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Abstract

Paper is devoted to determine the solution of a non-stationary
heat equation in an axial symmetry cylindrical coordinates subject
to a nonhomogeneous mixed discontinuous boundary conditions of
the first and of the second kind inside the disk of an finite surface
cylinder. The solution of the given mixed boundary value problem is
obtained with the aid of a classical methods and based on the
application of a new type of a dual series equations (DSE) with a
Bessel function of the first kind of order zero as a kernel. The
solution of obtained DSE which is discussed in this paper is
introduced to a Fredholm integral equation of the first kind.

Keywords: Dual series equations, mixed boundary conditions, Fredholm
integral equation of the first kind.

1 Introduction

The use of the DS method for solving time independent mathematical physics
equations for many physical and technical applications with mixed boundary
conditions can be found for example monographs [12,13]and other references.

DSE arises in applications of diffraction theory, stationary heat theory,
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electrostatic theory, elasticity theory and other areas of application with
different coordinate systems. In this paper we introduce a new type of the DSE
related to the time dependent homogeneous heat equation in cylindrical
coordinates subject to nonhomogeneous mixed boundary conditions of the
first and of the second kind located on the level surface of a bounded cylinder
with constant initial condition. The construction of DSE for a given problem
is based on the solution of homogeneous mixed boundary value problems and
dual integral equations dealing with heat and Helmholtz equations which is
discussed with details in monographs [4-7,10]. In this paper we developed the
solution of the given mixed problem with the use of a Laplace transform (L-
transform), separation of variables, Hankel integral transform and some
discontinuous integrals. The solution of the DSE which is studied in this paper
is reduced to some type of a Fredholm integral equation of the first kind with
kernel, free term and unknown function depend on L-transform parameter,
such integral equations should be solved by iterative methods. In particular, if
the L-transform parameter tends to zero, the solution of the above mixed
boundary value problem is reduced to a Fredholm integral equations of the

second kind.

2 Formulation and Solution of the Problem

It is required to find a temperature distribution function
o(r,z,7)=T(r,z,7)-T,.

WhereO<r<ry <R, 0<z<oo, >0 isthe initial temperature (constant)

r,z cylindrical coordinates variables, satisfies the initial mixed boundary

value problem

6,(r,z,7)+6,(r,z,7)Ir+6,(r,z,7)=6.(r,z,7) /a , (2.1)
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a is a heat diffusivity coefficient (constant) . On the surface of the cylinder
inside the disk z =0, 0<r <r, <R , given discontinuous mixed boundary
conditions of the first and of the second kind (r, is the line of discontinuity)

o(r0,7)=1f(r,z), 0<r<r,, (2.2)

0,(r,0,7)=0, r,<r<R (2.3)
where f(r,z), known continuous and integrable function with respect to two
variables r,z accept L-transform with respect to 7 and Hankel integral

transform with respectto r.

On r=R , r=0, z —>w, the boundary conditions are

O(R,z,7) =0, 0<z <o, (2.4)
0(0,z,7)=0, 0<z <o, (2.5)
O(r,o,7)=0, 0<r<R. (2.6)

The physical significance of the problem formulated such that, on the level
surface of semi-infinite cylinder inside the disk z=0,0<r<r, , a mixed
boundary condition of the first kind prescribed temperature is considered,
whereas outside the disk z=0, r, <r <R , a normal derivative function is
zero according Fourier low ( heat insulated) is given. On the lateral surface
r=R , z>0 a first kind homogeneous boundary conditions is given (zero

temperature).

