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Abstract

Let R be a semiprime ring, I a nonzero ideal of R and F' is a gener-
alized derivation associted with a derivation d. If F' satisfies any one of
following conditions: (i) F(zy) —xy € Z(R), (ii) F(xy) —yx € Z(R),
(7i1) F(x)F(y) —zy € Z(R), (iv) F(z)F(y)—yx € Z(R) for all z,y €
I, then [I, R|d(R) = (0). In particular if R is prime, then either R is
commutative or d = 0.
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1 Introduction

Throughout this paper, R will represent an associative ring with center Z(R).
Recall that R is called prime if aRb = (0) implies a = 0 or b = 0; it is semiprime
if aRa = (0) implies that a = 0. Clearly, every prime ring is a semiprime ring.
For z,y € R, [z,y] = xy — yx (resp. z oy = xy + yz) denote the commutator
(resp. the anticommutator) of z,y. An additive mapping d : R — R is
a derivation if d(zxy) = d(z)y + zd(y) for all x,y € R. An additive mapping
F: R — R is a generalized derivation if there exists a derivation d of R such
that F(zy) = F(x)y + zd(y) for all x,y € R.

Several authors have proved commutativity theorems for prime and semiprime
rings admitting derivations or generalized derivations satisfying any one of
the properties (i) — (iv) on any appropriate subset. Motivated by this result,
our aim in the following paper is to study generalized derivation satisfying
properties (i) — (iv) on a a nonzero ideal of a semiprime ring.
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2 Main results

In order to prove our theorems we shall need the following facts.

Fact 2.1 Let R be a semiprime ring and I a nonzero ideal of R. If x € 1
is such that xIx = (0), then x = 0. In particular, if I = (0), then x = 0.

Fact 2.2 Let R be a semiprime ring and I a nonzero ideal of R. If xy €
Z(R) for all x,y € I, then I C Z(R).

Proof. We have [z, r|y + z[y,r] = 0, for all z,y € I, r € R, replacing y by yx
we get xy[x, r] = 0, left multiplying last expression by r we obtain rzy[z,r] = 0
again replacing y by ry implies that zrylz,r] = 0 so [z, r]y[z,r] = 0, that is
[z, 7]I[z,r] = 0, thus the semiprimeness together with Fact 2.1 yield [z,7] =0
so that I C Z(R). i

Theorem 2.3 Let R be a semiprime ring and I a nonzero ideal of R. If
R admits a generalized derivation F associated with a derivation d satisfying
F(zy) —xy € Z(R) for all z,y € I, then [I, R|d(R) = 0. In particular if R is
prime, then either R is commutative or d = 0.

Proof. We are given that
F(zy) —xy € Z(R) for all z,y € I. (1)

Replacing y by yz in (1), where z € I, we get F(zy)z — xyz + xyd(z) € Z(R)
that is [xyd(z), z] = 0, so that

zyld(z), 2] + xly, 2]d(2) + [z, z]yd(z) =0 for all z,y,z € I. (2)

Writing d(z)x instead of = in (2) we obtain

[d(2), z]zyd(z) =0 for all x,y,z € I. (3)
Substituting yz for y in (3) we get

[d(2), z]Jzyzd(z) =0 for all x,y,z € I. (4)
Right multiplying equation (3) by 2z we find that

[d(2), z]Jzyd(z)z =0 for all x,y,z € I. (5)
Employing equations (4) and (5) yield

[d(2), z]zyld(z),2] =0 for all z,y,z € I. (6)
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Right multiplying equation (6) by z leads to
[d(2), z|lxI[d(2),z]lx =0 forall z,z € I. (7)
Hence Fact 2.1 forces that
[d(2),z]z =0 forall z,z€ 1, (8)
once again applying Fact 2.1 we get
[d(2),2] =0 forall ze€I. 9)
In view of ([7], main Theorem), equation (9) yields [/, R]d(R) = 0. "

