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Abstract

In the present paper, the author investigates the majoriza-
tion problems for certain subclasses of p-valently analytic func-
tions in the open unit disk U defined by the inverse of the
Dziok-Srivastava operator. Relevant connections of the results
presented in this paper with those given by earlier authors are
also pointed out.
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1 Introduction

Let A, denote the class of functions f(z) of the form
f() =2+ ap (peN={1,23,.}), (1)
k=1

which are analytic and p-valent in the open unit disk U = {z € C : |z| < 1}.
For simplicity, we write A; = A. For the functions f(z) given by (1) and

g(z) = 2"+ Z D2 1P,
k=1
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the Hadamard product (or convolution) of f and g, written as f * g is defined
as

(f*9)(2) = 2"+ ) arapbrp?™” = (g% f)(2).

Let @+ denote (§ + ¢) th-order ordinary differential operator. For f € A,
we have

o (k+p)! g
FE) = (p—0—q) o q+z (k + )l“kﬂ?zm ",
(p>q+6,peN, q, 0 € Ng:=NU{0}; z€U). (2)

Let f and g be two analytic functions in /. Then we say that f is majorized
by g in U (see [8]) and we write

f(z) <yg(z) (z€U), (3)
if there exists an analytic function ¢(z) in U satisfying |¢(z)| < 1 such that
f(z) =o(2)9(z) (2 €U). (4)

The majorization (3) is closely related to the concept of quasi-subordination
between analytic functions in U (see [1]). Suppose that f and g are analytic in
U. We say f(z) is subordinate to g(z) if there exists an analytic function w(z)
in U satisfying w(0) = 0 and |w(z)| < 1 (z € U) such that f(z) = g(w(z)).
We denote this subordination by

f(z) <g(z) (z€lU).
It follows from this definition that

f(z) = g(z) = f(0) = g(0) and f(U) C gUd).
In particular, if ¢ is univalent in U/, then the reverse implication also holds true
(see [9]).
For complex parameters ay, as, ..., a; and by, by, ..., by, (I,m € No, b; ¢ Zg =
{0,—1,-2,...},7 = 1,2,3,...,m), the generalized hypergeometric function ;F,,
is defined by the following infinite series (see [15]):

o

. DN (al)k(a2)k-~(al)k 2"
1Fo(ay, ag, ...pap; by, bay ooy by 2) = kz_o b0 (bo)r(b)e (D

where (\); is the Pochhammer symbol (or the shifted factorial) defined in
terms of the gamma function I' by
F'(A+Ek)  J1 (k=0,AeC =C\{0}),

() AA+DA+2).(A+k=1) (FeN, xeC).

(zelU) (5)

(Mr =



52 Trailokya Panigrahi

The series given by (5) is absolutely convergent for all |z] < co if [ < m + 1
and for |z| < 1if Il = m + 1. While the series is divergent for all z, z # 0 if
[>m+ 1.

Given a function ;F,, the functional equation

1

¢;)\<a1, ag, ..., ar; bl: bg, ceey bm7 Z)*lFm(&l, az, ..., 4, bl, bg, cey bm, Z) = m,

(A > —p) has a non-trivial solution ¢;’/\ in terms of a convergent power series
if and only if [ = m + 1. The solution is

(b)) k(b2) e (b )i (X 4 D)k
t (@, a9, oy Q13 b1, b9, o b 2) = (b 2"
Ol i o) =020 (),

=42 Fing1(b1, b2, ... b, A+ 0,15 a1, a9, ..y Gmgr; 2)
(a; ¢ Zy,1=1,2,3,...m+1;z€lU). (6)

In an analogous manner to the Dziok-Srivastava operator Hgm (see [3, 4]),
we introduce a new transform Z,(\, ay, ag, ..., Gmi1; b1, b2, ..., b))+ A, — A,
defined by

Tp(A a1, a2, ooy Q15 01, D, o b ) f(2) = 2P0\ (a1, G, vons g3 D1, b2, o b 2) % f(2)
(7)

Therefore, for a function f of the form (1), we have

o (01)k(b2) k(b )k (A + D) k
Z,(\, a1, as, ..., Qi1 b1, boy o b)) f(2) = zp—l—g Qg2 TP
P( 1, W2 +1, 091, 02 )f( ) r— (a1>k<a2) k+p

k...(a/m+1)k
— H;n+2,m+1(b17 ceey bm7 A +p, 1, al, ceny am+1; Z) k f(Z)
(8)

For convenience, we write
A .
T3(ay,b1) = L,(\, a1, G, .., Qg1 b1, ba, oy b))

Very recently, Panigrahi [12] introduced and studied the generalized differential
operator C)™" : A, — A, as

