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Abstract

The purpose of this paper is to introduce sufficient conditions
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1 Introduction

Denote by U the unit disc of the complex plane U = {z ∈ C : |z| < 1},
U = {z ∈ C : |z| ≤ 1} the closed unit disc of the complex plane and H(U×U)
the class of analytic functions in U × U .

Let

A∗nζ = {f ∈ H(U × U), f(z, ζ) = z + an+1 (ζ) zn+1 + . . . , z ∈ U, ζ ∈ U},

with A∗1ζ = A∗ζ , where ak (ζ) are holomorphic functions in U for k ≥ 2, and
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H∗[a, n, ζ] = {f ∈ H(U×U), f(z, ζ) = a+an (ζ) zn+an+1 (ζ) zn+1+. . . , z ∈ U,
ζ ∈ U}, for a ∈ C and n ∈ N, ak (ζ) are holomorphic functions in U for k ≥ n.

Generalizing the notion of differential subordinations, J.A. Antonino and
S. Romaguera have introduced in [16] the notion of strong differential subor-
dinations, which was developed by G.I. Oros and Gh. Oros in [17].

Definition 1.1. [17] Let f (z, ζ), H (z, ζ) analytic in U × U. The function
f (z, ζ) is said to be strongly subordinate to H (z, ζ) if there exists a function w
analytic in U , with w (0) = 0 and |w (z)| < 1 such that f (z, ζ) = H (w (z) , ζ)
for all ζ ∈ U . In such a case we write f (z, ζ) ≺≺ H (z, ζ) , z ∈ U, ζ ∈ U.

Remark 1.2. [17] (i) Since f (z, ζ) is analytic in U ×U , for all ζ ∈ U, and
univalent in U, for all ζ ∈ U , Definition 1.1 is equivalent to f (0, ζ) = H (0, ζ) ,
for all ζ ∈ U, and f

(
U × U

)
⊂ H

(
U × U

)
.

(ii) If H (z, ζ) ≡ H (z) and f (z, ζ) ≡ f (z) , the strong subordination be-
comes the usual notion of subordination.

As a dual notion of strong differential subordination G.I. Oros has intro-
duced and developed the notion of strong differential superordinations in [18].

Definition 1.3. [18] Let f (z, ζ), H (z, ζ) analytic in U × U. The function
f (z, ζ) is said to be strongly superordinate to H (z, ζ) if there exists a func-
tion w analytic in U , with w (0) = 0 and |w (z)| < 1, such that H (z, ζ) =
f (w (z) , ζ) , for all ζ ∈ U . In such a case we write H (z, ζ) ≺≺ f (z, ζ) ,
z ∈ U, ζ ∈ U.

Remark 1.4. [18] (i) Since f (z, ζ) is analytic in U ×U , for all ζ ∈ U, and
univalent in U, for all ζ ∈ U , Definition 1.3 is equivalent to H (0, ζ) = f (0, ζ) ,
for all ζ ∈ U, and H

(
U × U

)
⊂ f

(
U × U

)
.

(ii) If H (z, ζ) ≡ H (z) and f (z, ζ) ≡ f (z) , the strong superordination
becomes the usual notion of superordination.

Definition 1.5. We denote by Q∗ the set of functions that are analytic and
injective on U ×U\E (f, ζ), where E (f, ζ) = {y ∈ ∂U : lim

z→y
f (z, ζ) =∞}, and

are such that f ′z (y, ζ) 6= 0 for y ∈ ∂U × U\E (f, ζ). The subclass of Q∗ for
which f (0, ζ) = a is denoted by Q∗ (a).

