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Abstract

The purpose of this present paper is to derive some sub-
ordination and superordination results for certain normalized
analytic functions in the open unit disk. Relevant connections
of the results, which are presented in the paper, with various
known results are also considered.
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1 Introduction

Let H be the class of analytic functions in U = {z € C : |z| < 1}, and H]a,n]
be the subclass of H consisting of functions of the form

f(2)=a+anz" + ang 2"+ (1)
Let A be the subclass of H consisting of functions of the form

f(2) =24 az® +azz® +---. (2)
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A function f € A is said to be in the class S* of starlike functions in U, if it
satisfies the inequality Re(zjf(g)) > 0, z € U. Furthermore, a function f € A
is said to be in the class C of convex functions in U, if it satisfies the inequality

Re(l—i—zf(;)) >0, zeU.

Let f(z) and F(z) be analytic in U, then we say that the function f(z) is
subordinate to F'(z) in U, if there exists an analytic function w(z) in U such
that |w(z)| < |z|, and f(2) = F(w(z)), denoted f < F or f(z) < F(z). If
F(z) is univalent in U, then the subordination is equivalent to f(0) = F(0)
and f(U) C F(U).

Let p, h € H and let ¢(r, s,t;2) : C*xU — C. If pand ¢(p(2), 20'(2), 22p" (2);
are univalent and if p satisfies the second-order superordination

h(z) = 6(p(2), 2p'(2), 2°p"(2); 2), (3)

then p is a solution of the differential superordination (1.2). (If f is subordi-
nate to F, then F' is superordinate to f.) An analytic function ¢ is called a
subordinant if ¢ < p for all p satisfying (1.2). A univalent subordinant @) that
satisfies ¢ < @ for all subordinants ¢ of (1.2) is said to be the best subordinant.
Recently Miller and Mocanu [1] obtained conditions on h,q and ¢ for which
the following implication holds:

hz) < o(p(z), 20/ (2), 2°p"(2); 2) = q(2) < p(2). (4)

Using the results of Miller and Mocanu [1], Bulboaca [2] considered certain
classes of first-order differential superordinations as well as superordination-
preserving integral operators [3]. Ali et al. [4] have used the results of Bulboaca
[2] and obtained sufficient conditions for certain normalized analytic functions

f(2) to satisfy )
a(z) < =0y

where ¢; and ¢, are given univalent functions in U with ¢;(0) = 1 and ¢2(0) = 1.
Shanmugam et al. [5] obtained sufficient conditions for normalized analytic
functions f(z) to satisfy

ORI 2P
Zf,(Z) _<QQ( ) dQ1( ) f2( ) _<QQ( ) (6)

< ¢2(2), (5)

@(z) <

where ¢; and g, are given univalent functions in U with ¢;(0) = 1 and ¢(0) = 1,
while Obradovi¢ and Owa [6] obtained subordination results with the quantity

(f(2)/2)" (see also [T7]).
For 0 < o < 1, a function f(z) € N(«) if and only if f(z) € A and

GG e
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N(a) was introduced by M.Obradovié¢ [8] recently, and he called this class of
functions to be non-Bazilevi¢ type. Tuneski and Darus [9] obtained Fekete-
Szegd inequality for the non-Bazilevic class of functions. Using this non-
Bazilevi¢ class, Wang et al. [10] studied many subordination results for the
class N(a, A, A, B) defined as

N(a,\ A, B) = {f(z) cA: (1+/\)<f(zz)> —AZJ{;S) (f(i«)) » igj,z c IU}.
(8)

where 0 < a <1, € C,-1<B<1,A# B, AeR.

The main object of the present sequel to the aforementioned works is to
apply a method based on the differential subordination in order to derive
several subordination results. Furthermore, we obtain the previous results of
Srivastava and Lashin [7], Singh [11], Shanmugam et al. [12] and Obradovi¢
andOwa [6] as special cases of some of the results presented here.

2 Some lemmas

To prove our main result, we will need the following lemmas:
Definition 2.1. [1] Denote by X the set of all functions f(z) that are
analytic and injective on U — E(f), where

B(f) = {¢ € 0V limy f(2) = o0 )

and are such that f'(§) # 0 for £ € OU — E(f).
Lemma 2.1. [5] Let q be um’valent in U and let 5,y € C with 9{8(1 +

Zg (i))) > max {O iﬁeﬂ} If p(2) is analytic in U and

Bp(2) +v2p'(2) < Bq(2) + 724/ (2), (10)

then p(z) < q(z) and q is the best dominant.