Cy(ar,b1) f(2) = Ty (ar, br) f(2)

tz

Gy (a1, b) f(2) = (1= T, (a1,b1) f(2) + — (L™ (a1, b) f(2)

€)™ (a1, bi) () = €™ (€™ ar,bi)f(2)  (m € Nost = 0).
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Thus, for f € A, we have

CymMar,bi) f(2) = 2 + )

k=1

<p+kt)n (01)x(b2) k- (b )k (N + D) ktp
ak+pZ .
p (a1)r(a2)k--(@mi1)r
(9)
The operator C;"m’"(al, b1) generalizes several previously studied familiar op-
erators (for detail, see [12]). It is easily verified from (9) that

2 (C3™Mar + 1,01) f(2)) = aiC™™ (a1, b1) f(2) + (p—a1)Cp ™" (ay + 1, by) f (2)

(10)
Using the operator ng\’m’”(al, b1), we now define a new subclass of functions
[ € A, as follows:

Definition 1.1 A function f € A, is said to be in the class jp’\’(’g’”(al, bi;a,v; A, B)
(-1 < B < A<1) of p-valently analytic functions of complex order ~y # 0 in
U if and only if

!/
R e G R L) I ISR o ¢
- — al < —21——,
VO ) L 1+ Bz

(a,q,6 € No,p>q+6,7v€C|ar] > [y(A—B) + (a1 —a)B|; zcU), (11)

where C;ﬁ;%m, b)f(z) = (C};\’m’”(al,bl)f(z))ﬁé represents (q + 6) times or-

dinary derivative of C)"™"™(ay,by) f(2).
Fora;=1 (:1=1,2,3,...m+1), b,=1 (j=1,2,3,...,m) and A =1, we
have the following relationships:

o Ji5"(2,1,0,7:1,-1) =S8(7) (y€C),
o JHEY(2,1;0,7;1,-1) =K(7) (y€C),

o Jm02,1,0,1—a;1,—1) = 8%(a) (0<a<1),

where S(7) and K(7) are said to be the class of starlike and convex functions
of complex order v # 0 in U respectively which were considered by Nasr and
Aouf [10] and Wiatrowski [16] and S*(«) is the class of starlike functions of
order o in U.

A majorization problem for normalized classes of starlike functions of com-
plex order has been investigated by Altintas et al. [2]. Recently, Goyal and
Goswami [6] and Goyal et al. [7] generalized these results for classes of multi-
valent functions defined by fractional derivatives operator and Saitoh operator
respectively.

In this paper we investigate and obtain certain results involving majoriza-
tion problems for the class j;;';’"(al, bi;a,7v; A, B) by applying ordinary dif-
ferential operator of order (¢ + d). Moreover, we point out some known conse-
quences of our main results.
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2 Majorization Problems

Unless otherwise stated, we assume throughout the sequel that
—1<B<A<1, peN, a,q,0 €Ny, p>q+6; v€C" and a; € C\7Z,.
We state and prove the following results:

Theorem 2.1 Let the function f € A, and suppose that g € ‘7;’;@’"(@1 +

Lby;a,v; A, B). ]fC;ﬁ;”(al +1,b1)f is majorized by Cg%"(al +1,b1)g in U,
then

CA @, b) F ()] < 1A (an, b)g(2)] (2] < o), (12)

P.q,0 p.q,0
where ro = ro(ay, a,v; A, B) is the smallest positive root of the equation

IV(A—B)+(a;—a)B|r*— (2| B|+|ai|)r* — (|7 (A—B)+(a; —a) B|+2)r+|a;| = 0.

(13)
Proof: Let
/
1| (G @+ 1.0)g(2))
0(z) =1+ — o —-p+q+o+al. (14)
Y| Cas (ar+1,b1)g(2)

Since, by hypothesis g(z) € jpi"qyyg’"(al + 1,b1;c,7v; A, B), hence by Definition

1.1 we have N
B 1+ 5 + Aw(z)

0(z) = 15
0= i gurg - WEP (15)
where w(z) = ¢12 4+ ¢22% + ... and P denote the well-known class of bounded
analytic functions in U ( see [11]) satisfying the conditions w(0) = 0 and

jw(z)] <[z (z€U).
It follows from (14) and (15) that

(G @t LWI) g5+ A= B)+ Bp—g— 0 - a)lulz)

ng\,ﬁn(al +1,01)9(2) 1+ Bw(z)

(16)
It follows from (10) that

Z(Cﬁ’q’fé’"(aﬁrl, bi)g(z))' = alc,;\,}r(s’n(ala bl)9(2)+(P—q—5—a1)C;\,’;n,én(al—i‘l, b1)g(z).
(17)
Making use of (17) in (16) gives

< jaa|[(1 + | Bl|z])
= aa| = (A= B) + (a1 — a) Bl|z]

