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Abstract

In the paper we prove some growth properties related to the maximum
terms and mazimum moduli of composite entire functions using generalised L*-
order and generalised L*-type as compared to the growths of their corresponding
left and right factors.
Keywords: FEntire function, maximum term, maximum modulus, com-
position, growth, generalised L*-order, generalised L*-type, slowly changing
function.



Growth Properties of Composite Entire Functions 17

2010 Mathematical Subject Classification: 30D30, 30D35.

1 Introduction, Definitions and Notations.

Let C be the set of all finite complex numbers and f be entire defined
in the open complex plane C. The maximum term p(r, f) of f = > a,2"
n=0

on |z| = r is defined by pu(r, f) = max (|a,|r™) and the maximum modulus

M (r, f)of f = > a,z" on |z| =r is defined by M (r, f) = | |ax|f(z)| .We use
n=0 z|=r
the standard notations and definitions in the theory of entire functions which

are available in [11]. In the sequel the following notation is used :

[0]

log* z = log (log[k_l] x) for k =1,2,3,.... and log"™ = = x.

To start our paper we just recall the following definition :

Definition 1. The order p; and lower order Ay of an entire function f are
defined as

log® M log? M
py = lim supog—(r’f) and \f = liminfog—(r’f).
00 logr r—00 log r

Definition 2. The type oy of an entire function f is defined as

. log M (r, f)
oy = lim Sup—————

00 rP

, 0<pp <o0.

Sato [6] defined the generalised order and generalised lower order of
an entire function as follows :

]

Definition 3. [6/Let m be an integer > 2. The generalised order pgfm and

generalised lower order ABZ”] of an entire function f are defined as

- log™ M
p[ I = limsupog—(r’f) and
r—00 log r
- log™ Mf
)\Ec J' = liminf og—(r,f) respectively.
r—00 logr

For m = 2, Definition 2 reduces to Definition 1.
If p; < oo then f is of finite order. Also p; = 0 means that f is of order zero.
In this connection Datta and Biswas [2] gave the following definition :

Definition 4. /2] Let f be an entire function of order zero. The quantities p}*
and \i* of f are defined by:
log M (r, f)

log M
py =lim supOg—(T’f) and A7 = liminf ———-.
r—00 10g T r—00 log r
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Let L = L (r) be a positive continuous function increasing slowly i.e.,
L(ar) ~ L(r) as r — oo for every positive constant a. Singh and Barker [7]
defined it in the following way:

Definition 5. [7/A positive continuous function L (1) is called a slowly chang-
ing function if for € (> 0),

<

1
e < k* forr>r(e) and

uniformly for k(> 1).
If further, L (r) is differentiable, the above condition is equivalent to

. rL(r) B
Jim, L)

Somasundaram and Thamizharasi [8] introduced the notions of L-order and
L-type for entire function where L = L (r) is a positive continuous function
increasing slowly i.e.,L (ar) ~ L (r) as r — oo for every positive constant ‘a’.
The more generalised concept for L-order and L-type for entire function are
L*-order and L*-type. Their definitions are as follows:

Definition 6. [8/The L*-order p§" and the L*-lower order /\JI?* of an entire
function f are defined as

. log?l M . log? M
pJLc = lim sup 08 (r. f) and /\J]% = lim inf—Og (r. f)

rmo log [rel()] rooo  log [rel(r)]

Definition 7. The L*-type JJLt* of an entire function f is defined as

* l M *
O'JI? zlimsupOg—mLJf) , 0<p§ < 00 .
r—00 [TeL(r)]pf

In the line of Sato [6], Datta and Biswas [2] one can define the gener-
alised L*-order pEfm]L* and generalised L*-lower order)\gfm]L* of an entire function

f in the following manner :

[m]L*

Definition 8. Let m be an integer > 1. The generalised L*-order p; and
generalised L*-lower order >\£cm]L* of an entire function f are defined as
[m] [m]
[m]L* 4. log M (Ta f) [m|L* 4. . log M (7“, f) .
Py = 111;1: sng and Ay = hrrg g}lf W respectively.

