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Abstract

This work is devoted to the study of a compressible vis-
coelastic fluids satisfying the Oldroyd-B model in a regular
bounded domain. We prove the local existence of solutions
and uniqueness of flows by a classical fized point argument.

Keywords: Local existence, viscoelastic fluids, Oldroyd-B model.

1 Introduction

In this paper, we study the local existence of solutions for compressible vis-
coelastic fluid flows in the case of the Oldroyd-B model in a regular bounded
domain in R?. We also show the uniqueness of solutions. We prove l'existence
by using the classical method based on the Schauder fixed-point theorem.
Valli, in [8], show the local existence in the case of the Navier-Stokes equa-
tions. The case of the Oldroyd model for incompressible fluid is studied by
Guillop and Saut in [3]. Talhouk shows the existence and the uniqueness for
Jeffreys model’s in [6].

This paper is organized as follows. Section 2 is devoted to the modeling
of the problem and to the definition of well-prepared initial conditions. The
principal notation and results are detailed in Section 3. The local existence of
regular solutions is given in Section 4.
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2 The Modeling

2.1 Unsteady Flows of Compressible Viscoelastic Fluids

Consider unsteady flows of viscoelastic fluids in a bounded domain Q* of R?
with a regular boundary I'*. The system, obtained from the laws of conser-

vation of momentum, and of mass, and from the constitutive equation of the
fluid, reads as follows [4]: in QL. = (0,77) x Q*,

¢ ou*
p* (altl* + (u” - V*)u*) = pf* +div*(r* — p*l),
) = 0, 1)
D,r* DD
AL = o (D).
\ T A D "( LT )

The *-variables are the dimensional ones in the domain of the flow Q* and
T* > 0 is a dimensional time. The unknowns are the velocities u*, the density
p*, and the symmetric tensor of constraints 7*. 7 is the total viscosity of the

fluid, A > 0 is the relaxation time, and g is the retardation time (0 < u < \).
D,1*

is an objective derivative of the tensor 7%, given by

Dt*
DGT* 8 * * * * * * ok * __k * *
o _(8t*+(u -V))T + 7"W* — W*r* — o(D*7* + 7°D%),

1 1
where W* = W*[u*] = §(V*u* — V*'u*) and D* = D*[u*] = E(V*u* + V")
are, respectively, the rate of rotation and the rate of deformation tensors. a is
a real parameter in [—1,1].
System (1) is completed by a condition on the boundary,

u" =0on 5. = (0,T%) x I'",
and by the initial data
u’(0,) =g, p*(0,-) =p; 77(0,") =75, inQ"

We split 7" into two parts: the Newtonian one 7 related to the solvent,
and the polymeric one 7. We may write

T =1 +71, =2D" + 17,

where 77 = 77 — (%div*u*) I, and I is the identity tensor. ns = nu/A and
& are the solvent viscosity and the group viscosity, respectively. Since we are
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interested in a model for weakly compressible fluids, we suppose that & = 0.
From the third equation in (1), we can deduce that 7" satisfies the equation
D1}
5 A== = 2. D*,
e Ty T

where 7, = n—mn, is called the polymer viscosity. 7, and 7. are two non-negative
numbers.

Therefore, under the assumption & = 0, System (1) is equivalent to the
system in Q7.

( 8 *
p* ( 817:* + (u*- V*)u*) = pf* +n(A*u* + Vidiviu*) — V*p* + div 1%,
P +div*(p*'u*) = 0,
ot D,r*
A = 2p.D*[u*

where we have denoted 7} by 7* to simplify the notation.

