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1 Introduction

The concepts of linear 2-normed spaces and 2-inner product spaces have
been extensively studied and developed in different subjects by many authors,
see [1, 2, 3] for instance and the related references cited therein.

In this section, we will recall some basic notions and results needed through-
out the paper. Let X be a linear space of dimension greater than 1 over the
field K =R or K = C. Let ., .|| be a real-valued function on X x X satisfying
the following conditions:

(2n4) ||z, y|| = 0 if and only if z and y are linearly dependent,
(2n2) ||z, yl| = |ly, z|| for all z,y € X,

(2n3) || Az, y|| = |||z, y|| for all A € K and all z,y € X,

(2ny) ||z +y, 2| < ||z, z|| + ||y, 2|| for all z,y,z € X.
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Then ||., .|| is called a 2-norm on X and (X, |.,.||) is called a 2-normed space.
Some of the basic properties of the 2-norms are that they are non-negative and
|z, y + az|| = ||z, y|| for every z,y € X and a € K.

Under the same assumptions over X, let (.,.|.) be a K-valued function
defined on X x X x X satisfying the following conditions:
(241) (z,x|z) >0 for all z,z € X, and,
(x,z|z) = 0 if and only if x and z are linearly dependent,
(2i) (x,x|2) = (2, 2|x) for all z,z € X
(2i3) (z,y|z) = (y,z|z) for all x,y, z € X,
(2i4) (A\x,ylz) = Mz, y|z) for all A € K and all z,y, 2z € X,
(2i5) (z1 + x2,y|2) = (21, y|2) + (22, y|2) for all z1,x9,y,2 € X.
Then (.,.|.) is called a 2-inner product on X and (X, (.,.].)) is called a 2-inner
product space. Whenever a 2-inner product (.,.|.) on X is given, we can define
an associate 2-norm on X defined by

Vo2 e X o,z = v/ al2)

Some basic properties of the 2-inner product (.,.|.) are recited in the fol-
lowing.
(i) For all z,y € X, one has (z,y|y) = 0 and (z,y|0) =0
(ii) The analogue of the standard Cauchy-Schwartz inequality holds, i.e. for
all z,y, 2z € X,

(@, yl2)| < V(@ 22V (y,y]2) = ||z, 2] 1y, 2] (1.1)

(iii) If (X, (.|.) is an inner product space, then we can define a 2-inner product
(.,.].) on X by setting

Va,y,2 € X (2,9]2) = (aly)llzl® - (2]2)(yl2) (1.2)

Let R™ be the classical finite dimensional space with n > 2. By analogy
with its familiar norms, R™ can be equipped with the following standard 2-
norms: For all z = (z1,29,...,2,) € R* and y = (y1,%2,...,4n) € R", we
get

z,ylh = Z w3y — @il

1<i<j<n
1/2
z,yll2 = ( Z (ziy; —xjyi)2> 5
1<i<j<n
I, ylloo = | max ziy; — x5].
The above 2-norm ||.,.||s derives from the classical 2-inner product of R™, so-

called the euclidian 2-norm (resp. 2-inner product) of R", defined as follows

(w,yl2) = > (@ — 252) (i — y;2),

1<i<j<n
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forallz = (1,29, ...,2,) € R™, y = (y1,Y2, .-, Yn) € R"and z = (21, 22, ..., 2,) €
R™.
Generally, if p € [1, 00] is an extended real number and we set

1/p
H%MMZ( §:|%w—$wﬁ> ,

1<i<j<n
then ||, .||, is a 2-norm on R”, called power 2-norm of R”. This power 2-norm
includes some of the most standard 2-norms of R". Namely, ||, .||, gives |.,.|[1
and ||.,.||2 when we take p = 1 and p = 2 respectively, and ||., .||, extends also

|-, -]l in the following sense

Vw,y € Rn HxayHOO = hm Hxvy“p
p—r00

For p € [1, 0], we denote by p* its conjugate defined by 1/p +1/p* =1 i.e.
p* = p/p — 1 with the convention, if p = 1 then p* = oo and if p = oo then
p* = 1. With this, the above power 2-norm ||., .||, of R™ satisfies the following
properties:

e An analogue of Holder inequality holds, i.e. for all z,y, z € R™ one has

|, y[2)] <z, 2llplly, 2llpe-

For p = 2, this inequality remains the Cauchy-Schwartz one.
e For all z,y € R" we have

eyl <l ylh + o,y
x,y > [T, Y| — T, Y .

