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Abstract

The aim of this work is the study of a nonlocal problem for a
telegraph equation with weighted integral condition. By the Galerkin
method, we construct a discrete numerical solution of the approx-
imate problem, then the convergence of the method and the well
posedness of the problem under study are established.
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1 Introduction

This paper is devoted to the investigation of a non-local problem for a telegraph
equation and a weighted integral condition using the Galerkin method, which
is, a convenient tool for both the theoretical and numerical analysis of the
considered problem.

More precisely we apply Galerkin method to determine a function u =
u(z,t), (z,t) € @ = (0,1) x (0,T), which satisfies, in some appropriate sense,
the telegraph equation

0?u 0%u

lu = Tl —az(x,t)@+c(:v,t)u:f(a:,t), (1.4)
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subject to the initial conditions

u(x, 0) = 90($)7 ut(mv O) = ¢($) (1'2)
u(0,t) =0 (1.3)

and the weighted integral condition

/0 g(x)u(z, t)de =0 (1.4)

where f € Ly (Q) and ¢, ¢ € Ly (0,1) are given functions that satisfy

[ew=[vw=o

We mention that Galerkin method does not give only a discrete approximation
scheme, but it provides also a construction proof of the existence of a unique so-
lution. We should mention also here that the presence of the weighted integral
term in the boundary condition leads to more difficulties. Integral conditions
occur when the values of function on the boundary are related to values inside
the domain or when direct measurements on the boundary are not possible.

Problems with integral conditions have many applications in many prob-
lems such as the theory of heat conduction, elasticity, heat, plasma physics,
control theory, etc... In particular, the presence of integral conditions greatly
improves the qualitative and quantitative characteristics of the problem. Many
authors studied nonlocal problem with integral conditions by different meth-
ods, the reader can see the references therein.

By the help of Galerkin method, Guezane-Lakoud, Dabas and Bahuguna
in[11] studied the multidimensional telegraph equation:

Pu  Ou 0%u
lu:ﬁjtaa%—bu—c@:f(x,t),(I,t)EQ:QxI, (1.5)
subject to the initial conditions (1.2) and the integral condition of type
du
— +/K(m,£)u(§,t) d¢ =0, Ve . (1.6)
on (z.)eo0xl

Guezane-Lakoud and Boumaza in [12], investigated the one dimensional
case for the equation (1.5) with the the initial conditions (1.2) and the integral
condition of type

/1 zu(x,t)dx = 0. (1.7)

The first paper investigated nonlocal problem with integral conditions goes
back to Cannon [4]. Later, mixed problems with integral conditions were
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studied by many authors, we can cite the work of Pulkina [14], Beilin|[1,2],
Bahuguna et al [13], Dabas et al [6].

The summarize of this paper is as follows: In the next section we define
the generalized solution and the functional spaces. In section 3 we prove that
the generalized solution if it exists is unique. The existence of the generalized
solution by using Galerkin method is established in the third section, for this,
we construct an approximation solution of the problem (1.1)-(1.4), we prove
that we can extract a subsequence which converges to the desired generalized
solution.

2 Notation and definition

Let L?(0,1) be the usual space of Lebesgue square integrable real functions
on (0,1) whose inner product and norm will be denoted by (.,.) and ||.|| re-
spectively.

Define the following spaces:

CE(Q) = {u(m,t) e C2(Q), wu(0,t) =0, fol u(z, t)dx = fo u(z, t)dr = O}
C2(Q) = {U(x,t) e C*(Q), v(z,T)=0, fo x,t)dx = fo (x,t)dx = 0}

The closure of these spaces with respect to the norm

el / / [(/ 5tds)2 <(x,t>>2+(Llut<§,t>da)2]dxdt

is denoted respectively by Hy(Q) and Hp(Q). Similarly, we obtain the space
Hy(0,1) as a closure of the space

C2(0,1) = {w €C20,1], w(0) =0, /01 pw(z)dr = o}

according to the norm

o = | [( [ wierie) w2<x>] 0

Let us introduce the notion of a generalized solution. Suppose that u is a
solution of problem (1.1)-(1.4), multiply the both sides of equation (1.1) by
fxl (g(&) — g(x))v (&, t) dE, where v € CA(Q), integrate by parts the resultant
equation over the domain @), use the initial conditions (1.2) and the fact that
v(z,T) =0, it yields

