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Abstract

In this paper, we study tangent surfaces of biharmonic B -general
helices according to Bishop frame in the Heisenberg group Heis. We give
necessary and sufficient conditions for B -general helices to be
biharmonic according to Bishop frame. We characterize the tangent
surfaces of biharmonic B -general helices in terms of Bishop frame in the
Heisenberg group Heis’. Additionally, we illustrate our main theorem.
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1 Introduction

Developable surfaces, which can be developed onto a plane without
stretching and tearing, form a subset of ruled surfaces, which can be generated by
sweeping a line through space. There are three types of developable surfaces:
cones, cylinders (including planes) and tangent surfaces formed by the tangents of
a space curve, which is called the cuspidal edge of this surface.
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In this paper, we study tangent surfaces of biharmonic B -general helices

according to Bishop frame in the Heisenberg group Heis’. We give necessary and
sufficient conditions for B -general helices to be biharmonic according to Bishop
frame. We characterize the tangent surfaces of biharmonic B -general helices in

terms of Bishop frame in the Heisenberg group Heis’. Additionally, we illustrate
our main theorem.

2 The Heisenberg Group Heis*

Heisenberg group Heis® can be seen as the space R® endowed with the
following multipilcation:

(x:yaz)(x:yaz):(x+x’y+yaz+z_5xy+5xy) (21)

Heis® is a three-dimensional, connected, simply connected and 2-step nilpotent
Lie group.
The Riemannian metric g is given by

g =dx* +dy* +(dz - xdy)*.

The Lie algebra of Heis’ has an orthonormal basis

elzg,ezzijtxi,e}:i, (2.2)
ox oy 0z 0z
for which we have the Lie products
e,e,]=e;[e,,e;]=[e;,e]=0
with
g(e,e)=g(e,,e,)=g(e;e;)=1

We obtain
Velel = VEZe2 = Ve3e3 =0,

1

Vele2 ==V, e =Ee3,

€
Vele3 = Ve3e1 =——e,,
Ve2e3 = Ve3e2 =—e,.

We adopt the following notation and sign convention for Riemannian

curvature operator on Heis’ defined by
R(X,Y)Z=-V,V,Z+V , V,Z+V ,,Z,
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while the Riemannian curvature tensor is given by
R(X,Y,ZW)=g(R(X,Y)Z,W),

where X,Y,Z,W are smooth vector fields on Heis".

The components {R,,} of R relative to {61,62,63} are defined by
g(R(eia ej)ek ) el): Ry,

The non vanishing components of the above tensor fields are

3 1 3
Ry = _Zeza Ry, :Zep Ry :Zel’

1 1 1

R,=—e, R,=——e, R, =——c¢
232 3 133 1° 233 2
4 4 4

and

3

Ry, = _Z: Ry =Ry = (2.3)

1
"

3 Biharmonic B-General Helices with Bishop
Frame In The Heisenberg Group Heis®

Let y:1 — Heis® be a non geodesic curve on the Heisenberg group Heis’
parametrized by arc length. Let {T,N,B} be the Frenet frame fields tangent to the
Heisenberg group Heis® along » defined as follows:

T is the unit vector field ¥ tangent to , N is the unit vector field in the

direction of VT (normal to y), and B is chosen so that {T,N,B} is a positively
oriented orthonormal basis. Then, we have the following Frenet formulas:

V. T=xN,
VN =—«T + 1B, 3.1
V. B=-N,

where « is the curvature of y and 7 is its torsion and
g(T,T)=1,¢(N,N)=1,¢(B,B)=1, (3.2)

g(T,N)= g(TsB): g(N,B)= 0.

In the rest of the paper, we suppose everywhere xk #0 and 7 #0.
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The Bishop frame or parallel transport frame is an alternative approach to
defining a moving frame that is well defined even when the curve has vanishing
second derivative. The Bishop frame is expressed as

V,T=kM, +kM,,

V.M, =T, (3.3)
V.M, =-k,T,

where
g(T,T)=1,g(M,.M,)=1,g(M,,M,)=1, (3.4)

g(TaMl):g(T9M2 :g(MlaMz):O'

Here, we shall call the set {T,M,,M,} as Bishop trihedra, &, and %, as
Bishop curvatures. where 49(5): arctan% , 7(8)= 49'(s) and x(s)=+k; + k.

