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Abstract

By making use of the principle of subordination between analytic
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new subclasses of multivalent analytic functions. Such results as inclu-
sion relationships and integral — preserving properties involving these
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sults associated with this operator are also derived.
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1 Introduction
Let A, denote the class of functions of the form:

f(2)=2"+> ap2™(p e N:={1,2,3..}), (1.1)
k=1

which are analytic in the open unit disk
U={z:2€Cand |z| < 1}.

For simplicity, we write

A = A
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Let f,g € A,, where f is given by (1.1) and g is defined by
g(z) =22 + pr+kzp+k .
k=1

Then the Hadamard product ( or convolution ) f % g of the functions f and g
is defined by

(f*9)(z) =2+ Zap+kbp+kzp+k =: (g f)(2). (1.2)

k=1
Let P denote the class of functions of the form

p(z) =1+ Zpkzk )
k=1

which are analytic and convex in U and satisfy the condition

Re(p(z)) >0 (z€U).

For two functions of f and g, analytic in U, we say that the function f is
subordinate to g in U, and write

f(z) <g(z) (2€l),
if there exists a Schwarz function w, which is analytic in U with
w(0)=0 and |w(z)|<1l (z€U)

such that

Indeed, it is known that
f(z) <g(z) (z€U)= f(0)=g(0) and [(U)Cg(U).

Furthermore, if the function g is univalent in U, then we have the following
equivalence:

f(z) <9(2) (2€U) = f(0)=9(0) and f(U)Cg(U).
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For real or complex numbers a, b, ¢ other than 0, —1, -2, ..., the hypergeo-
metric series is defined by

> akb
Fi(a,b; 1.
2 Fi(a,b;c; 2) ;ckl (1.3)

and (z) is Pochhammer symbol defined by

() = F(;:(_—;—)k) =z(z+1)...(z+k—1) for k=1,2,3. 2 € C,(z)g=1. (1.4)

We note that the series (1.3) converges absolutely for all z € U so that
it represents an analytic function in U. Also an incomplete beta function
¢(a, c; z) is related to Gauss hypergeometric function o Fi(a, b; c; z) as

o(a,c;z) = zoF1(a,b;¢; 2) (1.5)

and we note that ¢(a,c;2) = z/(1 — 2)% where ¢(2,1;2) is Koebe func-
tion. Using ¢(a,c; z), a convolution operator [2],was defined by Carlson and
Shaferr. Furthermore, Hohlov [8] introduced a convolution operator using
29F1(a, b;¢; 2).

K. Al-Shagsi and M. Darus [1] introduced and investigated the linear op-
erator

Iﬁ:A—)A

defined, in terms of the Hadamard product (or convolution), by

Na,b,0)f(2) = (fula,b,0)(2) " % f(2) (0> 0,A> 1), (1.6)

where

-1 - A Ok 1
(fula b)) = ,; (ugc ++11))(a()k)(b)kz T eD), .7

The operator I(a,b,c) is an extension of the K. I. Noor operator [13].
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By setting

/

fup(a,b,c) = (1 — p)zPoFi(a, by c; z) + paP (20 Fi(a, b;c;2) ) (p>0) (1.8)

we define a new function (f,,)~" in terms of the hadamard product (or con-
volution)

1 2P

fup(a,b,¢)(2) x (fup(a,bc)(z)) = A= (zeU;A>—p). (1.9

It is well known that for (A > —p)

Zp > (p+>\)k by
k=0

We now define the linear operator I l’)’p(a, b,c) for A > —p as follows:
I;‘,p A, = A,
D (a,b, ) f(2) = (fanlab,e)(2) 7 % £(2) (1.11)
(u>0,A>—-p,zeU;feA,).

We can easily find from (1.8), (1.9) and (1.11) that

+ )
I (a,b,0)f(2) = zMZ 1fﬂk ’;Z)(b)kap+kzp+k (zeU). (1.12)

From (1.12), we note that

R (a, A +p,a)f(z) = f(z) and I} (a,p,a)f(z) = 2l p@ (1.13)

Also it can easily by verified that

21 (a,0,0)f(2) = A +p) DN a,b,0) f(2) = AL (a,b,0)f(2),  (1.14)

and

z([;),p(a—i— 1,0, c)f(z))l = aIL\,p(a, b,c)f(z)—(a —p)[;)’p(a—l— 1,b,¢)f(2). (1.15)
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By making use of the principle of subordination between analytic functions,
we introduce the subclasses