2

/(G2 I ( / (0(6) — gl (.1 dg) dudt =T, — I + Iy
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where
A—Lmew(LVAa—m@w@wath
=/Olg'<x> (/;w(é)d§> (/;v@,mds) da
; /Q ) [ e ( / uen) d&) dudt,

L= [ bt >(/<<> ()0 (€.1)de ) i
:/Q J'(2)uvdadt

/4a . (@) + (/ §td§)dxdt
(/ §td§)dmdt

/ wz1) (/ 9(x) ftdf)dxdt:
/ (/ “(Udf) (/ ftd§>dxdt
o ([ wtend) ([ w© - stonw(e.ode) doat

Summing I; — I, + I3, we get

/Q [g’(x) / 1 w,dé / 1 v (€,) d€ — ag (z)wv — (4aa, g (x) (2.1)

+ag<)/ (6, 1) de - / stds/ (6.1)d
e —2(aa),) ([ wienae) </ (9(6) — 9@ &, t)dg)]dxdt
/fxt (/ (@) (€, t)df)dxdt

ol ()

and
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Definition 2.1 By a generalized solution of problem (1.1)-(1.4), we mean
a function u € Hy (Q)satisfying for all v € Hr (Q) identity (2.1) and the

condition le u(&,0)dE = fxl (&)de.
3 Uniqueness of generalized solution
To study the solvability of problem, we make the following hypotheses

H1: The functions a (z,t) and ¢ (z,t) are nonnegative and satisfy

0 < Qo S a(:c,t) S AO7 ’at7ax7amx7azx:p’ S Ah
0 < co<c(xt)<Coy ez <O

H2: The function g(x) is nondecreasing and satisfies

9 (@), 9% (@)]) < ka.

e C?(0,1), < ky, '(z)],
g (0,1) Jmax, 9(z)| < ks ;Q(%,’f)(‘g (2)]

Theorem 3.1 Assume that f € Ly (Q), ¢, ¥ € Ly(0,1) and hypotheses
H1-H2 hold, then the generalized solution of problem (1.1)-(1.4) if it exists is
unique.

Proof. If we suppose that u; and us are two different generalized solutions,
then the function u = u; — uy is a generalized solution of the problem (1.1)-
(1.4) with f = ¢ =1 = 0. We shall prove that u = 0 in Q. Let v € Hy (Q)
and denote Q™ = {(x,t);0 <z <1, 0 <t <71 <T}. Consider the function

v(z,t) =

Substituting v into identity (2.1) and using vi(x,t) = —u (x,t), it follows that
1 1

[ o [ e [ote0de - o 3.1)
Q T T

~(daa,g (z) + a*g®)u / o (€.1) dE — g (2) / w(E,r) de / o (6.1) de

e 20, (| e i) ([ (0(6) — g (E1) dc) | dadt =0

Integrating by parts yields

2

/01 [gl(x) (/ ul&:) dﬁ) +9/@)a (@,0)(v(@.0)"  (32)
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+9'(x)c (x,0) </;v(§,0) d§)2] dx

B / [20019/(2) (v)" +2[600,9® (2) + 0’9" — 6 ((a}) + atss) 9

ud§ t) d¢ + 2(4aarg — a 24 ud§
o e g

—2 (¢ + 2 (3aag, + aamx))/ u(z,t) df/ (9(&) —g(z))v (z,t)dE

—d () < / lvdf) 2] ddt.

Applying Cauchy inequality to the the right hand side of (3.2), using condition
H1 and H2 and e—inequality for ¢ = 1, we get

/01 ko [(/;U(é,T)dg)zderaQ (x,0) (v (ac,()))2+c(:v,0) (/;v(g,o)dg)j dx

< / [k2(6A0 A1 + A2) [v]? + [(6A7 + 1240A; + AZ + C1) ks (3.3)

1 2
Hsdots+ o] ([ (e )
1 2

Thus

2

/01 [(/xlu(fﬁ)df> dz + (v (2,0))* + (/:u(g,o)dg)j dz
: L/T ['U@’t”z * (/;“@’t) d5>2 + (/x1 ud§)2] dzdt. (3.4)

L =max {(640A4; + A}k, (647 + 124041 + AJ + C1) ks + (8AgA;1 + C1)ky,
(614% —+ 24A0A1 -+ 2Ag) kQ -+ (SAoAl -+ Cl)kl} /mln {k’Q, kgag, kgCo} .