1
Thus, Bishop curvatures are defined by

k, = x(s)cos H(S), (3.5
k, = x(s)sin O(s).

With respect to the orthonormal basis {e,,e,,e;} we can write
T=T'e,+T’, +T’e,,
M,=Mle +Mle, +Me,, (3.6)
M, =Mje, +Me,+Me,.

Theorem 3.1. y:I — Heis’ is a biharmonic curve with Bishop frame if

and only if
k! +k; = constant = C # 0,
" 1 2
k' -Ck, =k, [Z ~(m3) } — kMM, (3.7)

ki —Ck, = kMM +k, B —(m) }

To separate a general helix according to Bishop frame from that of Frenet-
Serret frame, in the rest of the paper, we shall use notation for the curve defined
above as B -general helix.

Theorem 3.2. Let yg : 1 —> Heis® be a unit speed biharmonic B -general

helix with non-zero natural curvatures. Then the parametric equation of yg are
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sin @ R S o !
xB(s)Z PR lsm[( slin2 2 —cos0)’s+<,]1+¢,,
(2 —cosb)?
sin
sin @ kX +k} !
yB(S):_ k2+k2 lCOS[( ;inz . _COSQ)2S+§O]+§3,
(—— - —cosf)?
sin
(3.8)
2, 72 1
2 sin2[(@—cos€)2s+§o]
zB(s)=(cosé?)s+ 5 ;n - (%— S;zl 2 :
(Lzz—cosﬁ)E 4% +2 2 _cosf)?
sin" @ sin~ @
2 1

. 2 5
¢, siné : C()S[(kl‘-i_zl€2 —cos0)?s+¢, 1+,
sin

T2, 12 1
(Ll +2k2 —co0sf)?
sin
where &, ¢, &,, &5, &, are constants of integration, [10].
We can draw unit speed biharmonic B -general helices according to
Bishop frame with helping the programme of Mathematica as follow:

R -

Fig.1.
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4 Tangent Surface of Biharmonic B-General
Helices with Bishop Frame In The Heisenberg
Group Heis®

The purpose of this section is to study tangent developable of biharmonic
B -general helices with Bishop frame in the Heisenberg group Heis".
The tangent surface of yg is a ruled surface

R(s,u)= yg(s)+uT(s) 4.1)

Theorem 4.1. (Main Theorem) Let yg:l1—> Heis’> be a unit speed
biharmonic B -general helix with non-zero natural curvatures. Then the
parametric equation of tangent surface of yg are

. 1
sin @ ki vk >

xB(s,u)= — —sin[(— —cos8)’s+¢,]
ki +k; 5 sin
(.70_(3059)2
sin
2, 2 1
+usin@cos[(%—cos@)2s+é’o]+é’2,
sin
B sin @ ki +k} 3
yB(s,u)—— PERWE: lcos[( — ——cos0)’s+¢,] (4.2)
(——* 292 —c0s6)? st
sin
2, 72 1
+usin@sin[(%—cos@)2s+§o]+§3,
sin
2 2 1
2 sin2[("" kit ks —c0s0)2s5+¢,]
2z (s,u) = (cos 0)s + Zin - (%— S;zl ekz -
(= kit —cosf)? 4(-1—-% * —cosf)?
sin’ sin’ @
2 2 1
- 6,500 cos[(kl th —cos)? s+, ]+ucosf
2 2 1 . 0
(kl +k, _ cos 9)5 sin
sin” @
.2 2 2 1
win 0 (L cosgys )

2, 12 T
FE gy
sin“ @

sin
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2,12 1
+ud, sin&sin[(k1 +];2 —cost)s+¢, ]+,

.2
S

where &, ¢, ¢,, &5, &, are constants of integration.