Sy(m:9), Ky (15 0), Cp(n, 05 ¢,40) and QC,(n, 65 ¢, 1) of the class A, (see [3]),
which are defined by

Sy(n;0) = {f €A,: 29%17(2]{(;) —77) <o(2)(peP;0<n<p;z € U)},

K, (n;¢) = {f €A,: pin<1+"f iz)—n> < o(2)(peP;0<n<p;ze U)},

Cp(n,0:¢,9) ={f € A, : 3g € S;(n; ¢) such that

1 [(2f(2) . .
m(g(z) 5)<¢(z)(¢,¢€”P,0§7},5<P, cU)},

and
QC,(1,8;6,) = {f € Ay : 3g € K, (1 6) such that

L () | |
p_5< 7 ) —5><¢(z)(¢,we7?,0§n,5<p,zetU)}.

Indeed, the above-mentioned function classes are generalizations of the gen-
eral starlike, convex, close - to - convex and quasi - convex functions in analytic
function theory [ 5,7,9,11,12,14,15-18 |.

Next, by using the operator defined by (1.12), we define the following
Kip(a7 b,c;n, @), C’ﬁ’p(a, b, ¢;n,0; ¢, 1) and subclasses Sﬁ"p(a, b,c;n, ), QC';‘yp(a, b,c;n, 05 0,1)
of the class A,:
Sapla,bcin, ¢) = {f € Ay 1 I (a,b,0) f(2) € S;(n; 9)}4
Ky (a,b,cm,0) = {f € Ayt Iy (a,b,0) f(2) € Ky(n; 0)},
Cop(a,b,¢0,050,0) = {f € Ay - I) (a,b,¢) f(2) € Cp(n, 650, 4)},

)

and

QCH (a,b,¢m,8;0,9) = {f € Ay : I} (a,b,¢) f(2) € QCy(n, 556, 4)}.
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Clearly, we know that

’

4
Fe K abano) e e sl abana), (1.16)
and
Z !
feQCyabandion) s L el wbanson.  (L17)

The main purpose of this paper is to investigate some inclusion relationships
and integral - preserving properties of certain subclasses of multivalent analytic
functions involving the linear operator [ 27p(a, b, c). Several subordination and
superordination results involving this operator are also derived.

2 Preliminary results

In order to prove our main results, we need the following lemmas.

Lemma 1. (/6]): Let k,9 € C. Suppose also that m is convex and univalent
in U with

m(0) =1 and Re(km(z)+9) >0 (z€U).
If u is analytic in U with w(0) = 1, then the following subordination
<m(z) (z€0)
implies that
u(z) < m(z) (z¢€0).
Lemma 2. ([10]): Let h be convex univalent in U and ¢ be analytic in U with

Re(((2)) >0 (z€).
If q is analytic in U and q(0) = h(0), then the subordination

4(2) +¢(2)2¢' (2) < h(z) (2 € ).
implies that

q(z) < h(z) (z€0).
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3 The main inclusion relationships

In this section, we give several inclusion relationships for multivalent analytic
function classes defined in the first section, which are associated with the linear
operator I) (a,b,c).

Theorem 1. Let 0 <1 < p and ¢ € P with

_A+n Re()+n
p—n  p—n

Re(¢(z)) > max {O, } (z€U). (3.1)

Then
Sptta,b, ¢, ) C Sy (a,b,¢m,¢) C Sy (a+1,b,¢m,0).  (3.2)
Proof. First, we prove that

S/.)L\,—;l(a/7 b) C? 777 ¢> C S/i‘J)(a) b) C : 777 Cb)
Let f € Sﬁ;l(a, b, c;m, ¢), and suppose that

1 z(I) (a,b, c)f(z))/ _
h(Z) B p—n ( I/i\,p<a7 b, C)f(z) 77) 7 (3'3)

where h is analytic in U with h(0) = 1. Combining (1.14) and (3.3), we find
that:

]f}gl(a, b,c)f(2)
(A+p) I} (a,b, 0 f(2)

Taking the Logarithmical differentiation on the both sides of (3.4) and multi-
plying the resulting equation by z, we get

=(p—n)h(z)+n+ A\ (3.4)

A1 1
1 Z<Iu,p (a, b, c)f(z)) ) = ne) + zh(2) < o(2).
p=m\ Lif'a,bc)f(2) (p—mh(z) +n+A

(3.5)
By virtue of (3.1), an application of lemma 2.1 to (3.5) yields h < ¢, that is
f €S, (a,b,c;n,¢). Thus, the first part of Theorem 3.1 holds true.