2.2 Well-Prepared Initial Conditions

We first define the Mach number ¢ as being the ratio of the typical velocity

. 1/2
of the fluid U, to the speed of sound (illi* (ﬁg)) in the same fluid at the
same state. We divide the density p* = p** into two parts: a constant one py,

independent of ¢, and a remainder, which is small for small €’s, say

P =P+ OE) = py+ 0™

We also suppose that the initial conditions p}®, u}® and 7,° are well-prepared,
which means that they take a similar form, say

Py = B +O(E) =7 + e,
u® = v, +v,°, withdivv, =0,

*E _ * *E
Ty - SO+SO7

where v; and S; are, respectively, a vector and a symmetric tensor, both
independent of ¢.
We assume

m"=minp, >0 and IM" = maxp,.
Q* *

Assuming that p* = p*(p*) is regular, say class C* at least, we remark

dp* _, o At LdPpr o, .
rad +e%0") — 4y P = 52/0 g2t se*0™) ds.
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We introduce the function w*, defined by w*(c*) = %(ﬁ; + &20*) — %(53),
and remark that w* depends on e, satisfies w*(0) = 0, and is of class C* at
least.

Replacing p* by its value in the first equation (2), one infers

ou* dp*
—x% 2 _* * * * 2
(po—l—ea)(at*—l—(u V)u)+sdp*

= (pf + %0 + ny(A*u* + V*div*u®) + div *7*.

(Pt + e%0*)V* o™

We can also rewrite this equality, by taking into account the definitions of
w*(0*) and of the Mach number ¢, in the form

*

0
7+ ) (G + (T )+ (U
= (py + 0" )" + ns(A™u* + V*div*'u*) + div 7" — 2w* (c")V*o™.

From the second equation in (2) we easily deduce

,00*
ot

Finally, System (2) can be written as follows, in Q.

€ + ppdiviu* 4 e*div*(c™u*) = 0.

( *

0
i+ ) (G + (0 T ) (U V0" = (g o)+ div
+ns(A*u* + V*div*u*) — e2w*(o*)V*o*,

*

g2 + ppdiv i u* + e*div*(oc*u*) = 0,

ot*
D,1*
* A——— = 2n.D*[u"].
. T Dt+ 7eD* (]
(3)
2.3 Dimensionless Variables
We introduce the dimensionless variables,
* * LO * * *\ 2
x" = Lyx, t"= U—t, pr=a.p, w(c")=(Uy)w(o),
0
* * * k(0 k\ *_<U0)2
u' =U, o =ae0, 7 =Ty, p*(p°)="Tplp), "= 7 f,
0

where L, represents a typical length of the flow. The real numbers a, = U—DT’L—O

and T, = ”L—[{)O characterize the density and the stress tensor of the fluid. 2
denotes the non-dimensional domain of the flow, with boundary I', and 7" > 0

a non-dimensional time.
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We introduce three non-dimensional numbers: a number « similar to the
Reynolds number for incompressible flows, the Weissenberg number We, and
a number w relative to the viscosities of the fluid,

o UL AU
a=Po _Pooo gy, Ml
Qo n L, n

We also define

In dimensionless variables, System (3) takes the form, in Qr = (0,7") x €,

( 1 1-— di
u'+ (u-V)u+ o = f+ - (Au+ Vdivu) + ad
o+ %o a+e’o a+e’o
e*w(o)Vo
a+ e’

o' +e2adiva +div(ocu) = 0,

( T+ We{r'+ (u-V)r+g(Vu,7)} = 2wD][u],

0 0 0
with the notation u’ = —u, o =2 and 7' = —T, and
ot ot ot

g(Vu,7) = 7W/[u| — W/u|r — a(D[u]T + TD[u]).

Introducing the differential operator A = —(A+Vdiv ) we may rewrite System
(4) as follows, in Qr,

(

a(u’ +(u- V)u)—ir(l —w)Au+Vo = F(u,o,7)+divr,

o'+ (u-V)o+odivu = —c’adivu, (5)

T+ We<7’ + (u- V)1 +g(Vu, T)) = 2wDJul,

\
with
(1 —w)e’o (o —w(o)) e’o

F(u,0,7) = af + ————Au+ ———FVo —
o+ eo o+ %o o+ e*o

System (5) is completed by an homogeneous condition on the boundary,

u=0on Xt =(0,T) x T, (7)
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and by three initial conditions,

We also assume the followings,

* *

m .
O<m=—<a+e0 <M ="—, in(,
ao aO

where m, and 9, are some given constants.

