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Abstract

The goal of this article is to study elliptic curves over the
ring Fyle], with Fy a finite field of order q and with the relation
¢ = 0. The motivation for this work came from search for
new groups with intractable (DLP) discrete logarithm prob-
lem is therefore of great importance. The observation groups
where the discrete logarithm problem (DLP) is believed to be
intractable have proved to be inestimable building blocks for
cryptographic applications.
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1 Introduction

Let p be an odd prime number and n be an integer such that n > 1. Consider
the quotient ring A,, = F,[X]/(X™), where F}, is the finite field of characteristic
p and g elements. Then the ring A, may be identified to the ring F}[e] where
¢” = 0. In other word [1, 2, 3]

n—1
An = {Z ai€l| (ai)ogign_l - Fqn }

i=0
The following result is easy to prove:

Lemma 1.1 Let X = Y"1 26" and Y = Y74 y;€' be two elements of A,.
Then

n—1

J
XY = Z zi€' where z; = inyj_i.
i=0

=0
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Remark 1.2 LetY = Y1) y;e’ be the inverse of the element X =

Then
{ Yo = Tg -
y; = —x5" Sl Yty Vj >0
We consider the canonical projection 7 defined by:

T A, — F
n—1 ]
o L€t > Tp

1=

Lemma 1.3 7 is a morphism of rings.

Proof 1 Let X = ?;01 ze andY = Z?;()l y;i€', then
n—1 )
X +Y = Z(ZL’Z +yi)62
i=0

n—1 J
XY = Z ZZ'GZ where zZj = Z%iyj,i.
=0 i=0

We have:
T(X+Y)=x0+y =7(X)+7()

T(XY) = 20 = 2oy = 7(X)7(Y).

So, m is a morphism of rings.

2 Elliptic Curve Over A
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In this section we suppose n = 5. An elliptic curve over ring A = As is curve

that is given by such Weierstrass equation:

(%) :Y?Z =X +aXZ?+ 07"

where a, b € A and 4a® + 27b% is invertible in A. We denote by E,, the
elliptic curve over A. The set E,y, together with a special point O -called the
point infinity-, a commutative binary operation denoted by +. It is well known
that the binary operation + endows the set E,p with an abelian group with O

as identity element.
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3 The main results

Lemma 3.1 The mapping

Tab Eop — En(a)r)
(X:Y:Z] — [7(X):7n(Y):n(Z)]

s a surjective homomorphism of groups.

Proof 2 Consider [X1:Y1:Z1] and [X2:Y2: Z2] in E,p.
We have

Tap([X1:Y1: Z14+[X2:Y2: Z2]) = map([X1: Y1 Z1])4+map([X2: Y2 : Z2]).
So, Tayp s a homomorphism of groups.

Let [0 : yo : 20] i Era)xe), then

a = ag+ ai€ + CL2€2 + CL363 + a4e4

b = bo —|— b1€ + b2€2 —f- b3€3 —f- b4€4
X = 20 + 1€ + To€® + 136> + 146
Y = yo + yr€ + 426 + ys€’ + yue’

7 = 20+ 216 + 2962 + 23€° + 24€*

If [ X :Y : Z] in Eup, then
Y?Z = X?+aXZ?+0Z°.
In order to simplify this last expression, we have
(1) : fo+ fie+ fo® + f3e® + fre* =0
where
fo = —vydz + bozd + agzozd + 2
fi = (22a0 + 323)x1 — 2y020y1 + (—yi + 3bo2a + 2a0z020)21 + b125 + 22a1xg
fa = (z5ao + 313)x2 — 2z0y0y2 + (=Y + 3oz + 2a0T020) 22 + 25a171 — 2yoy121 —
20y3 + 3220+ 3bg 2320+ 3b1 2221 +ba23 + apwozd + 220210071 + 220210170 + 22 a270.
(e fo=0,fi=0,f2=0,f3=0 and f; =0

fO =0« [SL‘O “ Yo - ZO] € Eﬂ(a)m(b)
Coefficients z3ag + 313, 220y0 and —y2 + 3bo22 + 2apx020 are partial derivative
of a function F(X,Y,7) =Y?Z — X3 —aXZ*—bZ3 at the point (zo, Yo, 20),
can not be all three null.
We can then at last conclude that [x1 : yy @ 21], [x2 1 y2 @ 22), [v3 1 ys : 23] and
(4 ys : 24].
Finally, .y s a surjective homomorphism of groups.
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Lemma 3.2 The mapping

0 : F;L — Ea,b
(Lk,h,s) — [le+ke* + he®* + se* 1 1: 13€® + 31%ke?]

18 a injective homomorphism of groups.

Proof 3 Evidently, 0 is injective.
Every [le + ke® + he® + se* : 1 : 13€3 + 31%ke"] satisfies the equation of (x).
We have:
[le+ke+he*+set o 1: PE+31Pke! |+ [ e+ K E+N e8¢t 1: 134317k Y] =
[(I+1)e+(k+E)E+(h+h)E+ (s+8)et 1 (I+H1)3E+3(1+ 1)k +K)e']
Finally

O((l,k,h,s)+ ('K 0, s")) =0,k h,s)+ 0 K N, s,

and we concluded 0 is injective homomorphism of groups.

Definition 3.3 We definite G by G = Ker(may).

Corollary 3.4 The set G = 0(F)).

Proof 4 Let

[le + ke® + he® + se* 1 1: 1°€* + 31%ke'] € O(F)),

then
Tap([le + ke® + he® + se* 1 1: 133 + 31%ke’]) = [0:1: 0],

we concluded

[le + ke* + he® +se* 1 1: P + 31%ke'] € G.

Let
P=[X:Y:Z]eq,
then
Tap(P)=10:1:0].
We set
X = z1€6 + 2962 + 236 + a:4e4,
Y=1 —+ Y1€ + y262 + y363 + y464,
7 = z16 + 2962 + z3¢° + 2464,
and

Yil =14 s1e+ 8262 + 8363 + 8464.
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So,
P = Y7IX:1:Y 717
= [mie+ xhe® + xhed + ahet 1 1 zie + 24 + 2 + el
We have
P e Ea,b;
thus
21 =0,20=0,25 =5 and 2, = 3257},
So,
4
P ed(F)).
Finally,
_ (4
G =0(F,)).

We deduce easily the following corollaries.

Corollary 3.5 The group G is an elementary abelian p-group, called group
at infinity of Eqp.

Corollary 3.6 The sequence

Ta.b

0— G i) Ea,b — Eﬂ(a)ﬂr(b) — 0

be a short exact sequence defining the group extension Eqy of Exa)~p) by G.

4 Open Problem

In this section you should present an open problems.
e The cyclic subgroups of these curves.

The attack on the discrete logarithm.

Other crypto systems, more particular signature systems can be built
From these curves and the study of these could allow to get stronger.

Generic Groups.

Study elliptic curves over the ring Fyle], with F, a finite field of order q
and with the relation € = 0; n > 5.
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