Lemma 2.2. [13] Let q be univalent in U and let 0,p be analytic in
a domain 2 containing q(U) with p(w) # 0 when w € q(U). Set h(z) =
2(2)p(a(2)), F(2) = 6(a(=)) + h(z). Suppose that

(1) h(z) is starlike univalent in U;

(2) %e(ZF Z)) >0 for z € U.

h)
If

0(p(2)) + 2p'(2)p(F(2)) < 0(a(2)) + 24 (2)p(q(2)), (11)

then p(z) < q(z) and q(z) is the best dominant.
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Lemma 2.3. [1] Let q be convex univalent in U and let v € C with
Re(v) > 0. If p(z) € H[q(0),1] NYE and p(2) + vzp'(2) is univalent in U, and

q(2) +72q'(2) < p(z) + 20/ (2), (12)

then q(z) < p(z) and q is the best subordinant.

Lemma 2.4. [3] Let q be convex univalent in U, and let 0, p be analytic
in a domain Q containing q(U). Suppose that

(1) zq'(2)p(q(2)) is starlike univalent in U;

(2) %e(ﬁsz((;)))) >0 for z € U.
If p(2) € H[q(0),1] C X, with p(U) C Q and O(p(2))+2p'(2)p(p(2)) is univalent
i U and

0(q(2)) + 2q'(2)p(a(2)) < O(p(2)) + 2p'(2)p(p(2)), (13)

then q(z) < p(z) and q is the best subordinant.

3 Subordination for analytic functions

By using Lemma 2.1, we first prove the following Theorem.
Theorem 3.1. Let q be univalent in U, 0 < o < 1 and v € C. Suppose q
satisfies

Re{l + Zj((j))} > max {0, =9 }. (14)

If f(2) € A, g(2) € S*, and satisfies the subordination

(1 +vzg'(z)) (9(2))a B 7z’f’(z) (M)a < q(2) + %zq’(z), (15)

9(z) )\ f(2) f(z) \f(2)
then N
(%) < q2) (16)

and q 1s the best dominant.
Proof. Let F(z) = (%)a, then F(2) =1+ ¢12 + cp2? + - -+ is analytic in
U. Then a computation shows that

()Y R e

By the hypothesis (15), we obtain that

v

F(z)+ EZF/(Z) <q(z) + %zq’(z). (18)
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The assertion of Theorem 3.1 now follows by an application of Lemma 2.1 with
y=2and g =1

Taking q(z) = (1 + Az)/(1 + Bz) in Theorem 3.1, we have the following
corollary.

Corollary 3.1. Let -1 < B < A <1 and (15) hold. If f(z) € A, g(z) €
S*, and satisfies the subordination

WO\ (92 () (92)\° | 1+A:  A(A-B)
(5 5a) T (5E) <t e @
then
(g(z))a . 1+ Az (20)
f(z) 1+ Bz’
and }ig; 18 the best dominant.

Taking ¢g(z) = z,7 = —1 in Theorem 3.1, we have the following corollary.
Corollary 3.2. Let g be univalent in U and 0 < o < 1. Suppose q satisfies

Re{l + qu,,;(;)} > é (21)
If f(z) € A and satisfies the subordination
T (555) <) 2o (22)
then N
(75) <o (23)

and q 18 the best dominant.
Taking v = 1 and g(z) = z in Theorem 3.1, we get the following corollary.
Corollary 3.3. Let q be univalent in U and 0 < o < 1. Suppose q satisfies

Zq/,<Z)
Re{l + 70 }>o0. (24)

If f(z) € A and satisfies the subordination

T (Y i e

and q 1s the best dominant.
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Theorem 3.2. Let g be univalent in U, v(# 0),e,k € C, 0 < § < 1,
f(2) € A and g(2) € §*. Suppose q satisfies

2q"(2) b

Re{l+ 7 } > max {0, %27}. (27)

Let
(A =08)f(2) +B2f"(2)\" B 2f'(2) + 821" zd(2)
i) = ( 0 ) (e e )
If
G(2) < Kq(2) + e +72¢ (2), (28)

then

and q(z) 1is the best dominant.
Proof. Define the function F(z) by

_ (L=B)1E) + B2\
F(z) = ( o) ) . (30)