3 The Notation and Main Results

3.1 Notation

) is a bounded domain in R?, with a regular boundary I', and n denotes the
unit outward-pointing normal vector to I'. For x = (z', 2%, 2*) € R®, we denote
by |x| its Euclidean norm.

We will use the following spaces: the Lebesgue spaces LP(€2), 1 < p < 400,
with norms ||-||;, (except for the L?(Q)-norm, which is denoted by ||-||); the
Sobolev space H¥(Q), k € N*, with norm [|-||, and inner product ((,-)); the
vector spaces L2(2) and H*(Q) of vector-valued or tensor-valued functions
with components in L?(Q) and H*(2) respectively, their norms being denoted
in the same way as above. We will also use the homogeneous Sobolev space
H}(Q) and its dual H1(Q).

If I is an interval of R, and k € N, C(I; H*(Q)) is the space of vector-
or tensor-valued functions which are continuous on I with values in HF(€).
The norm, in this space, is denoted by |[[-||¢ . Cy(I; H*(Q)) is the space of
functions of C(I; H*(Q2)) which are bounded on I.

The space LP(I;H*(Q)), for 1 < p < +4o0, and k € N, consists of p-
integrable functions on I with values in H*(Q2). For 1 < p < +oo, k €
N and 0 < T < oo, the norm in L?((0,T), H*(Q)) is denoted by [-],x-
L2 (R, ; H*(Q)) is the set of functions which are in L?(1; H*(£2)) for all bounded

loc
interval [ in R, .

The letters C, ¢; or ¢!, 4,5 = 1,2, -, will denote constants taking different

values, but not depending on €. Cq, will be a constant, taking different values,
and depending only on Q. (2.1),, denotes the n—th equation of System (2.1).
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3.2 The Main Result
Recall the problem under study:

( a(u’ + (u- V)u)—l—(l —w)Au+Vo = F(u,0,7)+divr,
o+ (u-V)o+odivu = —c*adivu,
T+w4f+oyvy+gwmm0 — 2uD[u|, in Qr,
u(07 ) = Uy, in ),
O.(O, .) = 0'0, ln Q,
7(0,:) = 7, in Q,
u = 0, on X,

\

(9)
where F is defined by (6).

Theorem 3.1 (Existence of a local solution) Assume 2 C R® is a domain
of class C*. Let m, and M, be two real constants such that 0 < m; < IN,.
Assume

fel? (R HY(Q), withf € L2 (R H1(Q)), u, € HX(Q) NHLQ), 7, € HA(Q),

loc loc

oo € H*(Q), with / oo(x)dx =0, and 0 <m, < a+ oy <M, , in Q.
Q

Then there exists a time T, > 0 and a solution (u, o, 7) of Problem (5)-(8)
in Qr, = (0,T,) x Q, satisfying

u e L2(0, T,; H*(Q)) N C([0, T,]; H2(Q) N H(Q)),
u' € L2(0, Ty; Hy(©2)) N C([0, T, J; L*(92)),
(r,0) € C([0, T,]; H2(Q) x H(Q)), (,0") € C([0, T,): H'(Q) x H'(Q)),

with

/Qa(-,x)dx =0, in0,T,], and % <a+4ec<2M,, inQr,.
Theorem 3.2 (Uniqueness of a local solution) There erist a unique solution
of Problem (5)-(8), given in Theorem 3.1.

To show that the local solution found in Theorem 3.1 exists for all times under
certain regularity and smallness conditions on the data, we also assume that the
function w € C?(R) has the following properties: for all h € L2(0, T; H*(Q)),

[w®)] < IR, Bl < C Al
lw(m)[ly < ClIAlle, k=12, (10)

for some constant C' depending on {2 and w.
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Remark 3.3 There are several examples of functions p = p(p), for which
w satisfies the conditions above. Let us quote the case where the pressure is
given by the linear state law p(p) = 5 (p— ), as well as the case of isothermal
compressible perfect fluids, where p(p) = (Cs)?*p, and C; is the velocity of sound

in the fluid.