P p* =
In particular, for all x,y € R™ one has

2|l yll2 < [z, yll + (12, yllo-

e The map p — ||., .||, is point-wisely monotone decreasing on [1, o[, [4], in
the sense that, for all z,y € R" there holds

p>q>1 = |z,vl, <llz,yll,

In particular, the following double inequality

12, Ylloo < Mz, yll2 < Nz, ylls,

holds for all x,y € R".

The remainder of this paper will be organized as follows: After this intro-
duction, Section 2 turns out of the duality notion of maps together with some
properties that will be needed in the sequel. Section 3 is focused to construct
an iterative algorithm converging, for the point-wise topology, to the euclidian
2-norm of R”. In Section 4, we present a generalized algorithm, extending the
above one and we study its point-wise convergence. This section will be ended
by summarizing the above results in the aim to put some open problems.
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2 Duality in the 2-Inner Product R”

We preserve the same notations as in the previous section. We precise here
some additional notions. Let b € R™ with b # 0. The notation < b > refers
to the subspace of R™ generated by bi.e. < b >= {tb, t € R}. With this, we
may state the following.

Definition 2.1 Let 6(.,.) : R" x R" — [0,+00] be a map satisfying the
condition (2n1) and let b € R™ with b # 0.
e The b-dual of 0(.,.) is the real-valued map 6 : R™ — [0, +00] defined by

(2, y[b)]
VreR" 6;(x)= sup —————.
b( ) yE<b> 9<y7b)

e The pseudo-dual of 0(.,.) is the map 0*(.,.) : R" x R" — [0, +00] defined
by
Ve, z e R 0%(x,2) = 0;(x) if 2 420 and 0" (x,0) = 0.

We explicitly notice that the above maps 6(.,.), 6;(.) and 6*(.,.) can take the
value +oo, with the convention 1/ + oo = 0 and 0/0 = +oo. It is easy to see
that 0;(x) = 0 if and only if x €< b >, that is, 0*(.,.) satisfies the condition
(2ny). If 6(.,.) is a 2-norm of R™ with pseudo-dual #*(.,.) also a 2-norm, we
say that 6(.,.) is a regular 2-norm of R". As we shall see later, all the above
standard 2-norms of R" are regular.

The elementary properties of the duality notion are summarized in the
following.

Proposition 2.1 With the above, the following assertions are met.
1. For all x € R",

0y (x) = sup{%, 0(y,b) > O} = sup{%, 0<0(y,b) < +oo}.

2. For all x,z € R",
0" (x, z) = sup{|(z,yl2)[; y €R", O(y,2) <1}

3. For all x,y,z € R",

(2, yl2)| < 07 (x,2)0(y, 2). (2.1)
In particular, for all x,z € R™ we have

o, 2113 < 6(z, 2)0" (2, 2).
4. For all 0(.,.) satisfying (2ny1) one has

0 (.,.) = (0")(.,.) <0(.,.).
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Proof. 1t is straightforward and we omit the details here.

The set of all (extended) real maps defined on R" x R" into [0, +00] can
be equipped with a partial ordering, called point-wise order, defined by the
following way. For 6,(.,.) and 6s(.,.), we write 6,(.,.) < 65(.,.) if and only if
01(x,y) < Oy(z,y) for all z,y € R", where we extend the classical order of R
to RU{+o0} by setting t < +oo for all t € RU{+oo}. With this it is easy to
see that, if 01(.,.) and 65(.,.) are two maps satisfying the condition (2n;) with
01(.,.) < 0s(.,.) then 07(.,.) > 05(.,.).

