Int. J. Open Problems Compt. Math., Vol. 5, No. 1, March 2012
ISSN 1998-6262; Copyright © ICSRS Publication, 2012
WWW.I-CSrs.org

On Differential Ideals of Differential rings

Yaseen A.W.Alhiti
Ishik University Erbil — Iraq

E-mail : al_hiti@yahoo.com
Abstract

In this paper we introduce two operators denoted by ( )n, and

(), of a differential ring constructed from a subset of a differential

ring. We shall also discuss the relationship between these operators
and the differential ideals in differential rings, and Keigher
differential ring.
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1 Introduction

Rings considered in this paper are all commutative with unity. The 0 ring has
1=0. Also, all differential rings are ordinary , i.e., posses a single derivation
.Recall that by a derivation of a ring R we means any additive map
0:R — R satisfying s(ab) =45(a)b +as(b) for every a,b e R.A differential ring
R is a ring with a derivation ¢. If Ris a differential ring and a<R , then
a™ denotes the nth derivative of a.A subset A of R is called differential if
S6(A) = A.For any subset A of R, the set As= {acA:5(a)eA}is called the
differential of A.

Let R be a differential ring and let A be a subset of R . We define a subset ,

denoted by A, of Rby An, =fa:a™eA,for all n=>0}.
The following two theorems give some of the properties of A .
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Theorem 1.1. Let R be a differential ring . Then

(1) If AcR,then A,y A and (Ay))n =An)-

(2) If AcR, then A, =A iff Aisdifferential subset of R .

(3) If A,B are subsets of R with A =B, then A, =B,,,.

(4) 1f {A},., isafamily of subsets of R, then () A,)m) =[] (As)n) and

ael ael
(LJ| Aa)(n) - LJI (Aa)(n) '
(5) If A,Bare subsets of R, then (A+B)m 2An +Bm

and(A.B), oA, B

Theorem 1.2. Let R and S be differential rings and let ¢:R — S be differential
ring homomorphism such that ¢ (1) =1.. If A is a subset of R and B is a subset of

S, then p(A,)) =(@(A))n, and ¢ (By,) =(¢ " (B))y, -

The proof of these theorems is elementary and follows immediately from the
definitions .

From theorems 1.1 and 1.2, we see that for any subset A of a differential ring
R, A, is a differential subset . Also, the union and the intersection of any

family of differential subsets is again a differential subset , and finite sums and
products of differential subsets are differential subsets . Moreover , direct and
inverse images of differential subsets under a differential ring homomorphism are
differential.

Let A be a subset of a differential ring R .We define a subset , denoted by A, ,
of Rby A, ={a€A:3b eAsuch that ab =1}. Hence , if A is a subring of R,
A, isthe set of unitsin A.

u

Theorem 1.3. Let R be a differential ring and S a subring of R. Then
(S(n))u :S(n) NSy .

Proof. It is clear that (S,,), =S,y NS, , S0 let ae$ be such that a™ S for all

n >0, and suppose that ab =1for some b €S.We want to show that b™ S for
all n>0. We may assume n=>1 and that for each k < n,b® eS. Then by
Leibnitz's rule [6] we have
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0=(ab)™ =ab™ + i(;)a“’b(”‘k) ,
k=1

So that
n
b™ =-b( > (§)a®b"*))es
k=1

Hence, (Sq))y =S NSy -

2. DIFFERENTIAL IDEALS AND KEIGHER RINGS

Theorem 2.1. Let R be a differential ring and let A be a subset of R , then

(1) If Alisasubring of R, then A, is a subring of R.

(2) If Aisanideal of R, then A, is an ideal of R.

(n)

Proof. The proof of part (1) follows immediately from the definition. To prove
part (2) ,suppose x R and aeA . Then by Leibentiz’s rule [6] we have

M _ N (0 )y K) 4(—K)
xa)™ =3 (})x“a

k=0

Since every a"*) e A and A is an ideal of R,(x a)™ €A and hence x acA,,.
Sothat, A, is an ideal of R.

Recall that by a Ritt algebra [5] we means any differential ring which contains
the rational numbers. Also, if | isan ideal of a differential ring R, the set
r(l)={acR:a" el forsome neZ"} is called the radical of | . Anideal I of
R iscalled aradical ideal if r(1)=1".