4 Existence and Uniqueness of Local Solutions

We prove Theorem 3.1 by using the classical method based on the Schauder
fixed-point theorem. To do that in our case, we study three linear problems:
the first one has the velocity u as unknown, and the next ones are two trans-
port equations for the density o and for the stress tensor 7 respectively. The
parameter ¢ is fixed in the interval (0, 1].

Let w, m and ¢ a given vector, function and the symmetric tensor of
constraints respectively. Let T a positive real number, Qr = Qx]0, T[ and
Yr = 00x]0, T[. Consider the linear problem,

( au’' + (1 —w)Au = 3,
o' + (w.V)o + odivw
74+ We{7 + (W.V)T+g(Vw,7)} = 2wD[w|, in Qr,

I
Q

u(0,z) = u,(x), (11)
0(0,z) = o,(z),
7(0,2) = T7(2), in Q,
L u = 0, on ET)
with
§ = F(w,m,¢) —a(w.V)w —Vr+divy, (12)
G = —¢idivw. (13)
and
m, ) =
7§a+€7r§29ﬁl, in Qr. (14)

4.1 Linear problem concerning the velocity u
Consider the linear problem concerning the velocity u,

au’ + (1 —w)du = 3, in Qr,
u(0,z) = u,(x), inQ, (15)

u = 0, on X,

where Au = —(Au + Vdivu), § and u, are given and 0 < T < +o0.
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The first Lemma concerns the existence of a unique solution of (15). By
classical result of Agmon-Douglis-Nirenberg [1], A = —A — Vdiv is a strongly
elliptic operator, and generates an analytic semigroup in L*(Q2) with domain
D(A) = H*(2) N H}(2) (we can see for instance [8]).

Lemma 4.1 Let Q C R® of class C?, § € L*(0, T;L?(Q)) and u, € H(Q).
Then there ezists a unique solution of problem (15)

u e L0, T; H*(2)) N C([0, T]; Hy(2)),

u' e L*0,T;L*(0Q)).
Moreover, this solution satisfies the estimate

(1-w)?
§HuIH2L2(O,T,L2(Q)) + 9 HAuHiQ(O,T,LQ(Q)) +(1 - w)HDquLOO(O,T,LQ(Q))

+(1 = w)[[divull* e o r 2 < 41— w) [1DU]]" + I8ll20m20)) - (16)
Proof.
By classical result of Agmon-Douglis-Nirenberg [1], A = —A — Vdiv is a
strongly elliptic operator, and generates an analytic semigroup in L*(§2) with
domain D(A) = H?*(2) N H}(Q) (we can see for instance [8]).

We start by showing the estimate (16). Multiply (15), in L*(Q2) by u’ +
a(l — w)Au, then

J 2 -0 [ woaus q-wp [ au
:/ﬂg-u’+<1—w)/ﬂg.,4u.

Integrate by parts the second term, we obtain
I+ (1 - ) S (IDulf + [ldival*) + (1 - @) || 4ul?

(1)

< B [w'f] 4+ == ISI] - [[Aul] .

On the other hand, using Young’s inequality on the two terms right, we get
ISI- ]l < 5 IISH +5 Hu 1%

(1) |31l -lAu] < ||s||2+% | Auf

Integrate over [0, T] and use the inequality
[|div u,|| < 3 [ D],
then we get (16). O]

The second Lemma give some stronger estimates.
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Lemma 4.2 ([8, 6]) Under the conditions of Lemma 4.1 and if 02 € C?,
§ € L0, T;H'(Q)), § € L*0,T;H Q) and u, € H'(Q) N HL(Q). Then
the solution w of problem (15) given by Lemma 4.1 is such that

u € L0, T;H*Q)) N C([0, T); H*(Q) N HA(Q)),
u € L0, T:HQ)) N C(0, T]; L*()).

and there exists a constant C,, depend only in 2, T, a and w, such that one
has the estimate