Proposition 2.2 The FEuclidian 2-norm ||.,.||2 of R™ is regular and self-dual,
that is,
Vz,z € R" ||:L'7'Z||; = ||$,Z||2
Further, ||.,.||2 is the unique self-dual 2-norm of R™.
Proof. 1If x and z are linearly dependent then ||z, z||5 = ||z, 2|2 = 0. Assume

that below x and z are linearly independent. By definition with Cauchy-
Schwartz inequality we obtain

* ‘/I’.’y Z) n
ool s= sup { S22y e R sl > 0f < sl 22
HyazHQ
Moreover, in (2.2) the upper bound ||z, z||2 is attained by the "sup” for y =

s It follows that ||.,.||s is a regular and self-dual 2-norm of R".
T, Z||2

Now, let 0(.,.) be a self-dual 2-norm of R", we will prove that 6(.,.) = |., ||2.
Indeed, according to inequality (2.1), with the fact that 0*(x, z) = 0(x, z) for
all z,z € R", we deduce that

Ve, z € R"  0(x,2) > ||z, z||2,
which, by taking the pseudo-dual, implies that
Ve,z e R 0%(x,2) =0(x, 2) < ||z, 2||5 = ||z, 2|2
The desired result follows so completes the proof.

Proposition 2.3 For all p € [1, 00|, the power 2-norm ||., .||, of R™ is reqular
with the relationship

[l =1
D=1

In particular, ||.,.||1 and ||., .|| are reqular and mutually dual. Again ||.,.||2 is
reqular and self-dual.

p*.
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Proof. Analogously to the proof of Proposition 2.2 we can assume that z
and z are linearly independent. It is well known that the Holder inequality is
the best possible, that is,

T, Y|z n
sup {1,y € e .21, > 0f = ool (23)

ly, zllp

We then deduce that [|.,.[5 = ||, .||, and so ||., .| is a 2-norm then |[., ||,
is regular. Taking p = 1, p = 400 and p = 2 we obtain the rest of the
proposition. The proof is so complete.

Proposition 2.4 Let 0;(.,.) : R* x R" — [0, 4+00] and 05(.,.) : R* x R" —
[0, +00] be two maps satisfying the condition (2n1) and let p €]1,00[. Then

there holds

1 1 1 1,
(591(., )+ 0l .)) < 01+ (). (2.4)

Proof. By definition, for all x, z € R™ with 2z # 0 we have

(]1)91(., )+ %eg(., .)>* (2, 2)

Y SR (D]
%91 (y7 Z) + #02<y7 Z)

; yeR™ 0<61(y,2) < +oo, 0<b(y,2) < —{—oo} )
(2.5)
By convexity of the real-mapping ¢ — 1/t, t €]0, +00], one has

|(z,y]2)] 1|(z, y[2)] +i|(ﬂf,y|2)|'
11,91(?47 Z) + 1%92<y,21) - p 91 y»Z) p* 02(:% Z)

(2.6)

Combining (2.5) and (2.6), the desired result follows by the subadditivity of
the "sup” with an elementary manipulation, thus completes the proof.

We end this section by introducing some notions needed later. Let (6%(.,.))x
be a sequence of real maps defined on R™ x R". We say that (6%(.,.)), converges
point-wisely to a map 6(.,.) if for all z,y € R™, 6%(x,y) converges (in R) to
O(z,y). The map 0(.,.) will be called the point-wise limit of the sequence
(0%, )

We say that (6%(.,.)); is point-wisely monotone decreasing if and only if
05 (2, y) < 0%(x,y) (2.7)

for all £ > 0 and all z,y € R". The following result, needed in the sequel, may
be stated.
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Proposition 2.5 Let (6%(.,.)). be a sequence of maps defined from R™ x R"
into [0, 4+00] such that:

(i) (0%(.,.))r converges point-wisely to a map 0(.,.) satisfying the condition
(2711),

(ii) For all k > 0, the map 0%(.,.) satisfies the condition (2n,),

(iii) (0%(.,.))x is point-wise monotone decreasing.