For two functions f(z, ζ) = z+
∑∞

j=2 aj (ζ) zj and g(z, ζ) = z+
∑∞

j=2 bj (ζ) zj

analytic in U × U , the Hadamard product (or convolution) of f (z, ζ) and
g (z, ζ), written as (f ∗ g) (z, ζ) is defined by

f (z, ζ) ∗ g (z, ζ) = (f ∗ g) (z, ζ) = z +
∞∑
j=2

aj (ζ) bj (ζ) zj.
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Definition 1.6. ([1]) For f ∈ A∗ζ, λ ≥ 0 and m ∈ N, the extended general-
ized Sălăgean operator Dm

λ is defined by Dm
λ : A∗ζ → A∗ζ,

D0
λf (z, ζ) = f (z, ζ)

D1
λf (z, ζ) = (1− λ) f (z, ζ) + λzf ′z(z, ζ) = Dλf (z, ζ)

...

Dm+1
λ f(z, ζ) = (1− λ)Dm

λ f (z, ζ) + λz (Dm
λ f (z, ζ))′z = Dλ (Dm

λ f (z, ζ)) ,

for z ∈ U , ζ ∈ U.

Remark 1.7. If f ∈ A∗ζ and f(z, ζ) = z +
∑∞

j=2 aj (ζ) zj, then

Dm
λ f (z, ζ) = z +

∑∞
j=2 [1 + (j − 1)λ]m aj (ζ) zj, for z ∈ U, ζ ∈ U .

Definition 1.8. ([2]) For f ∈ A∗ζ, m ∈ N, the extended Ruscheweyh deriva-
tive Rm is defined by Rm : A∗ζ → A∗ζ,

R0f (z, ζ) = f (z, ζ)

R1f (z, ζ) = zf ′z (z, ζ)

...

(m+ 1)Rm+1f (z, ζ) = z (Rmf (z, ζ))′z +mRmf (z, ζ) , z ∈ U, ζ ∈ U.

Remark 1.9. If f ∈ A∗ζ, f(z, ζ) = z +
∑∞

j=2 aj (ζ) zj, then Rmf (z, ζ) =

z +
∑∞

j=2
(m+j−1)!
m!(j−1)! aj (ζ) zj, z ∈ U, ζ ∈ U.

Extending the results from [10] to the class A∗ζ we obtain:

Definition 1.10. ([11]) Let λ ≥ 0 and n,m ∈ N. Denote by DRm,n
λ : A∗ζ →

A∗ζ the operator given by the Hadamard product of the extended generalized
Sălăgean operator Dm

λ and the extended Ruscheweyh operator Rn,

DRm,n
λ f (z, ζ) = (Dm

λ ∗Rn) f (z, ζ) ,

for any z ∈ U, ζ ∈ U, and each nonnegative integers m,n.

Remark 1.11. If f ∈ A∗ζ and f(z, ζ) = z +
∑∞

j=2 aj (ζ) zj, then

DRm,n
λ f (z, ζ) = z +

∑∞
j=2 [1 + (j − 1)λ]m (n+j−1)!

n!(j−1)! a
2
j (ζ) zj, for z ∈ U, ζ ∈

U .

Remark 1.12. For m = n we obtain the operator DRm
λ studied in [12],

[13], [14], [15], [3], [4], [5].
For λ = 1, m = n, we obtain the Hadamard product SRn [6] of the Sălăgean

operator Sn and Ruscheweyh derivative Rn, which was studied in [7], [8], [9].

Using simple computation one obtains the next result.
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Proposition 1.13. For m,n ∈ N and λ ≥ 0 we have For m,n ∈ N and
λ ≥ 0 we have

DRm+1,n
λ f (z, ζ) = (1− λ)DRm,n

λ f (z, ζ) + λz (DRm,n
λ f (z, ζ))′z (1)

and

z (DRm,n
λ f (z, ζ))′z = (n+ 1)DRm,n+1

λ f (z, ζ)− nDRm,n
λ f (z, ζ) . (2)

The main object of the present paper is to find sufficient condition for
certain normalized analytic functions to satisfy

q1 (z, ζ) ≺≺ zDRm+1,n
λ f (z, ζ)

(DRm,n
λ f (z, ζ))2

≺≺ q2 (z, ζ) ,

where q1 and q2 are given convex and univalent functions in U × U such that
q1 (z, ζ) 6= 0 and q2 (z, ζ) 6= 0, for all z ∈ U, ξ ∈ U .