HuHiQ(O,T,H3(Q)) + HuHQLoo(o,T,HZ(Q)mHg(Q)) + Hu/HiQ(O,T,Hé(Q)) + Hu,Hioo(O,T,LQ(Q))

< Co{lJAu|[* + [IBO)IF + 18120, m.0m0 ) + 118 20001 )}

(17)
Proof.
Derive in terms of ¢ the equation (15);, then we obtain
u’ +a(l —w)Au =F, in Qr,

and ujyo(t) = 0 for all ¢ € [0, T]. Let v = u’, then v verify the system

vV +a(l-wAv = F, in Qr,

v(0) = v,=5(0)—a(l —w)Au,, in Q, (18)
v = 0, on Y.

Multiply by v the equation (20); and integrate on 2. It comes
/v’-v—i—a(l —w)/AV-v:< v >um -
Q Q

After calculation, we obtain

1d 3a(l —w) , 1 )
—— + ———||Dv|)? 1— d e | 8 |
3o I+ 2= Dyl o - laiv P < 1

Integrate on [0, T] and replace v and vy by their values

1 3a(l —w)
3 0] 01200 + — 1 ||DW[[12(0.1.12(0)

. 1
+a(l —w) ||divu'll{z g re@) < a(l—w) 13115200 110

45 (ISO)IF +a(1 - o) 4w ). (19

Finally, inequality (17) follows from inequality (16) and (19). O]
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4.2 Resolution of the Transport Problems

We consider the following two linear transport problems,

o'+ (w-V)o+odivw = —e?adivw, in Qr, (20)
a(0,:) = oy, in €,
and
7+ We (T’ +(w- V)T +g(Vw, 7')) = 2wD[w|, in Qr, (21)
7(0,:) = T, in €,

where o, and 7y are, respectively, some given function and symmetric tensor
defined in €2. The existence of solutions to this problems follows from the
classical method of characteristics. (see for example [3, 6, 8]). The lemmas
below give some estimates of the solutions of these problems.

Lemma 4.3 ([8]) Let T € C,
w e L'(0,T,H*(©?)), w.n=0on X, and 0, € H*(Q0),

with | o,dx=0. Then there exists a unique solution o € C([0,T]; H*(Q)) of
Q
(20) such that

/a(-,x)dx =0 n [0,7T],
Q
and satisfying the following estimate

ol ,mm2(0)) < ([lool| + @) exp (Ca W11 0,150 ),
for some positive constant C,, depending on §2.

If, in addition,
w € C([0, T|; H*(2)),

then o' € C([0, T); HY(Q)) satisfies

||0/|’L°°(O,T,H1(Q)) < Co [[Wll Lo 0.0, 12 (0 ([l00][+0€™) exp (Cn ||W||L1(0,T,H3(Q))>-

Lemma 4.4 ([3]) Let Q C R® be a domain of class C?,

w e L'(0, T; H*(Q) N H)(Q)) and 7, € H*(Q).
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Then there ezists a unique solution T € C([0, T]; H*(Q)) of (21), such that

) 2w
el < (1701 + Fve) @52 (CalWllos ey )

for some positive constant C,, depending on §2.
If, in addition,

w e C([0, T|; H*(Q2) N H,,(€)),
then " € C([0, T]; H'(Q2)) satisfies

|| 7'] |Loo(o,T,H1(Q)) <

1 2w
Oo( HWHLOO(O,T,H?(Q + C,We )(H ol | + QWe) exXp (Cﬂ HWHLl(o,T,HS(Q)))-

4.3 Proof of Theorem 3.1

We are now in a position to prove the local existence of a solution to problem
(9). We apply the Theorem of fixed-point of Schauder.