To prove the second part of Theorem 3.1, we assume that f € S 27p(a, b,c;n, )
and suppose that

1 (2Bt 1b9f()
9<Z>—<p—n>< I RCERNXONE ")’ (3'6)
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where ¢ is analytic in U with ¢(0) = 1. By combining (1.15), (3.1) and (3.6)
and applying the similar method of proof of the first part, we deduce that
g < ¢, thatis f € S;"p(a +1,b,¢;1m,¢). Therefore, the second part of Theorem
3.1 also holds true. The proof of Theorem 3.1 is evidently completed. O]

Theorem 2. Let 0 <17 < p and ¢ € P with (3.1) holds. Then

Kyt a,b,c;n,¢) € Ky (a,b,c;m,0) C K, (a+1,b,¢;m, ) . (3.7)

Proof. In view of (1.16) and Theorem 3.1, we find that

f(z) € K)7 ' a,b,c;m, 0)

/

- z([ﬁ;l(a, b, c)f(z))

& It (a,b,0)f(2) € Ky(n; ¢) € 5,(n; )

& L' (ab, c)(%@) € Sp(n;¢) < %52) €Sy (at1b,cn.¢) (38)

7 7

+ L e wnano o 2o (LE) e s
= Z(Iﬁ’p@’i’ ) € Sy(n;0) I, (a,b,¢) f(2) € Kp(n; )
& f(2) € K, ,(a,b,¢;n, ¢),
and
f(z) € K (a,b,¢m, ¢)
= Zf;fz) € X, (a,b,¢;m, ) = Zf;?(z) €S (a+1,bene), (39

/

z([ﬁ’p(avL 1,b, c)f(z))
o p € Sy ) & I (a+1,b,¢)f(2) € Ky(n; )

& f(2) € K (a+1,b,¢1;9).

Combining (3.8) and (3.9), we deduce that the assertion (3.7) of Theorem
3.2 holds. O
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Theorem 3. Let 0 <n <p, 0< 3§ < p and p,1p € P with (3.1) holds. Then

Cotl(a, by s, 8; ¢,10) C C(a,b,cin, 6;0,4) € Co (a+1,b,¢n,6; Q(;/j)lo)

Proof. Let f € C’l’);l(a, b,c;m,0; ¢,1). Then, by definition, we know that
(=2 o ()
p—5 ]3:;1(&7 ba C)g(Z)

with g(z) € S;‘;l(a, b, c;n, ¢), Moreover, by Theorem 3.1, we know that g €
Sl’l\,p(a, b, ¢;n, @), which implies that

1 (z([ip(a, b,c)g(z))

B bp—n IiL\,p(a7b7 C)g(Z)

. 5) <(z) (zeU) (3.11)

q(2) - 77) < ¢(z) (2€0). (3.12)

We now suppose that

p(z) = p—0\ I}, (a,bc)f(2)

where p is analytic in U with p(0) = 1. Combining (1.14) and (3.13), we find
that

p(2)(p = 8) + 11, ,(a,b,€)g(2) = (A +p) 51 (a,b,¢) f(2) — A ,(a, b, ¢) f(2).
(3.14)

1 (z(fj,p(a, b.)f(2) _ 5) (z € U), (3.13)

Differentiating both sides of (3.14) with respect to z and multiplying the re-
sulting equation by z, we get

p(2)(p — 8) +8]la(z)(p —n) + n+ Al + 2(p — n)p'(2)
214 a,b,e) f(2))

=(A+p) 1 (a,6.99() (3.15)
In view of (1.14), (3.12) and (3.15), we deduce that
1 (z(fg;;l(a,b, Of(2)) _5> _
p—o\ I}(a,b,0)g(z)
p(2) + (2) <) (z € U). (3.16)

(p—mq(z) +n+ A
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By noting that (3.1) holds and

9(z) < o(2) (2€0),

we know that
Re((p—n)q(z)+n+A) >0 (z€0U).

Thus, an application of lemma 2.2 to (3.16) yields

p(z) <¢(2) (2 €0),

that is f € C’ip(a, b, c;n,0; ¢, 1), which implies that

Cott(a, by e;m, 6;0,9) € Cpyp(a, b, ¢m, 65 ¢,4). (3.17)

By means of (1.15) and (3.1), and using the similar arguments of the details
above, we get

Co (a,b,¢1,0;0,0) C Cp (a+1,b,¢;1,8;6,1). (3.18)

Combining (3.17) and (3.18), we readily deduce that the assertion (3.10) of
Theorem 3.3 holds. [

Theorem 4. Let 0 <n<p, 0< 0 < p and ¢,¢ € P with (3.1) holds. Then
QCt a,b, ¢;n, 65 ,1) € QC) (a,b,c;n,6:¢9,¢) C QC, (a+1,b,¢;m,6;¢,1).
Proof. By virtue of (1.17) and Theorem 3.3, and by similarly applying the

method of proof Theorem 3.2, we conclude that the assertion of Theorem 3.4

holds. OJ

4 A set of integral — preserving properties

In this section, we derive some integral - preserving properties involving certain
integral operators.