Datta, Biswas and Hoque [3] reformulated Definition 8 in terms of the
maximum terms of entire functions in the following way:
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Definition 9. [3] The growth indicators p[m]L* and )\?L}L* for an entire function
f are defined as
[m] [m]
[m]L* 4. log I (T7 f) [m|L* 4. . lOg 2 (T’, f)
Pro = hfisol.}p log [rel()] and AT = h;rigf og [rel ()]

respectively where m be an integer > 1.

Similarly, in the line of Somasundaram and Thamizharasi [8] for any
positive integer m > 2 one may define the generalised L*-type agzn_lw in the
following manner:

[m—

Definition 10. The generalised L*-type o e form > 2 of an entire func-

tion f is defined as follows:
[m]L*

e log™ M
agcm 1L zlimsupOg—Oﬂ’f)

[m]L ) 0 < p

< 00 .

Lakshminarasimhan [4] introduced the idea of the functions of L-
bounded index. Later Lahiri and Bhattacharjee [5] worked on entire functions
of L-bounded index and of non uniform L-bounded index. In the paper we
study some growth properties related to the maximum terms and maximum
moduli of composite entire functions using generalised L*-order and gener-
alised L*-type as compared to the growths of their corresponding left and
right factors.

2 Lemmas.
In this section we present some lemmas which will be needed in the sequel.

Lemma 1. [9] Let f and g be any two entire functions with g(0) = 0. Then
for all sufficiently large values of r,

p(r,fog)> %u (éu <£,g> —19(0)] ,f) :

Lemma 2. [1] If f and g are two entire functions then for all sufficiently large
values of r,

M(EM (L.9) - |g<o>|,f) < M(r,fog) < M(M(rg).f).
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3 Theorems.

In this section we present the main results of the paper.

Theorem 3. Let f and g be any two entire functions such that pgfnw‘ and pg*
are both finite and positive where m > 1.Then for each o € (—o0,0)

{log[m} p(r, fo 9)}
lim inf
r=oo log™ p (exp (1), f)

1+«
{log[m] pu(r fo g)}
lim inf

r=o log ju(exp (18) , g)
Proof. If 1 + a < 0, then the theorem is trivial. So we take 1 + a > 0.Now in
view of Lemma 2 and the inequality u(r, f) < M (r, f) {cf. [10] }, we have
for all sufficiently large values of r that

p(r,fog) < M(r,fog) < M(M(r,g),f)
ie., log"™ p(r, fog) <log M (M (r,9), f)
i.e., log™ pu(r, fog) < (pBCm]L* + 5) [108;]\/[ (r,9) eL(M(ng))}

1+«

=0 and

=0 where 3> (1+a)p}.

i.e., log™ pu(r, f o g)
* L* € m]L*
< (pgyl]L +6> [TeL(r)} (b5 +¢) + (p[ 1L _|_€> L (M (r,q))

i.e., {log[m] p(r, fo g)}Ha
< |:[T6L(r)](r0§*+€) <p5;nw +€> n <p£Zn]L* +5> L (M (r, g))} Ha. (1)

Again we get for a sequence of r tending to infinity and for €(> 0) that

log™ s (exp (1) 1) 2 (" =) og [exp () exp {L (exp (7))}

i.e., log™ (exp (Tﬁ)) f) > <P£Zn]L* - &?) [7"8 + L (exp (rﬁ))] . (2)

So from (1) and (2) we obtain for a sequence of  tending to infinity that
{10g" 11 (r, f 0 9)}
log™ ju (exp (%), f)

o1 )+ o+ ron ]

=) s L

14+«

<

(3)
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Let
rebtr)] (37 +) (6 e) = ko, (A 2) LM (r,9)) = o,
(P =) = k(] = 2) L (exp (1)) = ki