Now use L-transform to (2.1) to (2.6), where
o(r,z,s) =[0(r, 2,7)] = j@(r, z,7)exp(—s7)dzr
0

Then separate variables in (2.1) and use the boundary conditions(2.4)-(2.6),

we obtain a general of the above problem solution in L-transform image

o(r,z,5) =T(r,z,5)-T,/s

o 27
= "Cu(4,,5)exp(z/ 1| Y22 + 517 [a )Io(4,0) @7)
n=1
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Cs (4,,8) unknown coefficients , A, is the root of Bessel function of the first
kind order zero J,(A,)=0 ,moreover, p=r/r, , ax =R/r,. s isthe

parameter of L-transform.
Use a mixed conditions (2.2) and (2.3) for (2.7), we obtain a DSE to

determine the unknown coefficients Ca(4,,s)

S Co(d: )30 (Ap) = T(p5), 0<p <1, 2.8)
n=1
S CalAy )22 /1E +51 @ J,(A,p) =0 1<p<a. 2.9)
)

As s—0 the DSE (2.8), (2.9) were introduced to the stationary solution of
the DSE involving Laplace equation with mixed conditions [13].

Now to solve (2.8) and (2.9), let us to introduce the equality

0

> An(4,,9) Jo(2,p)=h(p,s), 0<p<l, (2.10)
n=1
where An(4,,5)=Cn(4,,8)/J22/r2+sla , h(p,s) is an unknown

function defined over the interval p €[01) h(p,s)=L[h(p,7)].According to

Fourier-Bessel inversion formula for a series (2.10), we have

2

Zn (;l,n,S) W

j h(u,s)J, (4,u)udu . (2.11)

In (2.11) replace the unknown function h(p,s) by another unknown function

#(t,s) with the help of the relation [13]

h(p.s) = j #(t,5) dt | 2.12)

pdp YN

Substitute (2.12) in (2.11), change the order of integration, then use the
equalities [11,13]

J, (4, u) A,
J. 2_t‘]—1/2 (ﬂ’nt)
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d
3o =20 (20)

Equality (2.11) is written as

Kn(ﬂn,S)—mj\] (A.u) {dd_f A _ } u
’ (2.13)
a’d}f (/1 a)

Next, substitute expression (2.13) into (2.8), we obtain an integral equation of
the first kind for determination (t,s)
szz I(’)(t DRERRHC.INEC R
: 1J 222 T2 +s]a
f (p,s), 0<p<Ll.

(2.14)

Rewrite a Fredholm integral equation of the first kind (2.14) in the standard

form
l_ p— —_—
[ Kt.pow ts)dt="F(ps) , 0<p<1 (2.15)
0
— 2 & J,(A,p )cos(A,t
K(t.p,s)=—5> — o PZ) 2( )
a nal () A Iry +sla

Jl,z(x)zgcos(x), ty (t,s) =@(t,s).

The solution of a Fredholm integral equation of the first kind (2.15) should be
treated by iterative techniques which discussed in [7, 8, and 14]. The kernel in
(2.15) converges for any variables t, p and for value of the parameter A4, .
Solving a first order integral equation (2.15) with kernel K(t, p,s), by using
the known iteration[14]

w(t,s) e L, (0, f(p,s)eL,(01)

Jo (t,s)=0
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. (t,5) =B f(p.S)

v, (ts) =y, (ts)+ A f(ps)-Uy, ,(t,s)],m=123.. (2.16)
Where £ constant, moreover,

o 1 o 1
Uy, (65) = [Kt oSy (ts)dp U< ] [K(tp) dtdp
0 0

O e

'/_/m (t,s) converges for any values of m,n, and satisfies the property [14]

v v p

y(ts)— wots)|=——"——
i

The inverse L- transform for the left hand side of (2.14) is [1]

<o, 0< B<2/|U|.

Lt l/_/(t,s) _ 1 Tl//(t,g)e _Ralr—&Vr2lde
{nggzggf el Ao
Thus equation (2.14) becomes

V2 & 3,(Ap ), (At
Iz (4np )2 (A:1)

e’ Y S I (L)

A (r,&)=1(r,7), 0<p<l. (2.17)

Inside integral equation (2.17), we introduced the value

rv(té) 2 2

exp[— a (r-&) /12 ]dé=A, (t,7). (2.18)
!Jf—ﬁ °

Treat (2.18) as an Abel integral equation, the functiong(t,z) by using

inversion formula is

l d an(tl 5) _ 12 _ 2
>y d_ro H exp[ Aa(r f)lro]dg.

y(tz)= (2.19)