Coars™ (a1 + 1,b1)g(2)

A,mmn
D,q,0 |Cp,q,5 (Gl, bl)g<z) ’ :

(18)
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Since C;"’(Ta’”(al +1,b1) f(2) is majorized by C;f(;n(al +1,b1)g(2) in U, hence
by (4) it follows that
Ammn A,m,n
Coas (a1 +1,01)f(2) = ¢(2)C. 5" (a1 + 1,b1)g(2). (19)

Differentiating (19) with respect to z and then multiplying by z we get

2 (O @+ Lh)F(2) = 6(2)2 (O (ar + 1Lb)g(2) ) +26 (21005 (a1, b1)g (=),

(20)
Using (17) and (19) in (20) we get
m,n z ! z m,n m,n
o (o1, 0) 1) = 2 an 41,01)g(2) + 6 01, b)) (21)
Since the Schwarz function ¢(z) € P satisfies the inequality (see [11])
, 1—|o(2)?
)< 20 e (22)
— |2l
and making use of (18) and (22) in (21) we have
_— L+ [B[l2))(1 — |¢(2) ) || A
- < ( ” |
|Cp,q,6 (ahbl)f(z)’ — |¢(Z)| + (1 _ |Z|2) (|a1| _ |/7(A _ B) + (al . CY)BHZD |Cp,q,6 (ahbl)g(z)‘
(23)

Setting |z| =7 and |p(2)] =p (0 <p <1)in (23) leads to

Y (p)
(1 =r2)(Jas| = |[v(A = B) + (a1 — a)Br)

Co (a1, by) f(2)] <

D,q,6

|C/\’m’n(a1, b1)g(z)|

D,q,8

where
¥(p) = —r(1+|Blr)p*+ (1 =r*)(Jas| = |7(A = B) + (a1 — @) B|r)p+r(1+|B]r)

takes its maximum value at p = 1 with o = ro(a1, «, v; A, B) is the smallest
positive root of the equation (13). Furthermore, if 0 < o < ry, then the
function x(p) defined by

x(p) = —o(1+|Blo)p*+(1—0°)(|ar| = |7 (A= B)+ (a1 — @) Blo) p+ 0 (1+|Blo)
(24)
is an increasing function on the interval 0 < p < 1, so that

x(p) < x(1) = (1=0*)(|ar| =7 (A=B)+(ar—a)Blo) (0<p<1,0<0<r).

Hence, setting p = 1 in (24) we conclude that (12) of Theorem 2.1 holds true
for |z| < 1o =ro(a1, a, v; A, B) where rq is the smallest positive root of the
equation (13). This completes the proof of Theorem 2.1.
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Corollary 2.2 Let the function f(z) be in the class A, and suppose that g €
JA’m’n(al + 1,b1;0,y; 1, 1), If C’\’m’n(al +1,b1)f is majorized by C’\’m’"(al +

P,q,0 D,q,6 P,q,6
1,b1)g in U, then
Com™ (ar, br) f(2)] < 1CT"(ar, bi)g(2)] (2] < ), (25)

where

n— /1 =42y — a1 + aflay]
212y —ay + af

mn=n (ala «, ’Y) = (26)

with n = 2y — a1 + o + |ay| + 2.
Proof: Taking A =1 and B = —1 in Theorem 2.1, equation (13) becomes
12y —ay + alr® — (24 |a1]|)r® — (|27 — a1 + a| +2)r + |ay| = 0. (27)

Clearly, 7 = —1 is one of the root of the above equation (27) and other two
roots are given by

|27 — a1 + oz|7“2 —(|12y — a1 + a| + 2 + |a1|)r + |a1] = 0. (28)

The smallest positive root of equation (28) is r; = ri(ai, «,y) where r; is
given by equation (26). This completes the proof of Corollary 2.2. Setting
=0 = a = 0 in Corollary 2.2, we obtain the following result:

Corollary 2.3 Let the function f(z) be in the class A, and suppose g €
Zib’jé’”(al +1,b1;0,9;1,—1). If c;;gjg"(al +1,b1)f is majorized by C;ﬁj”(al +

1,b1)g inU, then

Coe™ (a1, b1) f(2)] < 1Coa"9()| - (12] < 72)

m—/m — 42y — arf|aq]
2’2’)/ — Cl1|

ry = ro(ay,y) =

where
m = |2’)/ — CL1| + |(l1| + 2

Further, by puttingp =1, n =0, A=1, by =1 (j =1,2,3,....,m), a; =
1 (i=1,2,3,....,m+ 1) in Corollary 2.3, we obtain the following result (see
[5, 6, 13, 14)).