Take T > 0, B,, B, > 0, and define

mT = {(W77T71/})7
w € C((0, T); H*(Q) N HL}(2) N L(0, T, HY(2)),
w’ € C([0, T]; L*(Q)) N L*(0, T, H:(Q)),
7 € L>(0, T, H*(Q)), " € L=(0, T,H (),
¢ € L0, T, H*(Q)),¢’ € L¥(0, T, H' (),
W(O) = Uy, 7T( ) - an¢( ) = To in Q,W = 0 n ET;
HWHiOO(O,T,H?(Q)ﬁH(l)(Q)) + [WI[E2 0.1 m3 () T HW/||i°°(O,T,L2(Q)) +
HW,HiQ(O,T,Hé(Q)) < B,
HWHLOO(O,T,HQ(Q)) + HwHLOO(O,T,HQ(Q)) <%,
||7T,||L°°(O,T,H1(Q)) + ||¢,||L°°(O,T,H1(Q)) <B,,
% <a+er(t,r) <20, in Qp}.
Choose B, such that
B, > max{C, || Aw| [, [|ool, , [I7]1,}, (22)

then (up, 09, 7,) € Rr. In fact, w is a solution of problem

w(-) € H'(Q),
w4+ (1-—w)Aw = 0, p.p.inRy,
w(0) = u, in{,
w = 0, on Y.

(23)
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Using estimate (17), there exists a constant C; such that
2 2
W2 or w3 () T ||W,||L°°(O,T7H2(Q)QH(1)(Q)) + ||W||iZ(O,T,H(1)(Q))
Wl 0,12 () < CallAuo]]”

Thus the choose of 9B, in (22) is enough for prove that PR is non empty for
each T > 0.

Define now the application mapping K in this way

R: D‘iT — %T
<W7 7T7 'lp) H (u7 O’? T)

where %r = C(0, T} H(@)) x C(0, T} H'()) x C(0,T]; H'()) and u, o
and 7 are solution of (15), (20) and (21), respectively, with

2 2

— af+(1— _ — a(w.

5 af + ( w)a o AV +- n gQﬂ_(ﬂ' w(m))Vr — a(w.V)w
—Vr +divy,

G = —cladivw.

If we take

2w
B, > {c Ay |, eV? 1 ,
1 max | C, [[Au][”, e ool [, + [17ol], + +C3We
C,(2C, + 1) || Aw|* + C; || Au,||* +
3200+ llwl ) llooll? + 172 ) +
BUEO)IF + 31120 mamy + 31 W eoraaay Jo (24

and

2w 1 2w
3,5 e (lloll + Il + 1+ ooz ) + 53 (17l + ) |+ 29

and for all T small enough such that

B, 9
T <T* = mi 26
= i (2@(4@(1 +{Jwl2)B? + 382 Og%l) ’ (26)

we have R(R1) C Rr.

We now use Schauder fixed point theorem. The mapping R is defined from
convex, bounded and no empty set Rt into Xr. To finish, we need to show
the continuity of K in Xr.
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Lemma 4.5 To show the continuity of K in X1, it is enough to show the
continuity of K in

Dr = C([0, T () x C([0, T L*(2)) > C([0, T]; L*(€2)).

Proof.
Let ((Wm T, wn)> be a sequence of Rt and tends to (w, 7, 1)), such that:

(una On, Tn) = -ﬁ(wna Tns wn) and (U_, g, T) = R(W, T, ¢)

Suppose that K is continuous in ), then the sequence (ﬁ(wn, T, ¢n)n) tends
to R(w,m, 1) in Y, i.e.

lim ||(un, 00, 7) — (4,0, T)”@T = 0. (27)

n—aoQ

M1 is a compact set in X (see for instance [5]). Using (27), we can extract

of ((un, On, Tn)> a subsequence converges in Xt to the unique accumulation
n

point (u,0,7). Then the sequence <(un,0n,7n)> = (ﬁ(wn,wn,@bn)) con-

verges to (u,0,7) = K(w,m,1) in X1. This proved the continuity of & in Xr.

