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Abstract

The object of this paper is to introduce a new class of ideal
convergent (briefly [ -convergent) sequence spaces using an
infinite matrix, sequence of modulus functions and difference
operator defined on n-normed spaces. We study these spaces for
some linear topological structures and algebraic properties.
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1 Introduction

The concept of 2-normed spaces was initially introduced by Gahler [19],
in the mid of 1960's, while that of n-normed spaces can be found in Misiak [1].
Since then, many others have studied this concept and obtained various results,
(see Gunawan [7], Gunawan and Mashadi [8, 9]). The notion of ideal-
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convergence in 2-normed spaces was introduced and studied in [14, 2 ] and [4].
Later on it was extended to n-normed spaces by Gurdal and Sahiner [15] ,
Hazarika [3] and Savas [5].

Let » be a non-negative integer and X be a real vector space of

dimension d > n (d may be infinite). A real-valued function |.....,. | on X"

satisfying the following conditions:
(1) | (¢, x5, .ox,) | = 0 ifandonlyif x,,x,,...,x, are linearly dependent.

2) | (x,x,,..,x,) | s invariant under permutation,

, forany a € R,

(3) H AX Xy, X, | = |05|H X14Xp ey X,

4 || (x1+)?,x2,...,xn)| < ||(x1,x2,...,xn)||+||()?,xz ,...,xn)”

is called an n-norm on X and the pair (X N - ) is called an n-normed

space.
A trivial example of an n-normed space is X = R", equipped with the Euclidean

n-norm | (x,,x,, ..., x,) |, = volume of the n-dimensional parallelepiped
spanned by the vectors x, , x, , ..., x, which may be given explicitly by the formula
|, =| det (x,, )] = abs(det ((x, , x,)))

.x, )eR" foreach i=1,2,3..,n.

The standard »-norm on X a real inner product space of dimension d > n is as

Ty
Where x, = (xl.l Xy e

follows:

| Gt ) [ = ot () )

where ( , )denotes the inner product on x.

The notion of modulus function was introduced by Nakano [11]. We recall
that a modulus f :[0,00) — [0, ), which is such that

(i) f (x)= 0,ifand only if x= O;

(ii) £ (x+y )<f(x)+f(y),forall x >0,y>0;

(iti) f isincreasing ;

(iv) 1 is continuous from right at zero.

It follows from (ii) and (iv) that # must be continuous everywhere on [ 0, ).
For a sequence of modulus function F =(fk ) we give the following conditions:
(v) Slipfk (x)< o forall x> 0,

(vi) lim £, (x)=0 uniformlyin k > 1.
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We remark that in case f =(f,) for all k,where f is a modulus, the conditions
(v) and (vi) are automatically fulfilled. The modulus function may be bounded or

unbounded. For example, if we take f(x):%’ then f(x) is bounded. If
X+

f(x)=x",0 <p <1, then the modulus f(x) is unbounded.

The concept of 7 -convergence was introduced by Kastyrko et al. [18] as a
generalization of statistical convergence. A family 7 < 2" of subsets of
nonempty set Y is said to be an ideal in Y if
(i Dgl
(if) foreach 4, Be I, we have AU B el
(ili) A€ I and each B < A4, we have B e I. While an admissible ideal 7 of Y
further satisfies {x}e/for each x e Y.

Given [ 2" be anon-trivial ideal in N. A sequence (x,) in X is said
to be [7- convergent to xeX if for each &>0 the set
A(g)z{n eN:"xn—x”25} belongs to 7 (see [17] ) . Savas [6] and Jalal [20]

used an Orlicz function to construct 7/ -convergent sequence Spaces.

The notion of difference sequence spaces was introduced by Kizmaz [10].
It was further generalized by Et and Colak [12] . Later Et. and Esi [13] defined the
sequence spaces

X(A)) = { x= (xk)ew:(A‘:nxk)e X}
where m =(m k) is any fixed sequence of nonzero complex numbersand s € N,
then A° x, =m,x,, A, x=m, x, —m,,X,., are non-negative ,
A x= (A‘jn xk) = (A‘j;lxk -A? xM) and so that

A, X = Z:; (-2) [jjmkﬂ' X ki
Taking m =s =1, we get the spaces of ¢, (A),c(A),c,(A),introduced and
studied by Kizmaz [10].