Theorem 5. Let f € Sﬁ,p(a,b, cn, ¢) with ¢ € P and

Re(o+né+ (p—n)ép(2)) >0 (2 €Ujo € C;€ € C;¢ e C/H{O}).  (4.1)
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Then the function KZ(f) € A, defined by

2,0 b, OKZ(f) = Lyfa,b, K (£)(2)

=

_ (Uerg/t" (1 (a,b c)f(t))sdt> (€ U:E£0) (4.2)

belongs the class Sip(a, b,c;n, @) .

Proof. Let f € S} (a,b,c;7,¢) and suppose that

oL (Db oRe D) ()N
M“)‘p—n< Pylab.OKZ (D) 70 Fe )

Combining (4.2) and (4.3), we have

B - (b f(z) \*
o +né+ (p—n)EM(z) = (o + pf) D (@b okz(f) ) (4.4)

Making use of (4.2), (4.3) and (4.4), we get
M (2) B
o+ €+ (p—n)EM(z)

1 Z(Iﬁ\,p(avb’ C)f(z)
p—n [/i\p(a’? b, C)f(z)

M(z) +

) — 17) < ¢(z) (2€U). (4.5)

Since (4.1) holds, an application of lemma 2.1 to (4.5) yields
M(z) < ¢(z) (2 €U),
that is KZ(f) € S}i"p(a, b,c;n, ¢). This completes the proof of Theorem 4.1. [

Theorem 6. Let f € K}, (a,b,c;n,¢) with ¢ € P and (4.1) holds. Then the
function KZ(f) € A, defined by (4.2) belong to the class K} (a,b,¢;m, ).

Proof. By virtue of (1.16) and Theorem 4.1, we conclude that the assertion of
Theorem 4.2 holds. ]

Theorem 7. Let [ € C’ﬁ,p(a,b, cn,0;¢,0) with ¢ € P and (4.1) holds. Then
the function KZ(f) € A, defined by (4.2) belongs to the class C;’L\,p(a, b,c;n,0;0,10).



12 A. A AL-DOHIMAN

Proof. Let [ € Cg7p(a, b,c;n,d; ¢, 1) Then, by definition, we know that there
exists a function g € Sﬁ,p(a, b,c;m, ¢). such that

1 z([ip(a, b, c)f(z))
p—n Iﬁ\,p<a7b= C)g(Z)

holds. Since g € Sl;\m(a, b,c;m, ¢), by Theorem 4.1, we easily find that KZ(g) €
Sy (@, b,¢;m, ¢), which implies that

1 <z(<f:,p<a, b, e)K2(9)(2))
b

—n) <Y(z) (2€l)

D(z) =

p—n ],Li\,p(a’ ,C)Kgg(Z)

—n) <6(z). (46)

We now set

Ky L <z<<f,i,p<a,z;,c>/cg<g><z>) . 5), .

p—20 I ,(a,b,c)KZg(2)
where K is analytic in U with K(0) = 1. From (4.2) and (4.7), we get
§l(p — O)K(2) + 0113, (a, b, €) K (9)(2) +
01 ,(a, b, )KL (f)(2) = (6 +p€) I, ,(a.byc) f(2). (4.8)
Combining (4.6), (4.7) and (4.8), we find that
E(p — 0)2K (2) + [(p = OK(2) + 0[(p — ED(2) + 6 + €] =

2(13,(0,b,0)f (2)
I pa b, c)Kg(9)(2) -

By virtue of (1.14), (4.6) and (4.9), we deduce that

1(4@”ﬂwﬁ@f_0:

b— d IiL\,p<a7b7 C)g(Z)

(0 + p) (4.9)

N 2K (2)
(p —n)éD(z) + 6+ n¢

<(z) (z€U). (4.10)

The remainder of the proof of Theorem 4.3 is similar to that of Theorem 3.3.
We therefore choose to omit the analogous details involved. We thus find that

K(z) <9(2) (2€),

which implies that KZ(f) € Cl;\,p(a, b,c;n,0;¢,1). The proof of Theorem 4.3
is thus completed. O
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Theorem 8. Let [ € Qle?p(a, b,c;n, 8; ¢, ) with ¢ € P and (4.1) holds. Then
the function KZ(f) € A, defined by (4.2) belongs to the class QC’ip(a, b,c;n, 85 0,1).