Then a computation shows that

N 2f'(2) + B2 2g'(2) _ 2F'(z)
(THmesre o) = For 3y
and hence
2f'(z) + B22f" _29'(») R
FO T e o) = 32
By the hypothesis (28), we obtain that
kF(2) +e+vy2F'(2) < kq(z) + € + 724 (2). (33)

By setting 0(w) = kw + ¢, p(w) = v, it can be easily observed that 6(w) and
p(w) are analytic in C. Also, we let

h(z) = 2 (2)p(q(2)) = 724'(2) and p(z) = 0(q(2)) +h(2) = rq(z) +e+72¢ ().
(34)
From (27), we find that h(z) is starlike univalent in U, and that

n(f) )
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by the hypothesis (27). Thus, by applying Lemma 2.2, our proof of Theorem
3.2 is completed.
For 6 =1,6 =0, Kk =1 and g(2) = z, we get the following corollary.
Corollary 3.4. Let g be univalent in U and f(z) € A. Suppose q satisfies

Re{l+ Zj,,;(;))} > max {0, —sm%}. (36)
if
(@) L+ ) <o)+ v 2) (37)
then
(7)< a2) (39)

and q(z) 1is the best dominant.
For f =0,e =0, k=1 and g(z) = z, we get the following corollary.
Corollary 3.5. Let q be univalent in U, v(# 0) € C and f(z) € A.
Suppose q satisfies

Re{l+ Z;/;S)} > max {0, —%e%}. (39)
If
- a (P s TE Sy < e, )
then
SR (a1)

and q(z) is the best dominant.

4 Superordination for analytic functions

Theorem 4.1. Let q be convexr univalent in U, 0 < a < 1, v € C with

Re(vy) > 0. Suppose q satisfies (ch(é;)a € H[q(0),1]NX. Let

pofd)Ge) o Ge) @

be univalent in U. If

w3t (14 20) () TR o




On sandwich theorems for some subclasses of analytic functions 83

then

o (32)

and q 18 the best subordinant.
Proof. Let F(z) = (?8)0‘ Then a computation shows that
)

(T R oz o

By the hypothesis (43), we obtain that

q(z) + %zq’(z) < F(2) + %ZF/(Z). (46)
Theorem 4.1 follows as an application of Lemma 2.3.
For v =1 and g(z) = z, we get the following corollary.
Corollary 4.1. Let q be conver univalent in U, 0 < o < 1. Suppose q

satisfies (ﬁ)a € H[q(0),1]NX. Let

-7 () )

be univalent in U. If
b ADGE
" i< (75) (19)

and q 18 the best subordinant.
Theorem 4.2. Let q be convex univalent in U, v(# 0),e,x € C and
0 < B < 1. Suppose q satisfies

Re (;q'(z)) > 0. (50)
" (1= B)f() + B=F'(2)\ "
( o(2) ) € Hlq(0),1] N X, (51)
and

N (=B +8L N (L ( 2l()+ B2 _zg'<z>))
H )"( ) (“ ((1—5)f(2)+ﬁzf’(2) o) ) )t
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1s univalent in U. If

rq(2) +e +y2q'(2) < H(2), (53)
e (1= B)7()+B21'())°
() < () (54
and q 18 the best subordinant.
Proof. Define the function F(z) by
_ ((A=B)f(2) + B2f'(2)\"

Then a computation shows that

' (2)+ B2 2 (2)  2F(2)
a((l = B)f(z) +Bzf'(2)  g(2) )  F(2) (56)

and hence

O S O\
aF@)(O—wﬂf@)+ﬁaf@) g@>>" ). (57

By the hypothesis (53), we obtain that
kq(z) + €+ v2q'(2) < KF(2) + € + vz F'(2). (58)

By setting 6(w) = kw + €, p(w) = 7, it can be easily observed that 6(w)
and p(w) are analytic in C. Now,

() (i)

by the hypothesis (50). Thus, by applying Lemma 2.4, our proof of Theorem
4.2 is completed.
For f =1,6 =0, k=1 and g(z) = z, we get the following corollary.
Corollary 4.2. Let q be convex univalent in U, v(# 0) € C. Suppose q

satisfies "
q(z
Re (T) > 0. (60)
and
(f'(2)" € H[g(0),1] N %, (61)
and

ey (1+90(55) ) ©2
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1s univalent in U. If

q(2) + 724 () < (f’(z))a(l + Yo (%)) (63)

then
q(z) < (f'(2)" (64)

and q is the best subordinant.
For § =0,e =0, k=1 and g(z) = z, we get the following corollary.
Corollary 4.3. Let q be convex univalent in U, v(# 0),e,x € C and
0 < B < 1. Suppose q satisfies

gf{e(@) > 0. (65)
and (fU) & Hlg(0), 11N, (66)
and T (@)aﬂazﬁz) (f(zz))a’ (67)

1s univalent in U. If

)+ 9500 < (=) (L) o B (LB ey

then

and q 18 the best subordinant.