Proof. From orthonormal basis (2.2) and (3.8), we obtain

2, 72 1 2, 72 1
T=(sinl9cos[(k1 +2k2 —cos@)zs+§0],sin05in[(@—cos6’)2s+{0],
sin sin“ 6
in’6 k2 + k2 .
cos O + 2+;n lsinz[( - —c0s0)*s+ (]
(-2 —cos)> st
-2
sin” @
RN R 5 2
+¢, sin @sin[(—- 292 —cos0)?s+¢,)),
sin

where ¢, is constant of integration.
Using above equation, we have (4.2), the theorem is proved.

We need following lemma.

(4.3)

Lemma 4.2. Let yg:1—> Heis® be a unit speed biharmonic B -general

helix with non-zero natural curvatures. Then the position vector of yg is
2

sin @ .kl +k !
7a(s)=[—5—3 Fsinf(—==—cos0)% s + &, 1+ &, Jey
ki +k; o) sin" 0
(7sin29 —cosb)
sin @ kP +k; 3
+[— PERE lcos[( — —cosf)’s+4,]+ 45 ]e,
(-2 —cosh)? st
sin’
sin 6 .kl 4k} !
+[ PERE —sin[(—- 292 —cos@) s+, ]1+<4,]1 (4.4)
> sin
(-2 —cosb)?
sin’
: 2,72 1
- k2+k521nl9 1 cos[(kl'-i;];2 —cos&)?s+{,1+ <]
(—'— 2 —cosh)? st
sin
2, 72 1
oy ) sin2[(%—cos€)2s+§o]
sin
+(cos@)s + PERE 1(5_ Sl;l+k2 T
(—— 2 —cosh)? 4(—— > —cos0)’
sin~ @ sin
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sin @ ki +k; >
- k2 +é];l2 1 COS[( slin ) _COSQ)25+§0]+§4]‘33:
L2 cosh)?
( sin”“ @ :

where &, &, ¢,, &5, &, are constants of integration.

Theorem 4.3. Let yg : I —> Heis® be a unit speed biharmonic B -general
helix with non-zero natural curvatures. Then the equation of tangent surface of
Vg IS

. 2 2 1
Rel(s.) =20 a5 _cos)rseg,)
(M C056)2 Sin 0
.2
sin
k2 + k2 3
+usin9<:os[(l.—292—0059)2s+§O]+§z]e1
sin
sin @ ki +k; 5
+[- k2 k2 reos[(—— - —c0s0) s+, ]
+ 5 sin
(52 —cosh)?
sin
2 2 !
+usin9sin[(%—cos9)2s+4“o]+53]e2 (4.5)
sin
sin @ .kl +E] 3
+[ P T sinf( sl,inzé’z —cosO) s+, 1+ 4]
(1_722—cos6?)2
sin
sin @ kP +k; 5
_ P T cos|[( Slin2(92 —cosd)’s+¢,]+¢5]
(1'722—00519)2
sin
2 2 1
. ng[(M—cos@)zs—i—{O]
sin~ 0 s sin” @
+(cosB)s + (
k2 + k2 102 kil +k: o
(L2 k —c0s6)? 4(—'— 2 —cosh)?
sin’@ sin’ @
2 2 1
_ . +€l;1251n‘9 : Cos[(k1‘+2];z —c0sf)? s+, ]+ucos@+¢,Je,,
(—'— 2 —cosh)? St
sin

where &, ¢, ¢,, &;, &, are constants of integration.

Proof. From section 3, we immediately arrive at
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2 2 1 2 2 1

T =sin Ocos[(@ —cosf)?s+ ¢, le, +sin Osin[(@ —cosf) s+ Cole,
sin” 0 sin" @
+ cosbe;,. (4.6)

Using above equation we have (4.5). Thus, the proof is finished.
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S Open Problem

The authors can be resarch minimal tangent surfaces of biharmonic B -
general helices according to Bishop frame in the Heisenberg group Heis”.
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