Then from (3) we obtain for a sequence of r tending to infinity that

1+« * 1+a
{log[m] plr, fo g)} [T(pg )k + kz]
<
log™ i (exp (%), )~ kar? + ks
1+«
m It+a pL" 4e) (1+a) k
, {log[ (r fo g)} ) 7 +) ["“1 + T(pgfﬁ)]
i.e., <
log"™ 11 (exp (r7), f) ks +

where ki, ko,ks and k4 are finite.
Since(pg* +¢) (1+ @) < 3, therefore

14+«
{log[’"] f(r, fo 9)}
lim inf
r=co log™ p (exp (1), f)

where we choose (> 0) such that

0 < e < min {pgcm]L*,% —pﬁ*},
e}

=0

which proves the first part of the theorem.
Similarly, the second part of the theorem follows from the following inequality
in place of (2)

i.€e., logm 1 (exp (7“5)) ,g) > (,05* — 5) [Tﬁ + L (GXP (Tﬁ))}

for a sequence of values of r tending to infinity.
This proves the theorem. O

Remark 1. In Theorem 3 if we take the condition “0 < )\EZW]L* < pBZn]L* < 00

and 0 < )\5* < pg* < oo 7 in place of pEfn]L*

positive 7 the theorem remains true with “lim

and ,05* are both finite and

7 replaced by “liminf 7.
In the line of Theorem 3, the following theorem can be proved:

Theorem 4. Let f and g be any two entire functions with finite and positive
pgfn]L and pg* where m > 1.Then for each a € (—00,00),

14+
{log" 1 (v, f 0 9)}
lim inf
r=oo log™ M (exp (rf), f)

=0 and
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14+a
{10g"1 M (1. f 0 9)}
lim inf

=0 where B> (1+ a)p”
r=oo logPl M (exp (r?) , g) i ra)n

Remark 2. Also in Theorem 4 if we take the condition “0 < )\Bfn}L* < pEZn]L* <

JL*

2

”

oo and 0 < )\5* < ,05* < oo 7 inplace of “ [
positive 7 the theorem remains true with hm

and ,05* are both finite and
replaced by “liminf”.

Theorem 5. Let f and g be any two entire functions with 0 < )\Bfm}L* <

pBZn]L* < 00 where m s any positive integer and 0 < /\5* < ng* < oo . Then
log"™ Y i (r, f o g) Py
lim sup ol T = ImlL*
r—oo log™ p(r, f)+ L (gu (1;9) - |9(0)D ¥

Proof. In view of Lemma 1, we have for all sufficiently large values of r

log™ i (r, f o g) > 0(1) + log!" 1 (éﬂ (2,9) — 9(0)| ,f) - (4)

iic., log u(r, f o g) > 0 (1) + (A < [log{é 79) - <o>\}

2o
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. " r
ie., log™ ™y (r, f o g) > log p (Z,g)
)\L*—E 1 r
| L<—u it —90)
() (i) -
)\L*_€ 1 r
g9
exp | —— L(—u -9 —90)
() o) -

+1og [ 1021 G0) + 2 (41 (.0) ~10(O))] +0(1)
log 1t (5. 9)

— log

ie., log™ ™y (r, fog) >log? 1 G,g)
p S 1 /r
(e
<p53”” +6) g <4 9) 19(0)|
[log i (5,9) + L (31 (5, 9) — |9(0)])] + o (1)

exp { (p[ﬁ%) L (51 (5,9) = 19(0)1) } log 1 (5. 9)

!

+ log

r A —e 1 /r
> log” i (.9) + (W) L (gu (5:9) - \g<o>|) NG
f

P

Now from (5) it follows for a sequence of values of r tending to infinity that
[m+1] L* _ roL(%)
log™ "M yu(r, fog) 2 (p, —¢)logqze
L*
Py —€ (1 r
+|——+—|L —u(—,g>—90>. 6
(p&mu +5> o (50) ~lso)l) . ©

Now we get for all sufficiently large values of r that

log™ ju(r, f) < (" +¢) g {ret )}

ie., log™u(r, f) < <p£Zn]L* + 5) log {geL(ﬁ)} + log 4. (7)
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Hence from (6) and (7) it follows for all sufficiently large values of r that