Corollary 2.4 Let the function f € A be analytic and univalent in the
open unit disk U and suppose that g(z) € S(v) . If f is majorized by g in U,
then

IF(<1g' () for 2] <rs,

where

342y =1 =9+ 2]2y — 1]+ |2y — 12
B 22y — 1| '

r3 = 13(7)
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Letting v = 1 in Corollary 2.4, we obtain the following well-known results (
see [5, 6, 8, 13, 14]).

Corollary 2.5 Let the function f € A be univalent in the open unit disk
U, and suppose that g € S*. If f is majorized by g in U, then

') <19 (2)| for |z] <2—V3.

3 Majorization problem for the class R(k,~)

Let R(k,~) be the class of functions h(z) of the form

hz)=1->Y az (e >0), (29)

that are analytic in U satisfying the inequality
|h(z) + kzh'(2) = 1| < |v| (z€U; R(k) >0, v C). (30)

Fory=1-75 (0 <8 < 1), the class R(k,v) = R(k,1 — 8) was considered by
Altintas and Owa [1].
The following lemma is useful for our further investigation:

Lemma 3.1 (see [2]) If the function h(z) defined by (29) is in the class
R(k,~), then

il
1+ R(k)

kel

- Tﬁ?(k)w < |h(z)] <1+

12| (2 €U). (31)

Theorem 3.2 Let the function f(z) € A, and g(z) € R(k,v) be analytic
in U and suppose that the function g(z) is so normalized that it also satisfies
the following inclusion property

ComM(ar, by)g(2)

P9,
22 € R(k.). (32)
Corrs™ (a1 +1,b1)g(2)
If C;’Zg"(al +1,b1) f(2) is majorized by C;’q”;’n(al +1,b1)g(2) inU, then
(Cips™ (a1, 00) ()] < [Cpys™ (an,ba)g(2)] - (|2] <) (33)

where ry = r4(ay, k,v) is the smallest positive root of the cubic equation

Ir® = [1+ R(E)]r* — 2+ |aa|ly] + 2R(E)]r + [1 + R(E)]Jas] = 0. (34)
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Proof: For appropriately normalized analytic function g(z) satisfying the in-
clusion property (32), we find from (31) of Lemma 3.1 that

C)\,m,n ,b
)y pas (11,01)90%) >1- Lr (|Jzl =7, 0<r<1) (35)
Coras’ (a1 +1,b1)g(2) 1+ R(K)

which implies

< 1+ R(k)
1+ R(k) - |y|r

Coats™ (141, b1)g(2)

e CM™ (ay by)g(2)] (2] = 7,0 <1 < 1),

P40

(36)

Since C;’;Z;"(al +1,01)f(2) < C;’q"f(;”(al +1,b1)g(2) (¢ € U), there exists an
analytic function w with |w(z)| < 1 such that

CM™ M (ay 4 1,by) f(2) = w(2)C ™ (ay + 1, b1)g(2). (37)

P,q,0 ;4,0

Therefore, in view of (36) and proceeding as in the proof of Theorem 2.1, we
have

(z e U), (38)

and

(1= [w(z)?)(1 + R(K))r

|C)\,m,n(a1’ b1)f(z)’ < |w(z)| + |C;‘7v;n757n((11, bl)g(z)‘

pad jaa (1 = r2)(1 + R(k) = [7]r)
(39)
Taking |w(z)| = p in (39), we have
A,m,n e(p) A,m,n
) ) < ) )
|Cp,q,5 (a1,01) f(2)] < lai|(1 —72)(1 + R(k) — |v|r) |Cp,q,5 (a1,b1)g(2)[, (40)
where

0(p) = lar|(1=r*)(1+R(k) = [y|r)p+r(1+R(k) —r(1+R(k)p* (0<p<1),

takes on its maximum value at p = 1 with r = ry(ay, k,7y) given by (34).
Moreover, if 0 < n < r4(ay, k,v) where r4(ay, k,v) is the root of the cubic
equation (34) such that 0 < ry(as, k,7v) < 1, then the function H(p) defined
by

H(p) = |ar|(1=n*)(A1+R(k)=|yIn)p+(1+R(k)n—(1+R(k))np* (0 <p ?415
1

is seen to be an increasing function on the interval 0 < p <1 so that

H(p) < HQ1) = |a|(1=n*)(1+R(K) = vln)  (0<p <1,0 <0 < ralar, b, 7).
(42)
Therefore, upon setting p = 1 in (40), we complete the proof of Theorem 3.2.
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4 Open Problem

In this paper, we have investigated the majorization problem for the class of
multivalent analytic functions. If we define a class f € Zp such that

o0

F) = =+ a, (eur =un {0}, (43)

zp
k=1

then we need to modify the generalized operator CA 5" (ay,by) for the class of
multivalent meromorphic function. Further using thls modified operator we
have to find the new majorization conditions for the modified operator.
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