where
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Let us introduce the function w (z,t) = fol u (z,0)df, we see that

v(z,t) =w(z,7) —w(x,t), v(z,0)=w(xrT1),
v? (2,t) < 2w* (2, 7) + 2w* (7,1),

consequently inequality (3.4) becomes

/01 [(/xlu(f,T)dﬁ)Q—F(l—ZKT) <w2 (,7) + (/;w(gﬁ)%)Q)] o
< 2L/T [(/;u(é,t)dﬁ)2d§+w2 (z,t) + </:w(§,t)>2] drdt.  (3.5)

1
Since 7 is arbitrary, let 0 < 7 < TR then (3.5) becomes

/01 [(/;u(ﬁm)df)2+ (wz(x,7)+ (/;w(g,T)dg)Q)] dr
SL’/T [(/:u(é,t)df)Qd&wQ(x,t)+ (/xlw(f,t)>2] ddt

where L/ = m

/01 [(/:um)ds)

hence u (z, 7') =0, for all z € (0,1) and 7 € (0

Applying Gronwall Lemma, it yields

w? (2, 7) + (/:w(f,7)df)2] dx <0,

’2L) IfT< 21L7

2

then v = 0 in

Q. IfT > 5 we get |0, 7] C U Z7° ("2—21, %) where ng = 2LT]+ 1, [2LT] is
the entire part of 2LT, then repeating the same argument for 7 € (2;, iL)

we get u (x,7) = 0 in Q. Thus, the uniqueness is proved.

4 Existence of generalized solution

In order to prove the existence of the generalized solution we apply Galerkin
method.

Theorem 4.1 Assume that the assumptions of Theorem 3.1 hold, then the
non-local problem (1.1)-(1.4) has a unique solution v € Hy (Q)
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Proof. Let {wy, (z)} be a fundamental system in Hy(0, 1), such that (wg, w;) =
ki, then the approximate solution of the problem (1.1)-(1.4) can be written
as

u™ = Z ag (1) wy (). (4.1)
k=1
The approximate of the functions ¢(z) and ¢ (x) are denoted respectively by
(@) =) (x), Zwkwk = or, 3, (0) = Uy
k=1
(4.2)

Substituting the approximate solution in equation (1.1), multiplying both sides
by f; (9(€) — g(x))w;(&)d¢E, then integrating according to x on (0, 1), it yields

/0 (WP () — a(z, Ol (2, 1) + ez, 1)u (z, 1)) x

(/ Sl 9<f’5>>wl‘<5>df) w= | e ( / GE g(x))wx@ds) do

(4.3)
In view of (4.1), we get
Za 0@, [ 6O o) © D +
+;ak 0 |-t @), [ (9(6) — 9wl €)1
Helw, o). [ (6(6) — s
= [ 100 [ 6© - st (1.4

Integrating by parts in Ly(0, 1) the left-hand side of (4.4), we obtain

éa}; (1) + {g’(x)( / e (6) de, / 0 ) d5>L2(0,1)]

—|—Zak — 2(agpr + 30a,,) ¥

( / wi (€) de, / )d&)hm
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+(6aa,g"” () + a*¢"” (z) — 6 ((a7) + aaw) ¢'(2))

( / " (6) de. / 1 w(é)df) o

1
(4aayg + a?g?) ( / wi(ﬁ)d§> + ¢'a* (wy, wi)Lg(O,l)]
T L2(0,1)

~ [ 1) [ 60 - sy, (45)

Let us make the following notation:

s = 9/ (2)( / w (€) de. / w€)d) o,

Oki = (Cz + 2 (3aayy + AGy42)) X

( / w (€) de. / <5>d5)L2(0’1)

(6aa,g™® (z) +a’g™(x) = 6 ((a) + aaus) 9'(2))

% </I wi (&) dé,/x wi(gw&)m(al)

1
+ (4aa,g + a*g"?) ( ,/ wi(f)d§> + ¢'a’ (wk7wi>L2(0,1)]
z L2(0,1)

fit) = / fa.) / (9(6) — gla))wi(€)déd.

then (4.5) becomes

n

o (1) Opi + () ops = filt)

k=1
a, (0) = ¢ ay(0) =y

Consequently we obtain a Cauchy system of second order linear differential
equations with smooth coefficients, so it has one and only one solution, that
for every n there exists a unique sequence u(™ that satisfies (4.3).

Now we shall prove that this sequence is convergent, for this, we will prove
that is bounded and so we can extract a subsequence that is weakly convergent,
then its limit is the desired solution of the problem (1.1)-(1.4).