L*
log"™* ™ pu(r, fog) = (—[;jw ) (108" 1o (7, f) ~ 10g4)
pf +¢€

-
py —€ (1 r
+ (=) 2 (30 (5oo) - o)
(ﬂﬂc ! +8> 8T M
ie., log™™ i (r, foyg)

(p@—;) g, 4.2 (3 (5.0) ~ 1000

f

L _ .
Py + €

[m+1]

v

log"™ pu(r, fog)
Clog™ p(r f)+ L (3u (9) 19(0

,05* . ( [m]L* ) log 4
z |\ R : (8)
log"™ p (r

1.€.

Since € (> 0) is arbitrary, it follows from (8) that
lo [m+1] L*
lim sup —= = Ml(r’ fro 9) > &]]L
r—oo log™ pu(r, f) + L (51 (§,9) = 19(0)]) — 0}
Thus the theorem is established. ]

In the line of Theorem 5, the following theorem can be proved:
Theorem 6. Let f and g be any two entire functions with 0 < )\Efm}L* <

,O[fm]L < 00 where m >1 and 0 < )\5* < ,05* < 0o. Then

[m+1] )\L
lim inf T log G fro 9) > [,,j I
r=oo log™ i (r, f) + L (51 (5, 9) = 9(0)]) — 0}

The proof is omitted.

*

Theorem 7. Let f and g be any two entire functions with 0 < )\Bfm}L* <

[m]L*

Py < oo where m is any positive integer and 0 < /\5* < ng* < 00 . Then

i log™*) M (r.f o ) o
r—00 Og (rvf)+ (8 (2a9> |g( )|) pf
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Theorem 8. Let f and g be any two entire functions such that 0 < )\ET]L* <

pgcm]L* < 00 wherem>1 and 0 < )\5* < ,05* < 00. Then

1 [m+1]M )\L*
lim inf o o8 1(r,f:>g) > [W‘ZL* )
r=oo log™ M (r, f) + L (5M (5.9) — [9(0)]) ~ pf

We omit the proofs of Theorem 7 and Theorem 8 because those can
be carried out in the line of Theorem 5 and Theorem 6 respectively and with
the help of Lemma 2.

Theorem 9. Let f and g be any two entire functions with p[n}L* < 0o and
)\%}gL* =00 where m and n are positive integers. Then
log"™ u(r, f 0 9)

1m
o log" p(r, f)

Proof. Let us suppose that the conclusion of the theorem do not hold.Then
we can find a constant 5 > 0 such that for a sequence of values of r tending
to infinity

log™ pu(r, f o g) < Blog™ u(r, f). (9)

Again from the definition of pgfl]L*, it follows that for all sufficiently large values
of r that

log u(r, f) < (o™ + <) og (re™)

i.e., log™ u(r, f) < <p£?]L* + 5) log (reL(’")) ) (10)

Thus from (9) and (10) we have for a sequence of values of  tending to infinity
that

log" u(r, fog) < 8 (pf"" +¢)log (re“")

[n]L* L(r
log" n(r, fog) _ O (08" +e) o (ret)

log (rel(™) - log (rel(n)
log!™ o
i.e., liminf og " julr, f 0 g) = )\EIO]L < 0.
r—oo  log (rel() g

This is a contradiction.
Thus the theorem follows. O]

In the line of Theorem 9, the following theorem may also be proved:
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Remark 3. Theorem 9 is also valid with “limit superior” instead of “limit” if

)\BZZ}QL* = 00 is replaced by p%l]“ = 00 and the other conditions remaining the
same.