Now if s— 0 inintegral (2.14), we discover that

jw S(p,t)dt=f(p,), 0<p <1, (2.20)
.t

method of solution given in [13] where

_ i o Jo(4p ) 4 (A1)
0= T R G

) 2.21)
:J.Jo(,ox)\]fl,2 (tx)\/;dx—%L(p,t),
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L(p,t)= '([ lT::((Z;/)) (oY), (ty)\/ydy

I, (x), K, (x)In (2.22) are a modified Bessel functions of the second kind of

order zero

Now use a well known integral [11]

K _ |2 H(p-Y)
!Jo(px)J_l,z(tx)\/}dx_ ”t—\/ﬁ , (2. 22)
H (p-1)= {0 P!

1, p>t

IS a Heaviside unit step function.
First order integral equation (2.20) with the use of (2.21), (2.22) is reduced to

an integral equation of the second kind as
P
j dt—\/_f(p)+ ([T( (p,t)dt. (2.23)
0

Treat (2.23) as an Abels' integral equation, we obtain a Fredholm integral

equation of the second kind for determination an unknown function  (t)

2t d J-uf (u)du

N e

(2.24)
+(2/ﬂ)3’2t—j\/ (j‘/’(y)L(u y)dy]
Simplify integral equation (2.24) , we obtain [12,13]
W(X)—ng(xlt)l/ZK(X,t)l//(t)dt:F(X), (2.25)
4 0

With kernel and free term respectively

K(x,t) :]3 ITO((a y)) L2 )1y, (Xy)ydy,
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F(x)_— ix uf (u)

Xow/X —u?

Numerical techniques very effect tool to solve integral equation (2.25) for

du.

some specific known function f (r)by using some software packages for

example (mathematica or matlab) [2,9], moreover the free term and the kernel

of (2.25) should be satisfied the inequalities

1 11
'[|F(r)| dr <o “ K2(r,y)drdy < oo
0 00

Notice that as R — oo, DSE (2.8),(2.9) were reduced to dual integral

equations of the form

T A1) I, (Ar) dA = f (r,s), O<r <,

0
jx//12+s/a A1) I, (Ar) dA =0 1, <r <o,
0

The solution of the above dual integral equation discussed with details in[4,7].
The dual series method which is discussed above is an effect tool to
investigate solutions of several problems with finite domain related to mixed
boundary value problems involving heat and Helmholtz equations involving to
different coordinate systems with many areas of physical and engineering

applications.

3 Conclusion

The obtained results the conclusion can be drown that the paper aim an
analytical method the mixed boundary value problem with boundary
conditions of the first and of the second kind will lead to study dual series
equations. The dual series equations always reduce to inhomogeneous
Fredholm integral equation of the first kind. It can be revealed that iterations

techniqgue and numerical evaluation is an appropriate tools for solving
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Fredholm integral equation of the first and of the second kinds. The present
results can be served other investigations mixed problems, in particular for
mixed boundary condition of the third kind with various applications and
coordinate systems.

4 Open Problem

Several mixed initial boundary value problems deal with cylindrical and other
coordinates still without solution, available known methods which is widely
used to solve more simple mixed problems, sometimes difficult to use, for
example we consider a mixed boundary conditions on the level surface of the

cylinder z =0,0<r,<r, <R suchthat

o(r,0,7)=f,(r,z), 0<r<r, (2.26)
6,(r,0,7)=f,(r,7), r,<r<r (2.27)
o(r,0,7)=f,(r,7), r,<r<R (2.28)

On the axis of the cylinder r=R , r=0 , z >, we consider the same
boundary conditions are (2.4)-(2.6) which is discussed in this paper with
constant initial condition. Apply the mixed boundary conditions (2.26)-(2.28),
in L-transform transform image, we obtain the following triple series

equations

>'Cn(4,,8)do (4, 1) =F,(r,s), 0<r<r,
n=1

ia//lnﬂs laCn(4,,s) J,(4, 1) =F,(s), r,<r<r,
n=1

>'Cn(4,,8)3,(4, 1) =F,(r,s), K <r<R.
=1

The above triple equations may be solved by transformed these equations into

a system of dual series equations.
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