In order to prove our strong differential subordination and strong differen-
tial superordination results, we make use of the following known results.

Lemma 1.14. Let the function q be univalent in U×U and θ and φ be ana-
lytic in a domain D containing q

(
U × U

)
with φ (w) 6= 0 when w ∈ q

(
U × U

)
.

Set Q (z, ζ) = zq′z (z, ζ)φ (q (z, ζ)) and h (z, ζ) = θ (q (z, ζ))+Q (z, ζ). Suppose
that

1. Q is starlike univalent in U × U and

2. Re
(
zh′z(z,ζ)
Q(z,ζ)

)
> 0 for z ∈ U , ζ ∈ U .

If p is analytic with p (0, ζ) = q (0, ζ), p
(
U × U

)
⊆ D and

θ (p (z, ζ)) + zp′z (z, ζ)φ (p (z, ζ)) ≺≺ θ (q (z, ζ)) + zq′z (z, ζ)φ (q (z, ζ)) ,

then p (z, ζ) ≺≺ q (z, ζ) and q is the best dominant.

Lemma 1.15. Let the function q be convex univalent in U × U and ν and
φ be analytic in a domain D containing q

(
U × U

)
. Suppose that

1. Re
(
ν′z(q(z,ζ))
φ(q(z,ζ))

)
> 0 for z ∈ U, ζ ∈ U and

2. ψ (z, ζ) = zq′z (z, ζ)φ (q (z, ζ)) is starlike univalent in U × U .
If p (z, ζ) ∈ H∗ [q (0, ζ) , 1, ζ] ∩ Q∗, with p

(
U × U

)
⊆ D and ν (p (z, ζ)) +

zp′z (z)φ (p (z, ζ)) is univalent in U × U and

ν (q (z, ζ)) + zq′z (z, ζ)φ (q (z, ζ)) ≺≺ ν (p (z, ζ)) + zp′z (z, ζ)φ (p (z, ζ)) ,

then q (z, ζ) ≺≺ p (z, ζ) and q is the best subordinant.
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2 Main results

We begin with the following

Theorem 2.1. Let
zDRm+1,n

λ f(z,ζ)

(DRm,nλ f(z,ζ))
2 ∈ H

(
U × U

)
, z ∈ U, ξ ∈ U , f ∈ A∗ξ,

m,n ∈ N, λ ≥ 0 and let the function q (z, ξ) be convex and univalent in U ×U
such that q (0, ξ) = 1. Assume that

Re

(
α + β

β
+
zq′′z2 (z, ζ)

q′z (z, ζ)

)
> 0, z ∈ U, ζ ∈ U, (3)

for α, β,∈ C, β 6= 0 and

ψm,nλ (α, β; z, ζ) :=

(
α + β

2− λ(n+ 1)

λ

)
zDRm+1,n

λ f (z, ζ)

(DRm,n
λ f (z, ζ))2

+

λβ(n+ 1)(n+ 2)
zDRm,n+2

λ f (z, ζ)

(DRm,n
λ f (z, ζ))2

(4)

+β(n+ 1) [1− λ(n+ 2)]
zDRm,n+1

λ f (z, ζ)

(DRm,n
λ f (z, ζ))2

− 2β

λ

z
(
DRm+1,n

λ f (z, ζ)
)2

(DRm,n
λ f (z, ζ))3

.

If q satisfies the following strong differential subordination

ψm,nλ (α, β; z, ζ) ≺≺ αq (z, ζ) + βzq′z (z, ζ) , (5)

for α, β ∈ C,β 6= 0 then

zDRm+1,n
λ f (z, ζ)

(DRm,n
λ f (z, ζ))2

≺≺ q (z, ζ) , z ∈ U, ζ ∈ U, (6)

and q is the best dominant.