Theorem 10. Let f and g be any two entire functions with pB?}L* < 00 and
)\BZZLL* = o0 where m and n are positive integers. Then

log!™ M (r, f o g)
11m =
= log" M(r, f)

Further if pEZZlIL* = 00 instead of )\EZZLL* = 00 then

. log™ M(r, fog)
lim inf = 00
r—eo log™ M(r, f)

Corollary 11. Under the assumptions of Theorem 9 or Remark 3 and Theo-

rem 10,
m—1]

- log™ ™! pu(r, f o g)

e log"u(r, f)

=

and
_ log™ U M@, fog)
lim — =00
7= log" N M(r, [)

Proof. By Theorem 9 or Remark 3 we obtain for all sufficiently large values of
r and for K > 1 that

log™ u(r, fog) > Klog" u(r, f)
ie., log™ Up(r, fog) > log" " {u(r )},

from which the first part of the corollary follows.
Similary, from Theorem 10 the second part of the corollary is established. []

Remark 4. The condition )\BZZ}QL* = 00 s necessary in Theorem 9, Theorem
10 and Corollary 11 which is evident from the following example :

Example 1. Let f =expz, g=2, m=n=2 and L(r) = ]%exp (L) where p
18 any positive real number.

Also

L*
fog
Now taking R = 2r in the inequality p (r, f) < M (r, f) < R}ET/L(R, f){cf. [10] }
we get that

p}Le*:1<ooand)\ =1< 0.

p(r,fog) <M(r,fog)=expr
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and
p(r, f) < M(r, f) =expr.
Also )
r r
> M (= - -
p(r,fog) > M(2,fog) 2exp<2)
and ) )
T r
>_M(=.f)== -
“<T’f)—2M<2’f> 2eXp(2>‘
Therefore
log? ju(r,fog) . log? M(r,fog)
im o = lim 7 =
r=oo logp(r, f) oo log™ M (1, f)
Also

log M (r, f o g)

li =1 d

e logM(rf)
1 1 1
L iminelo82 0 fo9) g loen(nfog) o
27 o0 logpu(r, f) rooo  log (7, f)

Remark 5. Considering f =expz, g=z, m=n=2 and L(r) = %exp (%)
[m]L*

for any positive real number p, one can also verify that the condition pg,,” = 0o
in Theorem 10, Remark 3 and Corollary 11 is essential.
Theorem 12. If f and g be any two entire functions such that (i) 0 < pgf]L* <
00, (i1) 0< UB?_”L* < oo, (ii7) p%]gL* = pEZl]L* and (iv) J%g_l]L* < 00. Then
for any B > 1,
[n]L* m— *
o dog" Uy(rfog) _ B ap
lim inf ] < L and
r=oo log! H p(r, f) oy
[m—1]L* m—
O fog : log"™ Y i (r, f o g)
T — < lim sup ] .
Bries gl oo log" " p(r, f)

Proof. From the definition of generalised L*-type and in view of the inequality
p(r,f) < M(r, f) {cf. [10] }, we obtain for all sufficiently large values of r
that

log!™ M pu(r,fog) < log™ MM (r, fog)
m—1]L* r [’Z]gL*
< <05cog ) +6) {TGL( )}pf (11)

and

[n]L*

log["_” w(r, f) < <05?_1}L* + 6) {reL(T)}p ) (12)
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Also taking R = fr in the inequality M (r, f) < (R, f) {cf. [10] } we
obtain for a sequence of values of r tending to mﬁmty that

log™ 1 1, (r,fog)
[m]L*
m=1] 57 (T pn—1]L° _ IAWIONEE
et (o) s (57~ {(2) 49

: m—1] (0%9_ - ) o
i.e., log p(r,fog)> [m]L* {7“6 } o +0(1) (13)

ﬁ fog

and

<0—‘[};~nil]L* - 8) p[n]L*
ie., log" Ypu(r, f) > - {ret3 1 0(1). (14)

Now from (11) and (14) it follows for a sequence of values of r tending to
infinity that