]
Lemma 4.6 8 is continuous in .
Proof.
Let <<Wn, T, ¢n)> be a sequence of Rt and tends to (w, 7, 1)), such that:
(Wy, 00, 7) = R(Wp, T, 1) and (u, 0, 7) = K(wW, 1, 7).
Consider two systems. The first is :
( au/, + (1 —w)Au, = Fn,
o+ (w,.V)o, +o,divw,, = G,,
Tn + We{r! + (w,.V)7,, + g(Vw,,7,)} = 2wD[w,], in Qr,
u,(0,x) = u(z), (28)
on(0,2) = oy(x),
T.(0,2) = T75(x), in €,
u, = 0, on ZTJ

with

Sn = F(wy,,m, ) — a(w,.V)w, — Vr, +div ¢,

T
G, = —¢ “divw,,.
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And, the second is:

( au’ + (1 —w)Au = F,
o+ (w.V)o+odivw = G,
T+ We{r' + (Ww.V)T +g(Vw,7)} = 2wD|w], in Qr,

$ u(0,z) = u,(z), (29)
o(0,2) = oo(x),
7(0,2) = 7(x), in €,
u = 0 on X,

with

§ = Fw,mv¢)—a(w.V)w—Vr+div,
g

= —e 2divw.

Let v, =u,—u, ¢, =0,—0c and S,, = 7, — 7. Using (28) and (29), we obtain,
in QT:
av, + (1 —w)Av, = 3,
¢, + (W,.V)gn + qndivw, G, (30)
S, + We{S! + (w,.V)S, +g(Vw,,S,)} = Hi,

with the boundary conditions:

v,(0,2) = 0,

qn(0,z) = 0,

S,(0,z) = 0, in , (31)
v, = 0, on X,

such that:
$1 = F(w,,m,¢,) —F(w,m 1) — a[(wn.V)wn — (W.V)W]
—V(m, — ) +div (¢, — ¢),
Gi = —2div(w, —w)— ((w, — w).V)o — adiv (w,, — W),
Hi = 2wD|w, —w| — We{ (wy, = w).V)7 +g(V(w, — W),T)}.
First, multiply the equation (30), by v, and integrate over 2. We get:

d
a Vall* + (1 =) (19l + [ldivva ) <
170 = 7l[; 4 [[bn = W1+ 4[[Vall* + o || (Wa. V)wi = (w.V)w] [’
+|[F (W, T, ) — F(w, 7, 9)[]”(32)
We now estimate the term ||F(w,,, m,, 1¥,) — F(w, 7, ¢)||* on the right hand of
(32). Using the two inequalities :
m,

m
5 <a+éen(t,r) <29, and 71 < a+etm(t,x) <20,
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we obtain:
[|[F (W, Ty ) — F(w, m, ) ||P < Comyet|(1 — w)? || Aw, — TAw|[®
+ |7 V7, — 7Vr||* + ||w(r,) Vi, — w(r)Vrl[*
+ ||mndiv S, — div S||*
Then, (32) satisfies:

d 2 2 . 2 2
a Vall* + (L= @) (9%l P+ lldivval ) < Cul++4]vall*, (33)
with

by = lmn = 7l + [ = Y[} + o [[(Wn. V) Wy — (w.V)w][*
+(1 — w)? || AW, — TAW||* + ||7, V7, — 7V 7||?
+ [|w(7m,) V7, — w(m)Vrl||* + ||m.div S, — wdiv S||*.

Second, multiply the equation (30), by £°¢, and integrate over 2. This yields:

< (L4 Calloll) [[wn = Wil 4, llanll” (34)

d 2 2 2
e llanll” = A+ Golloll,) [lwa = wil; + (1 + Cuo [[wall,) llgall

with j, = 14+ Cy ||W ][,
Finally, multiply the equation (30); by S,,/2w, we obtain

We d WeCu
Sn
ot < (14

=1, ) v — wl[?

