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Abstract 

     In this paper, we study inextensible flows of curves in Euclidean 
space 3E . Using the Frenet frame of the given curve, we present 
partial differential equations. We give some characterizations for 
curvatures of a curve in Euclidean space .3E   
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1      Introduction 

Construction of fluid flows constitutes an active research field with a high 

industrial impact. Corresponding real-world measurements in concrete scenarios 

complement numerical results from direct simulations of the Navier-Stokes 

equation, particularly in the case of turbulent flows, and for the understanding of 

the complex spatio-temporal evolution of instationary flow phenomena. More and 

more advanced imaging devices (lasers, highspeed cameras, control logic, etc.) 

are currently developed that allow to record fully timeresolved image sequences 

of fluid flows at high resolutions. As a consequence, there is a need for advanced 

algorithms for the analysis of such data, to provide the basis for a subsequent 

pattern analysis, and with abundant applications across various areas, [7,10,11]. 

In this paper, we study inextensible flows of curves in Euclidean space 
3E . Using the Frenet frame of the given curve, we present partial differential 

equations. We give some characterizations for curvatures of a curve in Euclidean 

space .3E  
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2      Preliminaries 

Assume that  BN,T,  be the Frenet frame field along  . Then, the Frenet 

frame satisfies the following Frenet--Serret equations: 

 ,=' NT   

 ,=' BTN    (2.1) 

 ,=' NB   

where   is the curvature of   and   its torsion and 

       1,=1,=1,= BB,NN,TT, ggg  

       0.=== BN,BT,NT, ggg  

 

The Bishop frame or parallel transport frame is an alternative approach to 

defining a moving frame that is well defined even when the curve has vanishing 

second derivative, [1]. The Bishop frame is expressed as  

 ,= 2211 MMT kk'   

 ,= 11 TM k'   (2.2) 

 ,= 22 TM k'   

where 

       1,=,1,=,1,= 2211 MMMMTT, ggg  

       0.=,=,=, 2121 MMMTMT ggg  

 

Here, we shall call the set }{ 21 M,MT,  as Bishop trihedra, 1k  and 2k  as 

Bishop curvatures and  
1

2arctan=
k

k
sU ,  ss 'U=)(  and .=)( 2

2

2

1 kks   

Bishop curvatures are defined by 

  ,cos)(=1 ssk U  

  .sin)(=2 ssk U  

 

 

Let   be a unit speed regular curve and (2.1) be its Frenet--Serret frame. 

Let us express a relatively parallel adapted frame: 

 

 ,= 11 BΠ '  

 ,= 22 BΠ '  (2.3) 

 ,= 2211 ΠΠB  '  

where 

       1,=,1,=,1,= 2211 ΠΠΠΠBB, ggg  

       0.=,=,=, 2121 ΠΠΠBΠB ggg  
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We shall call this frame as Type-2 Bishop Frame. In order to investigate 

this new frame's relation with Frenet--Serret frame, first we write 

 .= 2

2

2

1    (2.4) 

 

The relation matrix between Frenet--Serret and type-2 Bishop frames can 

be expressed 

     ,cossin= 21 ΠΠT ss AA   

     ,sincos= 21 ΠΠN ss AA   

 B.=B  

 

So by (2.4), we may express 

  ,cos=1 sA   

  .sin=2 sA   

 

By this way, we conclude 

   .arctan=
1

2




sA  

 

The frame  BΠΠ ,, 21  is properly oriented, and   and   
s

s
0

=A  dss)(  are polar 

coordinates for the curve  . We shall call the set  221 ,, ,εB,ΠΠ 1  as type-2 

Bishop invariants of the curve  , [17]. 