2 Definitions and Inclusion Theorems

In this section, we define new Ideal convergent sequence spaces on n-
normed spaces by using a sequence of modulus functions. We also give inclusion
relations between these spaces.
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Let 7 be an admissible ideal of N, and let p=(p,) be a bounded
sequence of positive real numbers for all k¢ N . Let 4=(a,, ) be an infinite
matrix , F = (f, ) be asequence of modulus functions and (X , | ., ..... |) be an
n-normed space. Further w (n— X ) denotes the spaces of X -valued sequence
spaces. For every z,,z,,..,z, , € X,and for every &>0 we define the

following sequence spaces:
w!| 4,8, F p, || |=

{x =(xk)ew(n—X):forevery8>O,{neN:iank[ k(”A‘;xk —L,z,,25,00,2 4
k=1

I8 Zg}eI,LeX}

Wil A8, Fop, || ]2

)] Zg}el }

\)]“ ZK}GI }

The following well known inequality will be used throughout the article.
Letp=(pk) be any sequence of positive real numbers with

0< p,<supp,= H, D=max{1, 2"}, then
k
[’kj

Pr< max{1,|a|H} for all a e C.

{x =(xk)ew (n-X ):foreverys>0 {n eN :iank [fk(HAfnxk,zl,zz,...,zn_l
k=1

|ak+bk

" SD(|ak

4
‘+|bk

forall keN and a,,b,e C. Also |a

(see [16])

Theorem  2.1. The sequence spaces  w'[4,A% ,F,p, | .o Il
wé[A,ASm,F, 2 ||] and w’ [A,Asm,F, Pof| o] ] are linear.

Proof. We shall prove the theorem for the space w;, [ AN, F, p| e ||] only

and the others can be proved in a similar manner. Let x =(x, Jandy =(y, ) be

two elements in w; [ AN, F, p ||] and «, 4 be scalars in %, so that
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_|)]m2£}el.

and
{ neN: Zank[fk (”Asmyk,zl,zz,...,zn_1 |)]pA > g}e 1.
k=1
Since |.,..,.| isan n-norm, f, isa sequence of modulus functions for all &

and A° is linear the following inequality holds:

)]m

where T, and T, are positive integers such that that | o |< T,and | B|<T,.

o0
Sup p & s
+DT, E ank[fk (HAmxk,zl,zz,...,zn_l
k=1

From the above inequality we get

frew ol (lantex,«p3 ) vzl 2]

I

U{neN:D T;“pp‘kilank[fk( )]m 25}. (1)

Since both the sets on the right hand of the relation (1) belong to 7 so the set on
the left hand side of the inclusion relation belongs to 7. This completes the proof
of the theorem. O

g{neN:D T Zank[fk(
k=1

s
A X 20025002,

S
‘Am Yir1Z19Z2vZ

Theorem 2.2. Let F=(s,) and G =(g, ) be sequences of moduli and
h=inf p,>0.Then

Dw'[ 4,8, ,F, p|| | JO0w [ 4, 8, F, D] o] |2
w! 4,8, F+G, p| o]
() wi |4, & F p | e | N W[4, &, F p || | | <
wil 4,88, F+G, p,| | |-
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Proof.(i) Letx =(x, )e w' |4, &% F, p.| o[ | W' [4, &, .G, po|| e | )
Then by the following inequality the result follows

}ﬁ:lank [(fk +gk)(HASmxk -L,zy,25,002,4 “)]pA
SDiank [fk (‘

+Dk2ank [gk (“Asmxk -L,z,,z,,0,2,4 “)]pA

s Pk
AN x, —L,z,,z,,,2, 4 “)]

s
ANx,—Lz,,z,,.. ,Zn_1|

{neN:iank [(fk+gk)(|
g{ ne N:Di a,, [fk (| A x,—Lz,,z,,. ,Z,,_1||)]PA Zg}

u{neN:DgaM . )]ng}.