1 WeC,, )
+ (1+ o+ 2 ) 8.

( WeC’11

<

Ir ||)||wn—w||i+kn|rsn||2, (35)

with &, = 1+ o 4 W60 [lw, ||

The functions j, and k,, are positive and, because of the class of solutions
we consider, j, and k, belong to L'(0,7T). Therefore, by using (33), (34), and
(35), we deduce from Gronwall’s lemma that:

vl < & / o (5] s (36)

llanll” < (1+C%)/ exp (/Osjn(r)dr) Iwa(s) = w(s)|[; ds, (37)

g2

(2+am) [ exp ([ 1) Iwats) = wiol: asezs)

[1Sn[*

VAN
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The sequence ((Wn,wn,wn)> of R tends to (w, 7, 1), and using (36), (37)
and (38), we obtain v, ¢, and S, tend to zero in Q. This meaning that the
sequence ((un,an,rn)> = (ﬁ(wn,wn,wn)> tends to (u,0,7) = K(w,7,)

and R is continuous in Q). 0

4.4 Proof of Theorem 3.2

We take, as usual, the difference of two solutions (u,,o,,7,) and (u,,0,,7,)
belonging to the class specified in the theorem 3.2. The vector function u =
u, — u,, the scalar function ¢ = o, — 0, and the tensor function 7 = 7, — 7,
satisfy the following system:

a [u’ + (u.V)u, + (ug.V)u} + (1 —w)Au+ Vo —divr = 3o,
o'+ (u,.V)o + (u.V)o, + adivu, + o,divu = —c2divu,
7+ We{r' + (w,.V)7 + (w.V)7, + g(Vu,,7) + g(Vu,7)} = 2wD[u],
(39)
with the boundary conditions:

u(0,z) = 0,

o(0,z) = 0,

7(0,z) = 0, in (), (40)

u = 0, on X,

such that:

32 - F(uho-l)Tl) _F(u2a0-2;7—2)‘

Multiply (39),, (39), and (39); by u, €*0/a, and 7/(2w), respectively, and
integrate over (2. Summing the three obtained equations, one obtains

1d
2dt
< aCu | Il P+ [l [l

g2 We . 1
(altal? + il + Gl ) + (1 = ) (19l + v ull )+ i

52
+—Cu [ llolHwll, [[Vall + flo.|], [[Vul[ [[u]] (41)
+llell o, [[divul} + [low]], llo]] ||divull
Il el IVall + flof| I ]] ||VUH]

52
+=Ca [l o + (190l o]l o]

We
e AT EARE
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For § > 0, (41) can be written as:

1d , £ , We ) ) ) ) 1 )
g (a4 ol + 211 + 0 =) (19l + v ull )+ [l
< C (012)2 2 2
< [Catihnt+ )+ S oz oy
o [[5e* Wi »  2e* 2
o (4 22 ([P + = |[divul|
2 o 2w @
(012)2 2 2 2 62 2
| S (i 4 ol + 20l + 1702 + Canlill | S i
(Cpn)? We
+| S ol + ol | 52 I (42)

From (42), we then deduce that solutions (u, o, 7) of (39) satisfy the following
energy inequality:

1d

, &2 , We d(10e*w + aWe)
- - - 1 — 1—
5 (altull + SllolP + Sl ) + (1 - wi(

daw(l — w)

)Ivulf

(101 =LY vl + o 7 < X allull + o)
—w - vu — allu —
all —w) v g 1T = o’
We
RARIPNIE 43
+ 5elilF] (13)
with
_ (012)2 3 2
Xy = Collll+ lhual + [lly)+22 (]l + llon]
2|} + [I]17). (44)

The function Xj, defined in (44), is positive. Moreover, because of the class of
solutions we consider, X5 belongs to L'(0,T). Therefore, choosing ¢ > 0 small
enough, we deduce from Gronwall’s lemma that u =0, 0 = 0 and 7 = 0 in
Qr, and that consequently u, = u,, 0, = 0,, 7, = 7, in Qr and the system
(39) has a unique solution.

5 Open Problem

A question can be posed about the possibility of adapting this result to im-
prove the existence result in case of a bounded domain with a singularity (a
convex angle by example). This latter, which is very important because of
its real occurrence, needs a particular study of the solutions behavior in the
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convex corner.
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