Proof Let the function p be defined by p (z, ζ) =
zDRm+1,n

λ f(z,ζ)

(DRm,nλ f(z,ζ))
2 , z ∈ U ,

ζ ∈ U, z 6= 0, f ∈ A∗ζ . The function p is analytic in U × U and p (0, ζ) = 1.
Differentiating this function, with respect to z,we get

zp′z (z, ζ) =
1

DRm,n
λ f (z, ζ)

1

λ
·[

DRm+1,n
λ f (z, ζ)

DRm,n
λ f (z, ζ)

+
DRm+2,n

λ f (z, ζ)

DRm,n
λ f (z, ζ)

− 2

(
DRm+1,n

λ f (z, ζ)

DRm,n
λ f (z, ζ)

)2
]
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By using the identity (1) and (2), we obtain

zp′z (z, ζ) =
z

DRm,n
λ f (z, ζ)

·[
2− λ(n+ 1)

λ

DRm+1,n
λ f (z, ζ)

DRm,n
λ f (z, ζ)

+ λ(n+ 1)(n+ 2)
DRm,n+2

λ f (z, ζ)

DRm,n
λ f (z, ζ)

+(n+ 1) [1− λ(n+ 2)]
DRm,n+1

λ f (z, ζ)

DRm,n
λ f (z, ζ)

− 2

λ

(
DRm+1,n

λ f (z, ζ)

DRm,n
λ f (z, ζ)

)2
]

=

2− λ(n+ 1)

λ

zDRm+1,n
λ f (z, ζ)

(DRm,n
λ f (z, ζ))2

+ λ(n+ 1)(n+ 2)
zDRm,n+2

λ f (z, ζ)

(DRm,n
λ f (z, ζ))2

+

(n+ 1) [1− λ(n+ 2)]
zDRm,n+1

λ f (z, ζ)

(DRm,n
λ f (z, ζ))2

− 2

λ

z
(
DRm+1,n

λ f (z, ζ)
)2

(DRm,n
λ f (z, ζ))3

. (7)

By setting

θ (w) := αw and φ (w) := β, α, β ∈ C, β 6= 0,

it can be easily verified that θ is analytic in C, φ is analytic in C\{0} and that
φ (w) 6= 0, w ∈ C\{0}.

Also, by letting Q (z, ζ) = zq′z (z, ζ)φ (q (z, ζ)) = βzq′z (z, ζ) we find that
Q (z, ζ) is starlike univalent in U × U.

Let h (z, ζ) = θ (q (z, ζ)) +Q (z, ζ) = αq (z, ζ) + βzq′z (z, ζ).
If we derive the function Q, with respect to z, perform calculations, we

have Re
(
zh′z(z,ζ)
Q(z,ζ)

)
= Re

(
α+β
β

+
zq′′
z2

(z,ζ)

q′z(z,ζ)

)
> 0.

By using (7), we obtain αp (z, ζ) + βzp′z (z, ζ) = α
zDRm+1,n

λ f(z,ζ)

(DRm,nλ f(z,ζ))
2 +

β

[
2−λ(n+1)

λ

zDRm+1,n
λ f(z,ζ)

(DRm,nλ f(z,ζ))
2λ(n+ 1)(n+ 2)

zDRm,n+2
λ f(z,ζ)

(DRm,nλ f(z,ζ))
2 +

(n+ 1) [1− λ(n+ 2)]
zDRm,n+1

λ f(z,ζ)

(DRm,nλ f(z,ζ))
2− 2

λ

z(DRm+1,n
λ f(z,ζ))

2

(DRm,nλ f(z,ζ))
3

]
=(

α + β 2−λ(n+1)
λ

)
zDRm+1,n

λ f(z,ζ)

(DRm,nλ f(z,ζ))
2 + λβ(n+ 1)(n+ 2)

zDRm,n+2
λ f(z,ζ)

(DRm,nλ f(z,ζ))
2 +

β(n+ 1) [1− λ(n+ 2)]
zDRm,n+1

λ f(z,ζ)

(DRm,nλ f(z,ζ))
2− 2β

λ

z(DRm+1,n
λ f(z,ζ))

2

(DRm,nλ f(z,ζ))
3 .

