg (1))
log 1, ( (1T0)) logr
—1
e., limsupw
> limsup log,u;l {’uf( (1r0))} . logugl (Mg (ﬁ))
T o log p, " (11 (ﬁ)) logr
1
e., limsupw
> limsuplog'u}:1 {'uf( at (1T ))}liminflog/i’; (,ug (100))

00
r—00 log,u,:( (/5)) e logr
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i.e., pp(fog) > AN (g) (7)

Similarly from (6), it follows for all sufficiently large values of r that

log 15, 1170y (1) < log g {1y (1, (267)) }
log iy fryeg(r) _ log " {pty (11, (267)) }

1.€.,

logr - log r
co og gy (1)
Y logr
log iy, {15 (g (267)) } log gy, (1 (261)) ®
log p;, ! (ug (26r)) log r
1 -1
i.e., liminfoguh—'ufog(r)
r—00 log r
< timing |08 Ly (g (26r))} log puy” (1, (261))
T oo log p; ! (g (267)) logr
1 -1
i.e., liminfog#h—'ufo‘q(r)
r—00 log r
log 47, 26 log i, " (11, (267
< limsup ogluh ilff (b CD)E g Og“hl(ug( )
r—o0 og i, ' (1, (267)) r—00 ogr
i, M (fog) < AN(9) . 9)
Also from (8) we obtain for all sufficiently large values of r that
1 -1
limsup—oguh 'ung(T)
00 log r
< limsup log i, {ny 1y (267)) } log " (1 (26r))
T e log " (114 (267)) log r
1 —1
e Timsup 28 Hn Hres(”)
r—00 log r
log 11, * 26 log i, " (1, (26
< Tmsup oglﬂh {zltf (kg (26)) } i sup 284 1(ug( r)
r—00 Og,uh (:ug (267")) oo og T
ie, pp(fog) <Ap,(g) - (10)

Therefore the theorem follows from (7), (9) and (10) . O
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Theorem 11. Let f, g and h be any three entire functions satisfying g (0) = 0
and 0 < A\, (9) < p, (9) < 00 and

-1
lim inflog all (uf(r))

3 = A, a real number < co.
oo log p, (r)

Then
A (fog) <Ap,(9) <py(fog) .

The proof of Theorem 11 is omitted because it can be carried out in
the line of Theorem 10.

Theorem 12. Let f, g and h be any three entire functions such that g (0) = 0,
pn (f) >0 and A\, > 0. Then

limsuplog'ugl (quog(r)) —
rooo log ™ (s (r))

Proof. Suppose p, (f) >0 and A\, > 0.
As ;" (r) is an increasing function of r, we get from Lemma 2, for all suffi-
ciently large values of r that

1og i, i pog (1) = log ! {Mf (“g (1%))}
(0 () <) log M, ()

(o () = ) log M, (375

v

i.e., log u;l,ufog(r)

v

i.e., log u,;l,ufog('r’)

. _ r (Ag—e)
ise., log i 17y (r) = (o1 (F) =) (155

log i 10y (r) _ (o1 (f) =€) - (585) ™"

1.€.,

log r o log r
log u;t _ (- (Ag—e)
i.e., lim supw > lim inf<ph (f)=e) (100)
r—00 lOgT r—00 lOgT
i.e., ph (f (@) g) =00 . (11)

Now in view of (11), we obtain that

log ;! log ;!
lim sup lgﬂh_l(Mng(T)) > limsup gﬂhl (#704(r)) )
oo log ' (ps(r)) P00 ogr
log r

lim inf
r=oo log i, t (us (1))
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_ log i, ' (f1704()) 1
i.e., limsup — g > pp(fog)-
rooo log ' (g (1)) " o (f)
1 -1
1.e., limsup Oguh_l(uf()g(r ) 00 .
r—oo  lOg f1, (,uf(r))
Thus the theorem follows. m

Theorem 13. Let f, g and h be any three entire functions satisfying g (0) =
0, Aw(f) >0 and p, > 0. Then

-1
lim Suplog Iuhl(lufog(r)) —
r—00 IOg My, (/Lf(?”))

Theorem 14. Let f, g and h be any three entire functions such that g (0) =
0, Mo (f) >0 and A\; >0 . Then

limsuplogugl (,Ufog(r)) _
r—00 IOg ,u;l ([Lf(?“))

The proofs of Theorem 13 and Theorem 14 are omitted as those can
be carried out in the line of Theorem 12.

4 Open Problem

Actually this paper deals with the works on the growth properties of
composite entire functions in terms of their maximum terms on the basis of
their relative orders ( relative lower orders ) with respect to another entire
function. Further, in order to determine the relative growth of two entire
functions having same non zero finite relative order with respect to another
entire function, Roy [4] introduced the definition of relative type of an entire
function f with respect to another entire function g denoted as o, (f) having
non zero finite relative order p, (f) in the following way:

MMy (r)
—J; Mg V)
On the other hand, Datta and Biswas [3] introduced the definition of rela-
tive weak type of an entire function f with respect to another entire function
g of finite positive relative lower order A, (f) which is as follows:

MM ()
7y (f) = lim inf =
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Therefore using these two different relative growth indicators one may revisit
the above growth estimations of composite entire functions under some differ-
ent conditions. In this connection, the following natural questions may also be
arisen :

1. Can these theories be modified by the treatment of the notions of relative
order (respectively relative lower order), relative type and relative weak type
of meromorphic functions?

2. Further can some extensions of the same be done for differential polynomials
especially for wronskians and also for differential monomials?
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