Then ((9'“)*(, ))k is increasingly convergent point-wisely to 0*(.,.).

Proof. Since the sequence (6%(.,.)); satisfies (ii) and (iii) then, for all
x,z € R™ with z # 0, we have successively

|(z, y|2)] |(z, y|2)]
0" (x,z) = sup ———>— = _ I
( ) 0(y,z)>0 9<y7 Z) 0(y,z)>0 lnkaO Qk<y7 Z)

or again

(2, 2) = sup sup I o g (@ 012)]

0(y,z)>0 k>0 9’“(?/, 2) k>0 0(y,z)>0 Qk(y,z) '

It is easy to verify that 6(y,z) > 0 if and only if #*(y, 2) > 0 for each k& > 0.
So we deduce that

(2, yl2)] K
0" (x,z) =sup sup ———= =sup(0¥)"(z,z2).
( ) k>0 0k (y,2)>0 o (ya Z) k:20< ) ( )

The fact that (6%(.,.)) is point-wisely decreasing implies that ((6%)*(.,.)), is

point-wise incresing, the desired result follows and the proof is complete.

Remark 2.1 We left the reader to verify throughout a counter-example that
the conclusion of the above proposition does not hold if the sequence (6%(.,.))x
18 point-wise monotone increasing.

3 Algorithm Converging to the 2-Norm ||, .[|-
of R"

For all z,y € R", let us define the following recursive process

1 1 *
Az, y) = llo,yllh, A (o) = A% @) + 5 (W) (@ y), k20, (B1)

Theorem 3.1 With the above, the sequence (A¥), converges point-wisely to
the euclidian 2-norm of R™, i.e.

Va,y € R" ”I’yHQ = khm Ak(l‘ay)
—00



56 Igbal H. Jebril and Mustapha Raissouli

Moreover, the following estimation inequality holds

1
Vk >0, Yo,y € R* 0 < A¥(x,y) — ||z, y||s <

> ? (||x,y||1 - ||x,y||oo)-

Proof. If x and y are linearly dependent then the desired result is immediate.
Assume that x and y are linearly independent. By (2.1) with (3.1), we have

1 1|(z, z]y|
k+1 > k -
AT (@ y) 2 oA (2 y) + 2 A (z.y) (3.2)

By the increase monotonicity and concavity of the real-map ¢t — In t, t €
10, +00], inequality (3.2) implies that

1 1
or again, after a simple reduction
1
In A* (2, y) > éln [(z, 2[y)| = In |2, y|lo-

This, with the fact that ||z, y|l2 < ||z, 9|1 := A°(z,y), yields
Ak(‘ra y) > Hxa y||27

for all £ > 0. Since ||., .||2 is self-dual, the above inequality implies the following
one

(M) () < o yllos
for all £ > 0. Now, we have

(A" (z, ) = |z, yll2)

(A, ) = llz,y]l2) .,

(A, ) = Nz, y]l2) +

DN | —

0 < Az, y) — ||z, yll2 =

<

N — o]~

from which, by mathematical induction on k£ > 0, we deduce that

1

for all £ > 0 and all z,y € R™. The desired result follows from the fact that
|1z, ylloo < ||z, y|2, so completes the proof.

Uz, ylls = Nz, yll2)

Remark 3.1 Using Proposition 2.4 with Proposition 2.1,3., another different
proof for showing the above theorem is possible. For analogue idea, see the
proof of Theorem 4.2 below. We left the details here.
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Remark 3.2 With the above, let us set, for all x,y € R”

Ek(‘ra y) = Ak(xv y) - qu y||27
called the error estimation for the point-wise convergence of (A¥)x to ||., .||
Following the above proof, it is proved that

1 1
0< EMY(2,9) < éEk(x,y) <. < ﬁEO(x,y).