5 Sandwich results

Combining the results of differential subordination and superordination, we
state the following sandwich results.

Theorem 5.1. Let q; be uniwvalent and let qo be convexr univalent in U,
0<a<1and~y e C with Re(y) > 0. Suppose qo satisfies (14). If (g(z))a €

f(z)
H(q(0),1]Nn%, (14 ”y%) (%)a - 7%(%)0[ is univalent in U, and
Y, 29 (2)\ (9 \"__2f'(2) (9(2)\" Y,
i) < (19503) (75) =5 (7)<

(70)
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then

q(z) < <%>0‘ =< q2(2) (71)

and q1(2) and qa(z) are, respectively, the best subordinant and the best domi-
nant.

For v =1 and g(z) = z, we get the following corollary.

Corollary 5.1. Let g1 be univalent and let qo be convex univalent in U,
0 < o < 1. Suppose q satisfies (4.1) and qo satisfies (15). If (g(z))a €

f(z)
H(q(0),1]N%, (2- Z]{(S)) (f(zz))CY is univalent in U, and

0+ 2 < (2= LE () <aa+ L. @)
- )< (55) <06 7

and q1(z) and qa(z) are, respectively, the best subordinant and the best domi-
nant.

Theorem 5.2. Let ¢ be convex univalent and let qa be convex univalent in
U, v(#0),e,k € C,0 < B <1, and q satisfies (50), qo satisfies (27). Suppose

(1=8)f(2) +B2f"(2)\"
( (0 ) € Hlq(0),1] N X. (74)
Let
(=B + BN (o 452 g
( 9() ) ( I ((1 N OE IO )) ;55’)
1s univalent in U. If
Rkq1(2) + €+ v2¢)(2)
< (s (sa( i - 55 ) +-
< Kq2(2) + € +72¢5(2) (76)
then
WERY (LIS (C) A -

and q1(z) and qa2(z) are, respectively, the best subordinant and the best domi-
nant.
For f =1,6 =0,k =1 and g(z) = z, we get the following corollary.
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Corollary 5.2. Let q; be conver univalent and let g be convex univalent
inU, v(#0) € C,0< B <1, and 1 satisfies (50), q2 satisfies (27). Suppose

(f'(2)" € H[q(0),1] N . (78)
Let
. o Zf”
ooy (1420 555)) 7

1s univalent in U. If

2

kar(2) + &+ 12d,(2) < (f'(z))“(l . w( :

702 )) < Kkqa(2) + € + v2q45(2)(80)

then

0 (2) < (f'(2)" < (2) (81)

and q1(z) and q3(z) are, respectively, the best subordinant and the best domi-
nant.
For 6 =0, =0, Kk =1 and g(z) = z, we get the following corollary.
Corollary 5.3. Let ¢, be conver univalent and let qo be conver univalent
inU, v(#£0) € C and q, satisfies (50), qo satisfies (27). Suppose

(f(j)y e H[q(0),1] N S (82)
I CIC B

1s univalent in U. If

a1(2) + 724, (2) < (1—m>(f<;>) Ha%;’(“:)) < qa(2) + y2ah(2184)
then

0« (22) <o (%9

and ¢1(z) and qa(z) are, respectively, the best subordinant and the best domi-
nant.
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6 Open Problem

Let H be the class of analytic functions in U = {z € C: |z| < 1}, and H[a, p]
be the subclass of ‘H consisting of functions of the form

f(2) =a+ap2? +ap 27T+ (86)

Let A(p) be the subclass of ‘H consisting of functions of the form
f(2) =27 +apn 2™ a4 (87)
A function f € A(p) is said to be in the class S*(p) of p-valent starlike

functions in U, if it satisfies the inequality Re(g:((zz))) >0, zeU.

Let f(z) € A(p) and g(z € S*(p). We can consider sufficient conditions on
h,q1,q2 and ¢ for which the following implication holds:

0(z) < (ff(z;)a < go(2), (88)

or

(1= p)f(z) + Bzf'(2)
9(2)

a2 < ( ) <) (39)

where 0 <a<land 0 <5< 1.
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