 

3      Inextensible Flows according to New Type-2 Bishop 
Frame  

Let  tu,  is a one parameter family of smooth curves in .3E  

The arclength of   is given by 

  


u

du
u

us
0

,=)(


 (3.1) 

where 

 .,=
2

1

uuu 









 
 (3.2) 

 

The operator 
s


 is given in terms of u  by 

 ,
1

=
us 
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where =v  
u


 and the arclength parameter is .= vduds  

Any flow of   can be represented as BΠΠ ,, 21  

 ,= 32211 BΠΠ bbb 




t


 (3.3) 

where ).(,, 3

321 Ebbb C  

 

Definition 3.1. The flow 
t


 in 3E  are said to be inextensible if  

 0.=
ut 





 

                                             

(3.4) 

 

 

 

Lemma 3.2. Let BΠΠ 32211= bbb 




t


 be a smooth flow of the curve 

  according to new type-2 Bishop frame .  The flow is inextensible if and only if 

 ,cos)(sin)(= 23
2

13
1 Ab

b
Ab

b
 v

u
v

ut

v














 (3.5) 

where ).(,, 3

321 Ebbb C  

 

Proof. Suppose that 
t


 be a smooth flow of the curve   .  Using 

definition of  , we have  

     113
1

21 )(,cossin=< ΠΠΠ v
u

ss
t

v
b

b
AA 









 

 .)()( 2211
3

223
2 >BΠ  vv

u
v

u
bb

b
b

b










  

 

Making necessary calculations from above equation, we have (3.5), which 

proves the lemma. 

 

Lemma 3.3. Let 
t


 be a smooth flow of the curve   according to new 

type-2 Bishop frame .  The flow is inextensible if and only if 

 ,cos)(=sin)( 23
2

13
1 Ab

b
Ab

b
 v

u
v

u










 (3.6) 

where ).(,, 3

321 Ebbb C  

 

Proof. Using lemma 3.2, we easily have (3.6). 
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We now restrict ourselves to arc length parametrized curves. That is, 1=v  

and the local coordinate u  corresponds to the curve arc length s . We require the 

following theorem. 

 

Theorem 3.4. 

 ,)]cos(cos[= 2213
1

1
1 BΠ

Π
pA

A
b

b
Ap 















sst
  

 B,Π
Π

4123
2

3
2 sin)sin([= pA]A

A
b

b
p 















sst
  

 12211
3

5 ]sin)([= Π
B

Abb
b

p  









st
 

 ,Π22211
3

6 cos)([ A]bb
b

p  





s
 

where ).(,,,,, 3

654321 Epppppp C  

 

Proof. Using definition of  , we have 

 ).(= 32211 BΠΠ
T

bbb 








st
 

 

Using the (2.3) equations, we have 

 B.ΠΠ
T

)()()(= 2211
3

223
2

113
1  bb

b
b

b
b

b




















ssst
 

 

Thus it is easy to obtain that 

 ,)]cos(cos[= 2213
1

1
1 BΠ

Π
pA

A
b

b
Ap 















sst
  

 B,Π
Π

4123
2

3
2 sin)sin([= pA]A

A
b

b
p 















sst
  

 12211
3

5 ]sin)([= Π
B

Abb
b

p  









st
 

 ,Π22211
3

6 cos)([ A]bb
b

p  





s
 

where ).(,,,,, 3

654321 Epppppp C  

 

Then, we obtain the theorem. 

 

Theorem 3.5. Let 
t


 be inextensible according to new type-2 Bishop 

frame. Then, the following partial differential equation holds: 
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 ],sin)[(= 2211
3

52 Abb
b

pp  





s
 

where 3211 ,,, bbbp  are smooth functions of time and arc length. 

 

Proof. Assume that 
t


 is inextensible in three dimensional Euclidean 

space .3E  

Then we can easily see that 

 

213
1

1221121 )]]cos(cos[[= ΠΠΠ A
A

b
b

Appp
sssts 





















  

 B.)]]cos(cos[[ 13
1

122 A
A

b
b

App
sss 












   

 

On the other hand, we have 

 12211
3

511 ]sin)([= ΠΠ Abb
b

p  













sst
 

 B.Π
ts 







 1

22211
3

61 cos)([


 A]bb
b

p  

 

Thus, we obtain the theorem. 

 

In the light of Theorem 3.5, we express the following corollary without 

proof: 

 

Corollary 3.6. 