Proof. In view of (1.17) and Theorem 4.3, we deduce that the assertion of
Theorem 4.4 holds.

By similarly applying the methods of proof of Theorems 4.1- 4.4, we get
the following integral - preserving properties. [

Colorally 1. Let f € Sl’),p(a, b,c;n, @) with ¢ € P and

B Re(v) +n

Re(¢(z)) > max {O, P }(2 € U; Re(v) > —p) . (4.11)

Then the integral operator F,(f) defined by

z

/tv_lf(t) dt (= € U; Re(v) > —p) (4.12)

0

_v+p
Z’U

E,(f) = Fu(f)(2)

belongs to the class S;"p(a, b,c;n, @).

Colorally 2. Let f € Kl’)’p(a, b, c;m; @) with ¢ € P and (4.11) holds. Then the
integral operator F,(f) defined by (4.12) belongs to the class Kﬁ,p(a, b,c;n, @).

Colorally 3. Let f € C’;"p(a, b,c;n, 0; ¢,0) with ¢ € P and (4.11) holds. Then
the integral operator F,(f) defined by (4.12) belongs to the class Cﬁ\,p(% b,c;n, 0; ¢, ).

Colorally 4. Let f € QC’;"p(a,b, c;n,0;¢,0) with ¢ € P and (4.11) holds.
Then the integral operator F,(f) defined by (4.12) belongs to the class QC’L\,p(a, b,c;n, 0; ¢, 10).

5 Subordination and Superordination results

In this section, we drive some subordination and superordination results as-
sociated with the operator I (a,b,c). By similarly applying the methods of
proof of the results obtained by Cho and Srivastava [4], we get the following
subordination and superordination results. Here, we choose to omit the details
involved.

Colorally 5. Let f,g € A, and A > —p. If

R6<1 + M) > —0 (g eU;p(z) = ]S;l(a,b, C)g(z))’

¥'(2) 2>
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where

(A= 1= (p+ N
&= 4(p+ N) ’ (5-1)

then the subordination relationship

Db of(2) I ab g(e)

zP zP

(z €U)

implies that

I} (a,b,0)f(z) . I} (a,b,c)g(z)
zP zb

(z € U).

A a,0,c z . .
Furthermore, the function W 15 the best dominant.

Denote by Q the set of all functions f that are analytic and injective on

U — E(f), where

E(f)={e€dU:lim f(z) = oo},

Z—E

and such that f'(g) # 0 for e € YU — E(f). If f is subordinate to F, then F

18 superordinate to f.

We now derive the following superordination results.

Colorally 6. Let f,g € A, and A > —p. If

Re (1 + w”(z)> > —Q<Z € Usop(z) = Lug'0:0 C)g(z)>,

¥'(2) 2P

where o is given by (5.1), also let the function I/f;gl(a, b,c)f(z)/z" be univalent
inU and I} (a,b,c)f(2)/2" € Q, then the subordination relationship

Lt (@b, 9g(z) | Liy'(a,b,0)f(2)
zP P

(z €U)

implies that

Ryab0)g()  1ya b0 (2)
zP 2P

(z € U).



Certain Subclasses Of Multivalent Analytic Functions Involving Linear Operatorld

Furthermore, the function I/’L\vp(a,b, c)g(z)/zP is the best subordinant.

Combining the above - mentioned subordination and superordination results
involving the operator ]2,1)(6”’ b, c) we get following’ sandwich - type results.

Colorally 7. Let f.gr, € A, (k=1,2) and A > —p. If

Pr(2) 2P

where ¢ is gien by (5.1), also let the function I3 (a,b, ¢) f(2)/2" be univalent
in U and I} (a,b,c)f(2)/2P € Q, then the subordination chain

Db on() | Ly abaf() | Lab.de()

zP zP zp

(z € )

implies that

Il’),p(a, b,c)g1(z) . Iip(a,b, c)f(z) . Iip(a,b, c)ga(2)

zP zP zP

(z € U).

Furthermore, the function I} (a,b,c)g1(2)/2" and I} (a,b,c)g2(2)/2" are, re-
spectively, the best subordinant and the best dominant.
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