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Abstract

A strong convergence theorem for asymptotically general-
ized ®— hemicontractive map in real Banach space is proved
using the iterative sequence generated by this map. The result
of this paper extend and improve the very recent result of Kim
et al., (2009) which itself is a generalization of many of the
previous results.
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1 Introduction

We denote by J the normalized duality mapping from X into 2% by
J(x) ={f e X" (z, ) = lz]* = [ £},

where X* denotes the dual space of real normed linear space X and (., .) denotes
the generalized duality pairing between elements of X and X*. We first recall
and define some concepts as follows (see, []):

Let C be a nonempty subset of real normed linear space X.

Definition 1.1. A mapping T : C' — X is called strongly pseudocontractive
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if for all x,y € C, there exist j(x —y) € J(x — y) and a constant k£ € (0,1)
such that

(Tz =Ty, j(z—y)) < (1—Fk)|z -yl
A mapping T is called strongly ¢-pseudocontractive if for all z,y € C', there

exist j(x —y) € J(x —y) and a strictly increasing function ¢ : [0, 00) — [0, 00)
with ¢(0) = 0 such that

(Tx — Ty, j(x —y)) < llz—ylI> = o(llz — y|)llz -y

and is called generalized strongly ®-pseudocontractive if for all x,y € C', there
exist j(x —y) € J(x —y) and a strictly increasing function @ : [0, 00) — [0, 00)
with ®(0) = 0 such that

(Tz =Ty, j(z —y)) < |lz—yl> = 2(|lz —yl).

Every strongly ¢- pseudocontractive operator is a generalized strongly -
pseudo

contractive operator with ® : [0,00) — [0,00) defined by ®(s) = ¢(s)s, and
every strongly pseudocontractive operator is strongly ¢- pseudocontractive op-
erator where ¢ is defined by ¢(s) = ks for k € (0,1) while the converses need
not be true. An example by Hirano and Huang [6] showed that a strongly
¢-pseudocontractive operator T is not always a strongly pseudocontractive
operator.

A mapping 7T is called generalized ®— hemicontractive if F(T) ={z € C : z =
Tx} # () and for all z € C and z* € F(T), there exist j(x — z*) € J(x — z*)
and a strictly increasing function @ : [0, 00) — [0, 00) with ®(0) = 0 such that

(Te —Ta", j(z — %)) < |z — 2|* = ([l — 27).

Definition 1.2. A mapping T : C' — C is called asymptotically generalized
$— pseudocontractive with sequence {k,} if for each n € N and z,y € C,
there exist constant k, > 1 with lim, ., k, = 1, strictly increasing function
® : [0,00) = [0,00) with ®(0) = 0 such that

(T =T, j(x — y) < kallz = yl1* = @(lz — )

and is called asymptotically generalized ®— hemicontractive with sequence
{k,} if F(T) # 0 and for each n € N and z € C, z* € F(T), there exist
constant k, > 1 with lim,,_,., k, = 1, strictly increasing function ® : [0, 00) —
[0, 00) with ®(0) = 0 such that

(T = T"", j(z — 2")) < kalle — 27" — @(|lo — 27])).

Clearly, the class of asymptotically generalized ®— hemicontractive mappings
is the most general among those defined above. (see, [2]).
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Definition 1.3. A mapping T : C' — X is called Lipschitzian if there exists a
constant L > 0 such that

[Tz =Tyl < Lljz =yl

for all z,y € C' and is called generalized Lipschitzian if there exists a constant
L > 0 such that

7w =Tyl < L[| = yl| + 1),

for all z,y € C.
A mapping T : C' — C'is called uniformly L— Lipschitzian if for each n € N,
there exists a constant L > 0 such that

7"z = T"y|| < Lilz -yl

for all z,y € C.

It is obvious that the class of generalized Lipschitzian map includes the class
of Lipschitz map. Moreover, every mapping with a bounded range is a gener-
alized Lipschitzian mapping.

Sahu [6] introduced the following new class of nonlinear mappings which is
more general than the class of generalized Lipschitzian mappings and the class
of uniformly L- Lipschitzian mappings.

Fix a sequence {a,} in [0, 00| with a,, — 0.

Definition 1.4. A mapping 7' : C — C is called nearly Lipschitzian with
respect to {a,} if for each n € N, there exists a constant k, > 0 such that

[T = T"y|| < kn(llz = yll + an)

for all z,y € C.

A nearly Lipschitzian mapping 7" with sequence {a,} is said to be nearly uni-
formly L— Lipschitzian if k, = L for all n € N.