Since both the sets on the right hand belong to / so the set on the left hand side
of the inclusion relation belongs to 7 . This completes the proof of the Theorem (iE
(if) can be proved similarly.

s
ANx,—Lz,,z,,. ,Zn_1|

Theorem 23. The inclusions X [A,Aﬁn‘l F ., p| ||] c
X[A,A‘*m F,p ||] are strict for s>1. In general
X480, F, p| |l X4, 8, F L p| || for j=0,1,2,.,5-1

and the inclusions are strict, where X = wi ,w’ and w’.
Proof. We give the proof for w! |4, F, p,||.,....|] only, others can be
proved by a similar argument. Let x :(x,{) be any element in the space

wq [A,Ain‘l,F, P ||] Let & > 0 be given, then

{ ne N:lﬁ‘1 a,, [fk (||Asmxk,zl,z2 - ,zn_l")]M Zg}el.

Since f, is a modulus function for all &, it follows that
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Sanln (|8 zzenz |l
Sauln (]
DYMIAl
pYa, s

k=1

Pk

s—1 s—1
AX, = A X 020,202, ”)]

IA

s-1 Py
AN X, 20254002, “)] +

A Xt 210 Z g2y H)]p‘ Hence the proof. O

The inclusion is strict follows from the following example.

Example 24. Let F(x)=x, forall xe[0,0), p, =1 forall ke N and
sequence 4= (C,1) thatis the Cesaro matrix. Consider a sequence x :(xk): (k )

Then x=(x,) belongs to w! A%, ,F, p,|......|] but does not belong to
wl [ A5 F, p,| .| ] because A% x, =0and At x, = (=1) 7 (s—1)!.

Definition 2.5. Let X be a sequence space. Then X is called solid if («,x, )ex

whenever (x, Je x for all («, ) for all sequences of scalars |, | <1 forall k e N

Theorem 2.6. The sequence spaces w [A,A‘*m F,p .,...,.||]and

wl|4,8, F,p|....|] aresolid.

Proof. We give the proof for w/! [A, A, F, p ||] only. Let x=(x,) e
wila, &, F, p,|...|]] and « =(a,) be a sequence of scalars such that

@, | <1forall ke N. Then for given & >0 we have

{neN:iank [fk (| A (05kxk),zl,z2 ,...,zn_l”)]pA 25}
g{neN: Eiank [fk(|

s k
AN X, 20,25 e ,zn_1||)]p > g}el,

where E = max {1,|ak|H}. Hence (o, x,)e wi|[4,A% F, p,| .|} Thus
the space
we [A,A‘*m F,p ||] is solid . This completes the proof.
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Theorem 2 .7. Let (X, \E)and (X|| ||S) be standard and Euclid -

normed space spaces respectively, then
w! | 4,85, F, pf |, | VW (48, F L p ]

cw' 4.8, F, p o], +]overel )]

Proof. The following inequality that gives us the desired inclusion

kzw:lank [fk (("1,”5 +||-,...,-||s)+(ASka -L,z,,z, ""Z"‘l))]m
SDiank [fk(HASmxk—L,Z1122""’Z""1 HE)]M
f

+Diank [ k(HASmxk —L,z,z5,002, HS )]m.
P

3 Conclusion

We introduce a new class of 7 -convergent sequence spaces using an
infinite matrix, sequence of modulus functions and difference operator defined on
n-normed spaces and proved their several algebraic and topological properties.

4 Open Problems

In this paper we have introduced a new class of ideal convergent (briefly
I -convergent) sequence spaces using an infinite matrix, sequence of modulus
functions and difference operator defined on »-normed spaces. Some linear
topological structures and algebraic properties for these spaces has also been
discussed. In the sequel the next step will be to:

-introduce some new classes of ideal convergent sequence spaces using an
infinite matrix, Orlicz functions and difference operator defined on #-normed
spaces.

- further some linear topological structures and algebraic properties for
these spaces can also been discussed also.
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