That is to say that (A¥), converges point-wisely to ||.,.||s with a geometric
speed.

4 Generalized Iterative Algorithm

As already pointed out, this section investigates a converging algorithm
extending the above one. Let p € [1,00| be as in the above and define the
sequence (T%(.,.)) by the following iterate process

1 1 )
Th (z,y) = Z;T’,Z(x,y) T (TE) (z,y), k>0, Yo(z,y) = ||lz,ylli (4.1)

It is easy to see that, for all p € [1, 00] and k > 0, the map T’;(., .) is defined
from R™ x R™ into [0, +oo[. Further T%(.,.) satisfies the condition (2n;) and
so the above algorithm is recursively well defined. Let us remark that

1 1
Tl(l‘ay) - _HxvyHl + _H"L‘ayHOO
p P p*

and, Y¥(z,y) = ||z, 9|1, Y5 (z,y) = ||z, 9|l for all k > 0. Below, we can then
assume that 1 < p < co. Clearly, for p = 2, algorithm (4.1) coincides with
(3.1).

Proposition 4.1 For all 1 < p < oo, the following assertions are met:
1. For every k > 0 and all x,y € R, (T’;*)* (z,y) < Th(z,y).
2. The sequence (T';(., )k is point-wisely monotonic decreasing.

Proof.
1. For k£ = 0 it is trivial. By Proposition 2.4 with Proposition 2.1,3., we
obtain for all z,y € R™,
1

which gives the desired inequality.

2. Substituting the above inequality in (4.1), we immediately deduce the
point-wise decreasing monotonicity of the sequence (T’;(., ))k- The proof is
thus complete.

(05)" @)+ The) = T @) (42)
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Theorem 4.2 The sequence (Y;(.,.)), converges point-wisely to a map T(.,.)
satisfying the condition (2ny). Furthermore, the following estimation

| =

0< Yh(z,y) — Tpla,y) < 5 (lasylh — 2, ylo) (4.3)

3

holds for all k > 0 and all z,y € R™.

Proof. According to Proposition 4.1, we have

2, Yoo < oo < (X5 (2,9) < (YE) (2,9)
<Y, y) ST wy) < < layylh, (44)
for all £ > 0 and all z,y € R"™. It follows that, for all z,y € R", the real

sequences (T’;(x, y)) ., 1s monotone decreasing and lower bounded, so it is con-

vergent in R. Proposition 2.5, with (4.4), tells us that (T’;(., )),C converges
point-wisely to a map denoted by Y,(.,.) and satisfying condition (2n). To
prove the estimation (4.3), we first remark that,

which with the fact that
k+1 1 k 1 k\*
T mw#m@m—gauaw—nww»+g(aw<am—n@y»

yields the following double inequality

1

0 < Ty (w,y) — Ty(z,y) < p (Yp (@ y) = Tolz,y))

for all £ > 0 and all z,y € R™. The desired result follows by a mathematical
induction with a simple manipulation. The proof of the theorem is complete.

Corollary 4.3 For every 1 < p < oo and all z,y € R", the following proper-
ties hold

) 1
(i) Tp(w,y) < ];H%yﬂl + ];HH%ZJHOO.
(ii) (Yp)" (x,y) = Tpe(z,y). In particular, one has Yoz, y) = ||z, y||2-

Proof.

(i) By the point-wise decrease monotonicity of (T%(.,.)) . We have

1 1
Tp(wy) < Ty(w,y) = Sl gl + i ylleo.
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Letting £k — oo in this latter inequality we obtain the desired result.