By using (5), we have

αp (z, ζ) + βzp′z (z, ζ) ≺≺ αq (z, ζ) + βzq′z (z, ζ) .

Therefore, the conditions of Lemma 1.14 are met, so we have

p (z, ζ) ≺≺ q (z, ζ) , z ∈ U , ζ ∈ U, i.e.

zDRm+1,n
λ f (z, ζ)

(DRm,n
λ f (z, ζ))2

≺≺ q (z, ζ) , z ∈ U, ζ ∈ U,
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and q is the best dominant.

Corollary 2.2. Let q (z, ζ) = ζ+Az
ζ+Bz

, −1 ≤ B < A ≤ 1, m, n ∈ N, λ ≥ 0,

z ∈ U. Assume that (3) holds. If f ∈ A∗ξ and

ψm,nλ (α, β; z, ζ) ≺≺ α
ζ + Az

ζ +Bz
+ β

(A−B) ζz

(ζ +Bz)2
,

for α, β ∈ C, β 6= 0, −1 ≤ B < A ≤ 1, where ψm,nλ is defined in (4), then

zDRm+1,n
λ f (z, ζ)

(DRm,n
λ f (z, ζ))2

≺≺ ζ + Az

ζ +Bz

and ζ+Az
ζ+Bz

is the best dominant.

Proof For q (z, ζ) = ζ+Az
ζ+Bz

, −1 ≤ B < A ≤ 1, in Theorem 2.1 we get the
corollary.

Corollary 2.3. Let q (z, ζ) =
(
ζ+z
ζ−z

)γ
, m, n ∈ N, λ ≥ 0, z ∈ U, ζ ∈ U.

Assume that (3) holds. If f ∈ A∗ζ and

ψm,nλ (α, β; z, ζ) ≺≺ α

(
ζ + z

ζ − z

)γ
+ β

2γζz

(ζ − z)2

(
ζ + z

ζ − z

)γ−1
,

for α, β ∈ C, 0 < γ ≤ 1,β 6= 0, where ψm,nλ is defined in (4), then

zDRm+1,n
λ f (z, ζ)

(DRm,n
λ f (z, ζ))2

≺≺
(
ζ + z

ζ − z

)γ
,

and
(
ζ+z
ζ−z

)γ
is the best dominant.

Proof Corollary follows by using Theorem 2.1 for q (z, ζ) =
(
ζ+z
ζ−z

)γ
, 0 <

γ ≤ 1.

Theorem 2.4. Let q be convex and univalent in U×U such that q (0, ζ) = 1,
m, n ∈ N, λ ≥ 0. Assume that

Re

(
α

β
q′z (z, ζ)

)
> 0, for α, β ∈ C, β 6= 0, z ∈ U, ζ ∈ U. (8)
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If f ∈ A∗ζ,
zDRm+1,n

λ f(z,ζ)

(DRm,nλ f(z,ζ))
2 ∈ H∗ [q (0, ζ) , 1, ζ]∩Q∗ and ψm,nλ (α, β; z, ζ) is univa-

lent in U × U , where ψm,nλ (α, β; z, ζ) is as defined in (4), then

αq (z, ζ) + βzq′z (z, ζ) ≺≺ ψm,nλ (α, β; z, ζ) , z ∈ U, ζ ∈ U, (9)

implies

q (z, ζ) ≺≺ zDRm+1,n
λ f (z, ζ)

(DRm,n
λ f (z, ζ))2

, z ∈ U, ζ ∈ U, (10)

and q is the best subordinant.