[n]L* [m 1]L* . p[fZ]L*
log[mfl] ,U(T, f Og) _ Bpf (Ufog + 5) {TeL( )} fog

: 15)
n— = . Iz (
log"™ Y i (r, f) (@”‘”L _ g) (reton? " L 0(1)
In view of the condition (iii) we get from (15) that
[n]L* m— *
log™ U fog) _ BT (oo +e)
lim inf o= - < e :
r=oo log" i (r, f) (o1 =)
As € (> 0) is arbitrary, it follows from above that
_ ()L™ m—1]L*
loglm—1] Pi 5l "
lim inf—2 [n_l'lf (r.fo9) < i [n_{]Lg* (16)
oo log" T p(r, f) oy

Again from (12) and (13) we get for a sequence of values of  tending to infinity
that

[m]L

m— pfog
lOg[ ! H (Ta fo g) > (Ufog > {7“8 } + O( ) (17)
log™ Wyu(r,f) — g [n—1]L AP
g mAT, B fog (gf + 5) {TeL(T)} !
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Since p%]gp = ,05?} we obtain from (17) that

m—1] [m—1]L*

g™ pu(r, fog) T

lim sup =) > —m -t .
r—00 10 (7’ f) /Bpfog (O-;‘l + 5)

As € (> 0) is arbitrary, it follows from above that

lo [m—1] O.[’Z 1L
lim sup 22 — lu( fog) > So

=0 1 (7“ f) 5 fog . [n nL-

(18)

Thus the theorem follows from (16) and (18). O

In the line of Theorem 12, we may state the following theorem without
proof :

[n]L*

Theorem 13. If [ and g be any two entire functions with (i) 0 < pg~ <

00, (i) 0< o™ < oo, (i) pEIOLL* = o and (iv) a?gg UE < 0. Then
for any B > 1,
loglm—1] " [7: 1L*
lim inf—2 [n_ﬁ(r’f °9) < ’ o= {]Lg* and
r=eo log™" i (r, g) og
UBZZJ " . dog™ U pu(r, fog)
< limsup . .
B’ foy . [n 1L oo log[n_ ]N<T7 g)

[n]L*

Theorem 14. If f and g be any two entire functions such that (i) 0 < py - <

00, (i1) 0< UB:L_HL* < oo, (1) pEcOLL* = pE?]L and (iv) UEZZQ U5 < 0. Then

m— [m—1]L* m—
logl ”M(r,fog><<<ffog ><nmsup1°g[ UM (r.fog)

r—00 lOg[n_l} M (T, f)

lim inf

r—00 log[”_l] M (r, f)

[n—1]L*
O

Theorem 15. If f and g be any two entire fucntz’ons such that (i) 0 < pg L™

00, (i) 0< o™ < oo, (did) pEIOLL = o and (iv) a?gg U5 < 0. Then

m— [m—1]L*
log™ M (r,fog) _ <Ufog >

logl™=1 M
) < limsup (r.fog)
[n—1]L
Og

lim inf -
r—00 lOg[ni ] M (T, g)

r—00 log[”’” M (r,g)

The proof of Theorem 14 and Theorem 15 are omitted because those
can be carried out in the line of Theorem 12 and Theorem 13 respectively.
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4 Open Problem

Actually this paper deals with the extension of the works on the growth
properties of composite entire functions on the basis of their generalised L*-
order and generalised L*-type. Further in order to determine the relative
growth of two entire functions having same non zero finite generalised L*-lower
order, one may introduce the definition of generalised L*-weak type denoted
as Tgfnfl]L* of entire functions having finite generalised L*-lower order in the
following way:

ngn 1L zliminf%—w

, 0< )\BZ”]L* < 00
7—00 [TGL(T)])\f

and therefore using this growth indicator one may calculate the above growth
rates of composite entire functions under some different conditions. In this
connection, the following natural questions may arrise for the worker of this
branch :

1. Can these theories be modified by the treatment of the notions of L*-
relative order ( respectively generalised L*-relative order), L*-relative type
(respectively generalised L*-relative type) and L*-relative weak type ( respec-
tively generalised L*-relative weak type)?

2. Further can some extensions of the same be done for special type of lin-
ear differential polynomials viz. the wronskians, differential polynomials and
differential monomials?
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