Theorem 2.2. Let R be a Ritt algebra and let | be a subset of R, then

(1) If l'isaprime ideal of R, then I ., isaprime ideal of R.

Q)
(2) If l'isaradical ideal of R, then I, isaradical ideal of R.
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Proof. (1) From theorem 1.4 we have 1, is an ideal of R, so suppose that

agl and b el Then there exist positive integers m,n such that

(n) M)
a™el, b™glandforall k<m and 1<n,a® el and b® 1 . Now let

m+n

(ab)(m+n) _ Z (Ln+n )a(k) b(m+n—k)

k=0

We note that , (f*”)a(k)b(m”"‘) el for k < m, while for k >m, i.e., for
m+n—k <n, (p")a®p™"Oer,

If k =m, a™b™ &1 since | is a prime ideal , and since R is a Ritt algebra
(m")a™b™ g1 . Hence (ab)™™ g1, sothat I,

(2) Note that every radical ideal of R is an intersection of prime ideals of
R and conversely . Since the operator ( )., preserves the intersection of ideals by

Theorem 1.1 and prime ideals by part (1) , we have well that ()., preserves the
radical ideals.

is a prime ideal.

Definition 2.3 [7] . Let R be a differential ring , R is said to be a Keigher ring if
for each prime ideal I'in R, I, is also prime ideal in R.

Examples.
1. Every Ritt algebra R is a Keigher ring by the above Theorem 2.2.
2. Every differential field F is a keigher ring.

3. Every ring R with trivial derivation (i.e., a™ =0 forall acR and n>1)
isa Keigher ring.

Theorem 2.4. Let R be a Keigher differential ring and ¢:R —S a surjective
differential ring homomorphism. Then S is also a Keigher ring.

Proof. Since ¢ is surjective , then ¢ induces a one-to-one correspondence
between prime ideals J in S and prime ideals | in R containing the kernel of ¢

via 1 =¢'(J) and J =¢@(1). Hence if Jis a prime ideal in S,then we have
Iy =2@ Q) =097 @A)y, - Butsince R is a Keigher ring, (¢™(3)), is
prime ideal in R and hence J ,, is prime ideal in S.
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Recall that if S is a multiplicative subset of a differential ring R , then the ring

sr®—rs®

opf fractions S 'R is a differential ring via (L)(l’ = o see[2].
S S

The following lemma was proved by Keigher in [7].

Lemma 2.5. Let R be a differential ring . Let S be a multiplicative subset of
Rand I a prime ideal in R such that | NS =&. Then in the differential ring

SR we have
S )y =S -

Theorem 2.6. Let R be a Keigher differential ring and S a multiplicative subset
of R. Then S 'R is also a Keigher ring.

Proof. The proof follows immediately from the Lemma 2.1, since there is a one-

to-one correspondence between prime ideals of SR and prime ideals of
R disjoint from S [7].

Corollary 2.7. Let R be a differential ring and let P be a prime ideal of R , then
R is a Keigher differential ring if and only if R, is a Keigher ring .

Proof. If R is a Keigher ring , then so every R, by Theorem 2.4. Conversely ,
let P be a prime ideal of R and let f :R — R, be the canonical differential ring
homomorphism . Let S =R —-P, then since P=f *(S'P), we see that
Poy =f “((S™'P)ny) by Theorem 1.1, and since R is a Keigher ring , (S 'P),,

is prime in R, . Hence P,

) IS prime in R and R is a Keigher ring.

n
Theorem 2.8. Let R=][R;, where R, is differential ring . Then Ris a
i=1

Keigher ring if and only if each R; is a Keigher ring.

Proof. If R is a Keigher ring , then so is each R; by Theorem 2.3 . Conversely
suppose that | is a prime ideal of R, and let 7; :R - R,, i =12,...,n, be the
canonical projections. Then =, (I)=1, , 1<k <nisaprimeideal in R, and

7;(1)=R; for j=k. Itis clear that I, = lgl((lk)(n)), and since R, is a

Keigher ring, I, is prime ideal of R and R is a Keigher ring.

n
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Definition 2.9 [5] . A differential ring R iscalleda d —MP ring if the radical of
a differential ideal | of R is again a differential ideal. This is equivalent , see [2] ,
[3], [8], to each of the following :

(@ Prime ideals minimal over differential ideals are differential ideals .
(2) If 1is a differential ideal of Rand S is a multiplicative subset of

R disjoint from | , then ideals maximal among differential ideals which contain
I and are disjoint from S are prime.