 )]]cos(cos[ 13
1

122 A
A

b
b

App
sss 












   

 A],bb
b

p cos)([= 2211
3

61  





s
 

where 321654321 ,,,,,,,, bbbpppppp  are smooth functions of time and arc length. 

  

Corollary 3.7. 

 )]],cos(cos[[= 13
1

122
1 A

A
b

b
App

ssst 
















 


 

where 321654321 ,,,,,,,, bbbpppppp  are smooth functions of time and arc length. 

  

Theorem 3.8. Let 
t


 be inextensible according to new type-2 Bishop 

frame. Then, the following partial differential equation holds: 
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 A]],A
A

b
b

p
p

sin)sin([[= 23
2

31
42

ssst 
















 


 

where 321654321 ,,,,,,,, bbbpppppp  are smooth functions of time and arc length. 

 

Proof. Assume that 
t


 is inextensible in three dimensional Euclidean 

space .3E  

We can write 

 123
2

3142 sin)sin([[= ΠΠ A]]A
A

b
b

pp
sssts 





















  

 BΠ A]]A
A

b
b

p
p

p sin)sin([[ 23
2

31
4

224
sss 












   

 

On the other hand, we have 

 12211
3

52
2

2 ]sin)([= ΠBΠ Abb
b

p 





















stst
 

 22211
3

62 cos)([ ΠA]bb
b

p  





s
 

 

Thus, we obtain the theorem. Hence the proof is completed. 

 

In the light of Theorem 3.8, we express the following corollary without 

proof: 

 

Corollary 3.9. 

 A]]A
A

b
b

pp sin)sin([[ 23
2

314
sss 












   

 ],sin)([= 2211
3

52 Abb
b

p  





s
 

where 321654321 ,,,,,,,, bbbpppppp  are smooth functions of time and arc length. 

 

Corollary 3.10. 

 A],bb
b

pp cos)[(= 2211
3

64  





s
 

where 321654321 ,,,,,,,, bbbpppppp  are smooth functions of time and arc length. 

 

 

Theorem 3.11. Let 
t


 be inextensible according to new type-2 Bishop 

frame. Then, the following partial differential equation holds: 
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 ]sin)([[= 2211
3

514221 Abb
b

ppp  





s
 

 A]]bb
b

p cos)([ 2211
3

62  





s
 

where 321654321 ,,,,,,,, bbbpppppp  are smooth functions of time and arc length. 

 

Proof. Assume that 
t


 is inextensible in three dimensional Euclidean 

space .3E  

Using Theorem 3.4, we have 

 12211
3

5 ]sin)([= ΠB Abb
b

p  

















ssts
 

 22211
3

6 cos)([ ΠA]bb
b

p  










ss
 

 ]sin)([[ 2211
3

51 Abb
b

p  





s
 

 B.A]]bb
b

p cos)([ 2211
3

62  





s
 

 

On the other hand, we have 

 123
2

32
1 sin)sin([[= ΠB A]]A

A
b

b
p

sstst 























 

 213
1

112 )]]cos(cos[[ ΠA
A

b
b

Ap
sst 












   

 B.][ 4221 pp    

 

Thus, we obtain the theorem. 

 

In the light of Theorem 3.11, we express the following corollary without 

proof: 

 

Corollary 3.12. 
 

A]],A
A

b
b

pAbb
b

p sin)sin([[=]sin)([ 23
2

32
1

2211
3

5
sstss 

























  

where 32153 ,,,, bbbpp  are smooth functions of time and arc length. 

 

 

Corollary 3.13. 
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)]],cos(cos[[cos)([ 13
1

1122211
3

6 A
A

b
b

Ap=A]bb
b

p
sstss 






















  

where 32161 ,,, bbbpp  are smooth functions of time and arc length. 

 

4      Open Problem 

In this work, we study inextensible flows of curves in Euclidean space 3E . We 

have given some explicit characterizations of curves. Additionally, problems such 

as; investigation inextensible flows of curves or extending such kind curves to 

higher dimensional Heisenberg group can be presented as further researches. 
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