Proof Let the function p be defined by p (z, ζ) :=
zDRm+1,n

λ f(z,ζ)

(DRm,nλ f(z,ζ))
2 , z ∈ U ,

z 6= 0, ζ ∈ U , f ∈ A∗ζ .
By setting ν (w) := αw and φ (w) := β, where α, β ∈ C, β 6= 0, it can be

easily verified that ν is analytic in C, φ is analytic in C\{0} and that φ (w) 6= 0,
w ∈ C\{0}.

Since ν′z(q(z,ζ))
φ(q(z,ζ))

= α
β
q′z (z, ζ), it follows thatRe

(
ν′z(q(z,ζ))
φ(q(z,ζ))

)
= Re

(
α
β
q′z (z, ζ)

)
>

0, for α, β ∈ C, β 6= 0.
Now, by using (9) we obtain

αq (z, ζ) + βzq′z (z, ζ) ≺≺ αp (z, ζ) + βzp′z (z, ζ) , z ∈ U, ζ ∈ U.

From Lemma 1.15, we have

q (z, ζ) ≺≺ p (z, ζ) =
zDRm+1,n

λ f (z, ζ)

(DRm,n
λ f (z, ζ))2

, z ∈ U, ζ ∈ U,

and q is the best subordinant.

Corollary 2.5. Let q (z, ζ) = ζ+Az
ζ+Bz

, −1 ≤ B < A ≤ 1, m, n ∈ N, λ ≥ 0.

Assume that (8) holds. If f ∈ A∗ζ,
zDRm+1,n

λ f(z,ζ)

(DRm,nλ f(z,ζ))
2 ∈ H∗ [q (0, ζ) , 1, ζ] ∩Q∗ and

α
ζ + Az

ζ +Bz
+ β

(A−B) ζz

(ζ +Bz)2
≺≺ ψm,nλ (α, β; z, ζ) ,

for α, β ∈ C, β 6= 0, −1 ≤ B < A ≤ 1, where ψm,nλ is defined in (4), then

ζ + Az

ζ +Bz
≺≺ zDRm+1,n

λ f (z, ζ)

(DRm,n
λ f (z, ζ))2

and ζ+Az
ζ+Bz

is the best subordinant.
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Proof For q (z, ζ) = ζ+Az
ζ+Bz

, −1 ≤ B < A ≤ 1, in Theorem 2.4 we get the
corollary.

Corollary 2.6. Let q (z, ζ) =
(
ζ+z
ζ−z

)γ
, m, n ∈ N, λ ≥ 0. Assume that (8)

holds. If f ∈ A∗ζ,
zDRm+1,n

λ f(z,ζ)

(DRm,nλ f(z,ζ))
2 ∈ H∗ [q (0, ζ) , 1, ζ] ∩Q∗ and

α

(
ζ + z

ζ − z

)γ
+ β

2γζz

(ζ − z)2

(
ζ + z

ζ − z

)γ−1
≺≺ ψm,nλ (α, β; z, ζ) ,

for α, β ∈ C, 0 < γ ≤ 1, β 6= 0, where ψm,nλ is defined in (4), then(
ζ + z

ζ − z

)γ
≺≺ zDRm+1,n

λ f (z, ζ)

(DRm,n
λ f (z, ζ))2

and
(
ζ+z
ζ−z

)γ
is the best subordinant .

Proof Corollary follows by using Theorem 2.4 for q (z, ζ) =
(
ζ+z
ζ−z

)γ
, 0 <

γ ≤ 1.

Combining Theorem 2.1 and Theorem 2.4, we state the following sandwich
theorem.