Theorem 2.4 Let R be a semiprime ring and I a nonzero ideal of R. If
R admits a generalized derivation F associated with a derivation d satisfying
F(zy) —yz € Z(R) for all z,y € I, then [I, R|d(R) = 0. In particular if R is

prime, then either R is commutative or d = 0.
Proof. We have
F(xy) —yr € Z(R) forall z,y € I. (10)
Replacing y by yz in (10), where z € R, we get
[y, 2]z, z]+y[lx, 2], 2] +[z, 2z|lyd(2)+x[y, z]d(2)+zyl[d(2),2] =0 for all x,y € I,
Substituting xy for y implies that -
[z, z|y[z, 2] + [z, z]Jzyd(z) =0 for all x,y € I, z € R. (12)
Replacing z by z + z we obtain
[z, 2]zyd(z) =0 forall x,y eI, z€ R. (13)
Writing d(x) instead of z in (13) we get
[d(z), x]zyd(z) =0 for all z,y € I. (14)
Replacing y by yz in (14) we get
[d(z), z]zyzd(z) =0 for all x,y € I. (15)
Right multiplying equation (14) by x we obtain

[d(x), z]zyd(x)z =0 for all z,y € I. (16)

z € R.
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Employing equations (15) and (16) we arrive at [d(z), x]zy[d(x),z] = 0, so
that
[d(x),z)zl[d(z),z]xr =0 forall x € I. (17)

In view of equation (17) Fact 2.1 forces that [d(z), z]z = 0, so that
[d(z),z]2®> =0 forall z € I. (18)
On the other hand replacing y by z? in (10) we get
2*[d(z), 2] =0 forall z €. (19)
Comparing equations (18) and (19) we conclude that [[d(z), x], 2% = 0, so
[[d(z?),2%],2%] =0 forall z €1. (20)
Accordingly, ([7], main Theorem) assures that [I, R|d(R) = 0. "

Theorem 2.5 Let R be a semiprime ring and I a nonzero ideal of R. If
R admits a generalized derivation F associated with a derivation d satisfying
F(x)F(y) —zy € Z(R) for all x,y € I, then [I, R]d(R) = 0. In particular if
R is prime, then either R is commutative or d = 0.

Proof. Suppose that
F(z)F(y) —xy € Z(R) forall z,y € I. (21)
Replacing y by yz, where z € I, we get
[F(z)yd(z),z] =0 forall z,y,z € I. (22)
Writing zy instead of y in (22) we obtain
[F(z)zyd(z),z] =0 forall z,y,z € I. (23)
Substituting zz for = in (22) and using (23) leads to
[xd(2)yd(z),z] =0 for all z,y,z € I. (24)
Replacing x by xz we arrive at
[zzd(z)yd(z),z] =0 forall z,y,z € I. (25)
Right multiplying (24) by z implies that

[zd(2)yd(z)z,2z] =0 forall x,y,z € I. (26)
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Subtracting (26) from (25) we find that
[z]d(z)yd(2), z],2] =0 for all z,y,z € I.

Putting d(z)yd(z)z instead of x in (27) we obtain

[d(2)yd(z), z|I[d(z)yd(2),z] =0 for all y,z € I.

Applying Fact 2.1 we deduce
[d(2)yd(2),z] =0 forall y,ze€I

Now replacing y by yd(z)x where z € I we obtain

d(2)yld(z), z]zd(z) =0 for all z,y,z € I.
Substituting zy for y yield

d(z)zyld(2), z]zd(z) =0 for all z,y,z € I.
Left multiplying equation (30) by z we get

zd(2)yld(z), z]zd(z) =0 for all x,y,z € I.
Subtracting (32) from (31) we arrive at

[d(2), z]yld(2), z]Jzd(z) =0 for all z,y,z € I.

Replacing y by xd(z)y implies that

[d(2), z]xd(2)I[d(z), z]zd(z) =0 for all z,z € I.

Hence
[d(2), z]zd(z) =0 for all z,z € I.

Replacing = by xz in (35) we get

[d(z2),z]zzd(z) =0 forall z,z € I.
Right multiplying (35) by z we result

[d(2), z]xd(z)z =0 for all z,z € I.

Thus
[d(2), z]I[d(z),z] =0 forall ze€lI,

so that
[d(2),2] =0 forall ze€ I

Applying ([7], main Theorem) we conclude that [I, R]d(R) = 0.

25

(27)

(28)

(32)

(33)
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Theorem 2.6 Let R be a semiprime ring and I a nonzero ideal of R. If
R admits a generalized derivation F associated with a derivation d satisfying
F(x)F(y) —yx € Z(R) for all x,y € I, then [I, R]d(R) = 0. In particular if
R is prime, then either R is commutative or d = 0.