Observe that the class of nearly uniformly L— Lipschitzian mappings is more
general than the class of uniformly L— Lipschitzian mappings.

In recent years, many authors have given much attention to iterative methods
for approximating fixed points of Lipschitz type pseudocontractive type non-
linear mappings (see, [1-4, 7, 9- 14]).

Ofoedu [9] used the modified Mann iteration process introduced by Schu [12] ,

Tpi1 = (1 —ap)x, + a1z, n >0, (1.1)

to obtain a strong convergence theorem for uniformly Lipschitzian asymptot-
ically pseudo-contractive mapping in real Banach space setting. This result
itself is a generalization of many of the previous results (see [9] and the refer-
ences therein).
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Recently, Chang et al. [3] proved a strong convergence theorem for a pair
of L-Lipschitzian mappings instead of a single map used in [9]. In fact, they
proved the following theorem :

Theorem 1.1 ([3]). Let E be a real Banach space, K be a nonempty closed
convex subset of E, T; : K — K | (i = 1,2) be two uniformly L;-Lipschitzian
mappings with F(T1) N F(Ty) # ¢, where F(T;) is the set of fixed points of
T; in K and p be a point in F(T}) N F(T,). Let k, C [1,00) be a sequence
with k, — 1. Let {a,}°°, and {f,}>°, be two sequences in [0, 1] satisfying
the following conditions:

(i) D onry on = 00 (if) D207, ap < oo (i) Y207, B < 00

(iv) D207 ap(ky, — 1) < o0.

For any x; € K, let {z,,}>°, be the iterative sequence defined by

Tny1 = (1 - an)xn + OénTlnyn

Yn = (1 = Bp)xn + BTy x,. (1.2)

If there exists a strictly increasing function @ : [0, 00) — [0, 00) with ®(0) = 0
such that

<T'@n = p,j(@n = p) >< knllzn — pll* = (|20 — pll)

for all j(z —p) € J(x —p) and z € K, (i = 1, 2), then {z,}>2, converges
strongly to p.

The result above extends and improves the corresponding results of [8] from
one uniformly Lipschitzian asymptotically pseudocontractive mapping to two
uniformly Lipschitzian asymptotically pseudocontractive mappings. In fact, if
the iteration parameter {3,}22, in Theorem 1.1 above is equal to zero for all
n and T} = Ty = T then, we have the main result of Ofoedu [9].

Very recently, Kim, Sahu and Nam [7] used the notion of nearly uniformly
L— Lipschitzian to established a strong convergence result for asymptotically
generalized ®— hemi contractive mappings in a general Banach space. This
result itself is a generalization of many of the previous results. see, [7]. Indeed,
they proved the following:

Theorem 1.2 ([7]). Let C be a nonempty closed convex subset of a real Ba-
nach space X and 7" : ' = C a nearly uniformly L-Lipschitzian mappings
with sequence {a,} and asymptotically generalized ®—hemicontractive map-
ping with sequence {k,} and F(T) # 0. Let {a,} be a sequence in [0, 1]
satisfying the conditions:

(1){ %=} is bounded,

(ii)ifﬂ Qn = 00,

(1i)> 07 a2 < oo and Y 7 ap(k, — 1) < .

Then the sequence {x,}52, in C defined by (1.1) converges to a unique fixed
point of T
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It is natural to ask, whether the result in Theorem 1.2 can be extend and
improve upon in the same space setting?

It is the purpose of this paper to answer this question. For this, we need the
following Lemmas.

Lemma 1.1 [3]. Let X be a real Banach space, then for all z,y € X, there
exists j(z +y) € J(x + y) so that

lz+yll* < ll=l* +2 <y, j(z +y) >

Lemma 1.2 [8]. Let (r,) be a non- negative sequence which satisfies the fol-
lowing inequality

rn+1 S (1 - tn)rn + Sns

where r, € (0,1),Vn € N, > >  t, = co and s, = o(t,,). Then lim,,_, 7, = 0.

2 Main results

Theorem 2.1. Let C be a nonempty closed convex subset of a real Banach
space X and Ty, T : C' — C' be two nearly uniformly L-Lipschitzian mappings
with F(T1) N F(Ty) # ¢, where F(T;) (i = 1,2) is the set of fixed points of
Ty and T3 in C and, p be a point in F(T}) N F(T,). Let T} be asymptotically
generalized ®—hemicontractive mapping with sequence {k,} and {a,},{5.}
be two sequences in [0, 1] satisfying the conditions:

(1) limy oo = limy, o0 By = 0

()32, o = oo,

(iii) there exists 7o € R such that if «,, + 8, < 70, Vn > 0.