Lemma 4.2 The sequence (u(")) 18 bounded.
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Proof. Multiplying (4.3) by a;(¢) then summing with respect to i from 1
to n it yields

/0 <u§f)(:c,t) — a?(x, t)ulV (z,t) + c(x,t)u(”)(:c,t))
< [ (010 - gl (€. Ot

= [ s [ € = gtaudc. i (4.6

Integrating (4.6) over ¢ from 0 to 7 and applying similar technics that have
been used to prove the uniqueness, we obtain
2

1 L@ tenr Lo o %g'(g;)ﬁ(g;,f) (u"™ (2, 7))
/0[19()( )(/x (e )d§)+ (n) 2

e ( / G, T)diﬂ du

_ [ 4 (2)e (z,0) lgo<">(§)d§ 2+lg’(as)a2(ar,0) (" ()’
[ oo ([ soene) -+

i) ( / 1 P (ﬁ)dg)de -

2

1

/ ~2(a2 + aag,)u™ / (9(6) — g(@))ud™ (€, 1)dé + g u™ / U e e

xT T

o)+ o ([ te) ([ ) - gt ae)
e ([ w0 ni) «seo ([ o0 g(m))uﬁ"%s,wdg)] da.

With the help of Cauchy inequality, we obtain
1 1 2 1 2
[ ([ aiende) +u ([ enie) |as
0 T T
< I{lle ™+ 1"+ 1 £ o

+ [ Ci(ky +1/2k,) (/: u™ (€, t)dg)

QT

2

1 2
[k (C1 + 242 + 240 A1 + 1) + ko A2] ( / u™M (e, t)dg)

21 (ApAr + A7) + ko (A] + AgAr)|ul™ (z, t)2dzdt] ,
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where L = M /m, m = min {ky, kya2, kaco}
M = max {k‘g, k’QA(Z), kQCO, Ol(kfl + 1/2]{72), ]{31<Cl + QA% + 2140141 + 1)—'-

ko A2, 2k (AgAy + A2) + ko (A2 + AgAy).}
Now applying Gronwall Lemma, we get

/01 [(/:U(”)(S,T)d£)2 +u™ (2, 1) + (/zlu,ﬁ”)(g,T)dg) 2] dx

< e (e + 61 +1 £ o) (1)
Integrating (4.7) according to 7 on [0,77] it yields
lelirigy < € (e I* + 1o+ 11 £ 1) - (48)

The inequality (4.8) implies the boundeness of the sequence u™.

4.3 We have proved that the sequence {u(”)} 15 bounded, so we can extract

a subsequence which we denote by {u("k)} , that is weakly convergent, then we
prove that its limit is the desired solution of the problem (1.1)-(1.4).

Lemma 4.4 The limit of the subsequence {u("k)} s the solution of the

problem (1.1)-(1.4).

Proof. We shall prove that the limit of the subsequence {u(”k)} satisfies
the identity (2.1) for all function v = Y"1 0;(t)w;(z) € Hr(Q). Since the
set S, = {v (z,t) = Y 1, ve(t)wi(x), vi(t) € C*(0,T),v,(T) = 0} is such that
U Sy, is dense in Hr (Q), it suffice to prove (2.1) for v € S,.

Multiplying (4.3) by v(t), summing according to k from 1 to n then inte-
grating over ¢ from 0 to T, we obtain

"(x 1 () g 1t ) dé — a*g/ (z)u™) 4.9
/Q[gu/wu g/x“(“f J (2)u™ (4.9)

—(4aa,9 () + a*g®)u™) / e (&,t) d§ — g (x) / ) (&, t) d¢ / e (&,1) d¢
(o200 ([ 0 e ([ 000 - st de) | vt
- [ (] (0(6) — ol €.0) ) dc

-/ @) (/ s (6) ie) (| L (E0) i)

Let u be the weak limit of the subsequence {u("’f)}. Letting k£ to infinity,
we get that the limit function u satisfies (2.1) for every v™ € Hp (Q), since
U, S, = Hr (Q) and so u is a generalized solution of the problem (1.1)-(1.4).
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5
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Open Problem

In this paper we have studied a one-dimensional telegraph equation with a
weighted integral condition. One can apply numerical methods like the homo-
topy analysis method (HAM), variational iteration method, ..., to the same
problem.

It will be interesting if the Galerkin method is applied to the same equation

but with more general integral conditions.
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