Proof. We have
F(x)F(y) —yx € Z(R) forall z,y € I. (40)
Replacing y by yz, where z € I, we get
(F(z)F(y) —yz)z + ylz, 2] + F(x)yd(z) € Z(R) for all z,y,z€ I, (41)

so that
lylx, 2], z] + [F(z)yd(2),2z] =0 for all z,y,z € I. (42)

Writing xz instead of x, we obtain
[y[z, 2], 2]z + [F(2)zyd(z) + zd(2)yd(z),z] =0 for all z,y,z € I.  (43)
Again replacing y by zy in (42) we arrive at
z[ylz, 2], 2] + [F(x)zyd(2),2] =0 for all z,y,z € I. (44)
Subtracting (44) from (43) we get
[ylz, 2], 2], 2] + [zd(2)yd(2),z] =0 for all z,y,z € I. (45)
Substituting zz for x in (45) we obtain
[y[z, 2], 2], 2]z + [x2d(2)yd(2),2] =0 for all z,y,z € I, (46)
Right multiplying equation (45) by z lead to
[y, 2], 2], 2]z + [xd(2)yd(2)z, 2] =0 for all z,y,z € I, (47)
Employing (46) and (47) yield
[z[d(2)yd(z), z],z] =0 forall z,y,z €I, (48)

Since (48) is the same as (27) reasoning as in Theorem 2.5, we get the required
result. ]
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3 Open Problems

To end this paper we introduce the following open questions :

(i) Does the condition F([z,y]) — [z,y] € Z(R) for all ,y € I implies that
I, RJd(R) = 07

(1) Does the condition F(zoy) —zoy € Z(R) for all x,y € I implies that
[I,R]d(R) =07

(i7i) Does the condition [F'(z), F(y)] — [x,y] € Z(R) for all x,y € I implies
that [, RJd(R) = 07

(1v) Does the condition F(x)o F(y) —xoy € Z(R) for all z,y € I implies that
[I, R]d(R) =07

References

[1] A. Ali, D. kumar and P. Miyan, On generalized derivations and commuta-
tiwity of prime and semiprime rings, Hacet. J. Math. Stat. 40 (2011), no.
3, 367-374.

[2] M. Ashraf, A. Ali and S. Ali, Some commutativity theorems for rings with
generalized derivations, South. Asian Bull. of Math. 31 (2007), 415-421.

[3] R. Awtar, Lie and Jordan structure in prime rings with derivations, Proc.
Amer. Math. Soc. 41 (1973), 67-74.

[4] H. E. Bell and M. N. Daif, On derivations and commutativity in prime
rings, Acta Math. Hungar. 66 (1995), 337-343.

[5] H. E. Bell and M. N. Daif, Remarks on derivations on semiprime rings,
Internat. J. Math. and Math. Sci., 15 (1992), 205-206.

[6] O. Golbasi and E. Koc, Notes on commutativity of primr rings with gen-
eralized derivations, Commu. Fac. Sci. Univ. Ank. Series A1 58 (2009), no.
2, 39-46.

[7] T. K. Lee, Semiprime rings with hypercentral derivation, Canad. Math.
Bull. 38 (1995), no. 4, 445-449.

[8] L. Oukhtite and A. Mamouni, Derivations satisfying certain algebraic iden-
tities on Jordan ideals, Arab. J. Math. 1 (2012), no. 3, 341-346.



28 Abdellah Mamouni

[9] L. Oukhtite, Posner’s second theorem for Jordan ideals in rings with invo-
lution, Expositiones Mathematicae, 29 (2011), 415-419.

[10] L. Oukhtite, Lie ideals and generalized derivations of rings with involu-
tion, Int. J. Open Probl. Compt. Math., 4 (2010), no. 4, 617-626.

[11] E. C. Posner, Derivations in prime rings, Proc. Amer. Math. Soc. 8
(1957), 1093-1100.

[12] S. M. A. Zaidi, M. Ashraf and S. Ali, On Jordan ideals and left (6,0)-
derivations in prime rings, Int. J. Math. Math. Sci. 2004 (2004), no. 37-40,
1957-1964.