Then, the sequence {x,}2; in C defined by (1.2) converges to a common fixed
point of T7 N'T5.

Proof. The uniqueness of the fixed point comes from the definition of asymp-
totically generalized ®—hemicontractive mapping. Since T} is nearly uniformly
L-Lipschitzian asymptotically generalized ®—hemicontractive mapping. Ap-
plying Lemma 1.1, we have in view of definitions 1.2 and 1.4 that

|Zn11 _pH2 = (Tpi1 — D, J(Tpi1 — D))
< (L=an)l@n = plllznis = pll + an(TYn — p, §(T0s1 — D))
= (1 —an)llza —pllllwns — pll
+an<T1nxn+1 - paj(zn-i-l - p)>
+n (T7Yn — 170415 J(Tni1 — p))
< (T —=an)lzn —plllznt —pll

+an{knllv, — pll = (|04 — )}
+anL(||yn - xn—&-l” + an)”xn—f—l - p“

(2.1)
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(1 = ) (@0 — Yn) + an(TTYn — yn) |
(1= an)l|@n = ynll + (I T7yn = pll + lyn = pll)
(1 = an)l|lzn = ynll + n{ L(|yn — pll + an) + lyn — x|}
(1 —an)llzn — yall
+an (1 + L)([|yn — znll + |20 — pl) + ananL
(1 + anL)lyn — 2al| + an(1 + L)z, — pl| + ananL
Fan(UF )70 — Pl + G
(14 an L) Bul| T3 w0 — @ + an(1 + L)[|2n — pl| + ananL
(1 + an L){Bu(llzn — pll) + 15320 — pl))}
+a,(1+ L)||z, — pl| + anan L
(1 -+ @) (Bullen — 4 Ll — pll + )}
Fan(Ut L) [[7n — |+ a0
(14 anL)(1 + L)Bal|lzn — pll + BranL + anan L
+on(l+ L)|[zn — pll
dullzn — pl| + anL(cm + Bn)
dn||$n - IOH + anL'YOa

(2.2)

dp =14+ 0o,L)(14+ L)B, + a,(1+ L).
Substituting (2.2) into (2.1), we obtain

[2ns1 = pl*

< (I —an)|lzn —pllllznt — pll
tan{knl|zn — pll = ®(|lznt1 — pl))}
o L(dy |20 — pl| + anLyo + an) || Tni1 — pl|

= (I —an)llze = pllllznts — pll
+an{kpllzn — pll = @([|zn+1 — pl))} (2.3)
+an L(dnl|zn = pll + an(1+ Lyo)) |01 — p|

= (1 —an)llzn = pllllznt — pll
+an{knl|zn — pll = @(lzn1 — pl))}
tandL([[en — pll + =) |21 = o

We note from the fact that 2AB < A% + B? that

1
(1 = an)llzn = plllenss = pll < S((0 = an)’llzn =PI + l2nis = pI"), (2.4)

and

(lz=pll+ 2

a, (14 L)

an(l + L’}/())

).

(2.5)

1
Mznri=pll = 5 ((lza—pll+
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Substituting (2.4) and (2.5) into (2.3), we obtain

[z —pl* < 30— ) llzn — plP + (|20 — pl?)

Fan{knl| T = pIP — an®(|2ns — pll}
+ondy L (|2 — pll + 2802 424y — p]|?)
L1 = an)?llzn — pll* + et — pII?)

+and{knllzn = pl* — an®((lzn —pll}
tandy L (2], — pl|? + 2(2E90Y2 4 ||z, — pl|?)

IN

(2.6)
Simplying (2.6) completely, we have
[Tnir —plIP < (1= an)?|lzn — pl?
20 {knl|lZn1 — plI”> — anq)1(||5LEn+1 —pl}
+andn L2z — pl|? + 2(5E)2 + |20 — p|?),
(2.7)
implying
(1 =20,k — and, L) || 711 — pH2 < (1- O‘n)2Hxn - pH2
20, ®(||zpsq —

+2ap,d, Lz, — p||?