(ii) Since (T’;(., ))k converges point-wisely to T, (., .) for every 1 < p < oo then
(TE.(, ))k converges point-wisely to Yp«(.,.). Algorithm (4.1), with Proposi-
tion 2.5, yields when k& — oo the first relation of (ii). In particular, if p = 2
then p* = 2 and so (To(.,.))* = Ta(.,.). Since ||.,.||2 is the unique self-dual
2-norm of R™, the second relation of (ii) is so obtained, thus concludes the
proof.

Proposition 4.4 For 1 < p < oo, the map p — Y,(.,.) is point-wisely
monotone decreasing. That is, for all x,y € R™ we have

p>2qg>1 = Tp(x7y> < Tq<x>y)'

Proof. By a mathematical induction on k£ > 1, we wish to establish that,
for all x,y € R", we have T';(a:,y) < T’;(x,y) whenever p > ¢. For k =1, it

1 1
is immediate from the decrease monotonicity of p —— ~[|z, y|l1 + — |7, y[|oo,

since ||z,Y|loo < ||z, y|l1. Now, assume that for p and ¢ such that p > ¢ we
have Y%(z,y) < Ti(z,y) for all z, € R". One has

1 1 * 1 1 *
Y5 y) = SCh() + o (Th) (0) < Tk y) + - (1) (20).
p p p p
(4.5)
According to Proposition 4.1, we have (T’;*)* (z,y) < T];(x,y) which, with
Proposition 2.4 and Proposition 2.1,3., yields

1 1 %

Summarizing, for k > 0 and p > ¢ we have Y% (z,y) < Th(z,y) forall 2,y € R™.
Letting £ — oo in this latter inequality we deduce the desired result.

A Holder type inequality satisfied by the map T,(.,.) is recited in the
following.

Proposition 4.5 Let 1 < p < oo and x,y,z € R then one has
|(z,y|2)| < Yp(z, 2)Tp(y, 2). (4.6)

Proof. 1f y and z are linearly dependent then the first side of (4.6) is equal
to 0 and then the desired inequality is obvious. Assume that below y and z
are linearly independent. If p = 1 or p = oo then the inequality is obviously
satisfied. Assume that 1 < p < co. Algorithm (4.1), with the definition of the
dual, gives

1 |(z,yl2)|

1 1 . 1
YEH (g, 2) = =Y¥(x, 2) + — (YE) (2, 2) > =YF(x, 2) + — 2222
£110.2) = ST )+ (1) (00) > S0k 0+ )
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By Young’s inequality we deduce that

1/p*
TE (z, 2) > (Th(z, z))l/p |(f’y|z)| T
(Tp* (y,Z))

This, when k — oo and after a simple reduction, yields the desired result. The
proof is complete.

Following the above study, Y,(.,.) satisfies the condition (2n). It is easy
to see that the conditions (2n3) and (2ny) are also satisfied for Y,(.,.), but
(2n4) is not obvious. We are in position to put the following open problem.

Problem 1. Prove or disprove that, for all p €]1,00[, T,(.,.) is a 2-norm
of R™.

Further, as we have seen, the map Y,(.,.) enjoys similar properties as that

of ||., .||, Itemizing, the following assertions have been obtained:
(i) p—||.,-ll, and p — T,(.,.) are both point-wise monotone decreasing,

(i) [z, 9l = Ti(z,y), llz,yl2 = To(z,y) and ||z, yllec = Too(z,y), for all
x,y € R".

@) |-, -5 =1l -

peand Tr(.,.) = Tpe(.,.) for all 1 < p < oo,

) 1 1 1 1
(i) [lz,yll, < —|Ix,y||1+];llw,y|\oo and Tp(z,y) < ];Ilw,y||1+];llx,y\|oo7
for 1 <p<ooandall z,y € R",

) 1@ yl2)] < Nz, 2l 2l and |(2,912)] < Tplw, )00 (g, 2), for all 1 <
p < oo and all x,y,z € R™.

After this, it is natural to arise the following.

Problem 2. Prove or disprove that ||.,.||, and Y,(.,.) are algebraically
different.
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