Theorem 2.7. Let q1 and q2 be analytic and univalent in U × U such that
q1 (z, ζ) 6= 0 and q2 (z, ζ) 6= 0, for all z ∈ U, ζ ∈ U , with z (q1)

′
z (z, ζ) and

z (q2)
′
z (z, ζ) being starlike univalent. Suppose that q1 satisfies (3) and q2 satis-

fies (8). If f ∈ A∗ζ,
zDRm+1,n

λ f(z,ζ)

(DRm,nλ f(z,ζ))
2 ∈ H∗ [q (0, ζ) , 1, ζ] ∩Q∗ and ψm,nλ (α, β; z, ζ)

is as defined in (4) univalent in U × U , then

αq1 (z, ζ) + βz (q1)
′
z (z, ζ) ≺≺ ψm,nλ (α, β; z, ζ) ≺≺ αq2 (z, ζ) + βz (q2)

′
z (z, ζ) ,

for α, β ∈ C, β 6= 0, implies

q1 (z, ζ) ≺≺ zDRm+1,n
λ f (z, ζ)

(DRm,n
λ f (z, ζ))2

≺≺ q2 (z, ζ) , δ ∈ C, δ 6= 0,

and q1 and q2 are respectively the best subordinant and the best dominant.

For q1 (z, ζ) = ζ+A1z
ζ+B1z

, q2 (z, ζ) = ζ+A2z
ζ+B2z

, where −1 ≤ B2 < B1 < A1 < A2 ≤
1, we have the following corollary.
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Corollary 2.8. Let m,n ∈ N, λ ≥ 0. Assume that (3) and (8) hold for

q1 (z, ζ) = ζ+A1z
ζ+B1z

and q2 (z, ζ) = ζ+A2z
ζ+B2z

, respectively. If f ∈ A∗ζ,
zDRm+1,n

λ f(z,ζ)

(DRm,nλ f(z,ζ))
2 ∈

H∗ [q (0, ζ) , 1, ζ] ∩Q∗ and

α
ζ + A1z

ζ +B1z
+β

(A1 −B1) ζz

(ζ +B1z)2
≺≺ ψm,nλ (α, β; z, ζ) ≺≺ α

ζ + A2z

ζ +B2z
+β

(A2 −B2) ζz

(ζ +B2z)2
,

for α, β ∈ C, β 6= 0, −1 ≤ B2 ≤ B1 < A1 ≤ A2 ≤ 1, where ψm,nλ is defined in
(4), then

ζ + A1z

ζ +B1z
≺≺ zDRm+1,n

λ f (z, ζ)

(DRm,n
λ f (z, ζ))2

≺≺ ζ + A2z

ζ +B2z
,

hence ζ+A1z
ζ+B1z

and ζ+A2z
ζ+B2z

are the best subordinant and the best dominant, respec-
tively.

3 Open Problem

An open problem is to find sufficient conditions for certain normalized analytic
functions to satisfy

q1 (z, ζ) ≺≺ zDRm,n+1
λ f (z, ζ)

(DRm,n
λ f (z, ζ))2

≺≺ q2 (z, ζ) ,

where q1 and q2 are given convex and univalent functions in U × U such that
q1 (z, ζ) 6= 0 and q2 (z, ζ) 6= 0, for all z ∈ U , ζ ∈ U.
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[5] A. Alb Lupaş, A note on strong differential superordinations using a gen-
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[6] A. Alb Lupaş, Certain strong differential subordinations using Sălăgean
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and Ruscheweyh operators, Libertas Mathematica, tomus XXXI (2011),
15-21.

[8] A. Alb Lupaş, Certain strong differential superordinations using Sălăgean
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alized Sălăgean operator and Ruscheweyh operator, International Journal
of Research and Reviews in Applied Sciences (to appear).

[16] J.A. Antonino, S. Romaguera, Strong differential subordination to Briot-
Bouquet differential equations, Journal of Differential Equations, 114
(1994), 101-105.



Certain differential sandwich theorem ... 53

[17] G.I. Oros, Gh. Oros, Strong differential subordination, Turkish Journal of
Mathematics, 33 (2009), 249-257.

[18] G.I. Oros, Strong differential superordination, Acta Universitatis Apulen-
sis, 19 (2009), 101-106.