+2a,d,, L(2-a0) 1d+n“°))

Since lim,, o o, = lim,,_, 5, = 0, there exists a natural number /N; such that

1
3 <1-2a,k, —a,d,L <1

for all Ny > N. Then, (2.8) implies that

1— 2and
N o

20 d L(an(1+L’Y0))2 (29)
_(14%2:3%(1@) (lenr =l + = m=aa—

If we set b, = ||z, — p||, then (2.9) can be re-written as

2 (1_an)2+2andnL 2
bTH-l S (1—2ankn—andann

o 2andnL(M)2
_(172anlznnand L)Cb(bnﬂ) + 172ankn7;:dnL)
< bi—l—Z (kn—1)+an+3andn/:b2 (2.10)

Qnp, 1—20nkn—ondnL (L4L70)
20, d L(u)2
2an @(bn+1)—|— ntn dn,

T (I—2ankn—andnL) (1—2ankn—andnL)
< 02+ day Buby + 20,C — 203, (bysy),

where B, = (k, — 1) + o, + 3and, L, C, =2d L(an(l(;;Lvo))z‘

Suppose we set in fnzNi(fb’;“ A. Then A = 0. If it is not the case, we
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assume that A > 0. Let 0 < g < min{1, A}, then "“) > i, ie.,

O(bps1) > p 4 pubyy g > Mbiﬂ- (2.11)
Substituting (2.11) into (2.10) yields

2 14+4on By 1,2 2a,Cn
bn-l-l —  14+2anpp bn + 1+2app’ (212)

Since lim,, o0 o, = lim,, oo B, = lim,,_,, C,, = 0, we choose N; > N such that

(1440, B,) — (1 — app) (1 + 2a,p1) an (4B, — o+ 200, 11)

IA

0.
Therefore, we get
el < (1-anp) (2.13)
for all Ny > N.
It follows from (2.12) and (2.13) that
Ry < (1 - aunb? + oG (2.14)

for all Ny > N.

Using Lemma 1.2 , we have that lim,, .., b, = 0, which is a contradiction and
so A = 0. Thus, there exists an infinite subsequence {by,+1} C {b,} such that
limy, 500 by 41 = 0. Since limy, o0 @y = limy 500 By = limy, 00 €, = 0. Ve €
(0,1), choose Nj, > N such that b, 1 <€, Cpq1 < (e ), Bp41 < (li@) Next,
we prove that limg, o by, 4m = 0 by induction It is obv10us that the conclu-
sion holds for m = 1. First, we want to prove that b,,;» < €. Suppose it is
not the case for m = 2. Then b, 2 > ¢, this implies ®(b,,12) > ®(¢). Using
(2.11) we now obtain the following

bij+2 < b 1T 4anj+1an+1bn +1
_gzanj—&—lcn]—l-l 2anj+1q)(bnj+2)

< € —ap,1P(e)

<

62

(2.15)

which is a contracdiction. Hence b,; 12 < € . Assume that it holds for m = k.
Then by the argument above, we can easily prove that it holds for m = k + 1.
Thus, we obtain that lim,, . b, = 0, i.e., lim, , ||z, — p|| = 0.

Remark 2.2. Our Theorem 2.1 removes the conditions in Theorem 2.1 of
[7] and that of Theorem 2.1 in [3], by replacing them with weaker conditions
Le, from > 7 a2 <00,y 7 ay(k, — 1) < 00 to lim, e a,= 0. We equally
extend their single map to pair of maps. Furthermore, we use a more general
iteration procedure. Therefore our results extend and improve the very recent
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results of Kim et al. [7] which in turn is a correction, improvement and gener-
alization of several results.

Example 2.3 Let X = R, C = [0,1] and T;(i = 1,2) : C — C be a map
defined by

wig

)

€ [0,1],
= 1.

x
Tix =1 0, x

Clearly, T;(i = 1,2) is nearly uniformly Lipschitzian and asymptotically gen-

eralized ®— hemicontractive map. Now suppose we take o, = 3, = —= for

all n > 1. For arbitrary x; € C, the sequence {z,}>°, C C defined by (1.2)
converges strongly to the unique fixed point p € T} N T5.

B

—~

3 Open Problem

Question 3.1. In the above proof, we used by, < € for all m > 1 to deduce
lim,, .o, b, = 0. Can this be modify to improve Theorem 2.17

Question 3.2. Can we extend Theorem 2.1 to a class of map which is more
general than the class of nearly uniformly Lipschitzian asymptotically gener-
alized ®—hemicontractive mapping?

Question 3.3. Will a sequence {x,,}22 ;| involving three maps converge strongly
to a unique fixed point of more general maps than the class of nearly uniformly
Lipschitzian asymptotically generalized ®—hemicontractive mapping?
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