Theorem 2.10. Let R be a differential ring . Then R is a Keigher ring if and only
if itisa d —MP ring.

Proof. See [7].

Let R be a differential ring . A differential ideal | is prime if and only if there
is a multiplicative subset S of R such that | is maximal among ideals disjoint
from S [6].

Let R be a differential ring . A differential ideal | is called quasi- prime ideal if
there is a multiplicative subset S of R such that I is maximal among differential
ideals disjoint from S . It is clear that every prime differential ideal is quasi-
prime, and every quasi-prime ideal is prime if and only if R is a Keigher ring.

Theorem 2.11. Let R be a differential ring . If 1 is a prime ideal of R then I
IS a quasi-prime.

Proof . Let | be a prime ideal of Rand let S =R —1. Itis clear that I, is a
differential ideal disjoint from S and if J is any differential ideal disjoint from S ,
then J <1, so that J =J,, <1 ,. Hence I, is maximal among differential

ideals disjoint from S . Now let K be a quasi- prime ideal of R and let S be a
multiplicative subset of R such that K is maximal among differential ideals
disjoint from S . Then there exists a prime ideal | of R such that K < and
| NS = [1] .Hence K=Ky clg and I ,,nS =, s0

that K =1, .

3 The Prime Spectrum of a differential ring

In the sense of ring theory , for any commutative ring R, Spec (R ) denote

the set of prime ideals in R with the Zariski topology [4]. The following two
theorems show how to create a topological space from a commutative ring R .
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This topological space is called the prime spectrum of R and the topology is
called the Zariski topology.

Theorem 3.1. Let R be a commutative ring and let Spec (R)be the set of all
prime ideals of R . For any subset A of R letV (A)be the set of all prime ideals
of R that contain A . Then

(1) V (A)=V ((A)) for any subset A of R (where (A) is the ideal generated by
A).

(2) V (0)= Spec (R) andV (R)=2.

(3) If {A };., is afamily of subsets of R, thenV (| JA) =[]V (A}).

iel iel

(4) If A and B are two subsets of R , thenV (ANB)=V (A)WV (B).

Parts (2),(3)and (4)show that the sets V (A), as A runs over all subsets of R,

satisfy the axioms for a collection of closed sets in a topological space . The
subset V (A) of Spec(R) are called Zarisky closed sets . Henceforth , Spec (R) is

considered to have the topology defined by taking the Zariski closed sets to be the
closed sets — this is the Zariski topology on Spec (R).

Theorem 3.2. Let R and S be commutative rings and let ¢:R —S be a ring
homomorphism such that o) =1

(1) If 1is a prime ideal of S, then ¢ '(l)is a prime ideal of R. Thus ¢
induce a map

@ :Spec(S) —Spec(R) defined by o (1)=¢*() for all
| eSpec(S).

(2) Foranyideal Jin R, go*_l(\/ )=V ((¢(3)) (where (¢(J)) is the ideal
generated by ¢(J)in S ). Deduce that ¢ is a continuous map with respect
to the Zariski topology on Spec (S ) and Spec(R).

(3) If Q:S —T is also a homomorphism of commutative rings , then (Qo @) =
@ oQ.

Proof . The proof follows directly from the definitions , see [4].

If R is a differential ring , the set of prime differential ideals in R will be
denoted by Spec, (R) and will be called the prime differential spectrum of R .

As a topologi- cal space , the set Spec,(R) has the subspace topology from
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Spec(R). So that the closed sets in Spec,(R) are defined by the form
V., (A)=V (A)n Spec, (R),where A isasubsetof R.

Denote by r, (1)the differential radical of differential ideal 1 of Rand | is
called a differential radical ideal if 1 =r; ().

For an element a € R denote by [a] the smallest differential ideal containing

a.
Some of properties of differential radical ideals are given in the following
theorems.

Theorem 3.3 [8] . For a differential ring R the following conditions are
equivalent :
() Every differential ideal of R is differential radical ideal .

(2) 1.J=1nJ for all differential ideals I,J in R .
(3) [a]* =[a] forall acR .

If r((A))denotes the radical of the ideal in R generated by A, r, (A) denotes
the differential radical of A, and r, (A) can be defined as following :

Theorem 3.3[8] . For any subset A of a differential ring R, the differential
radical of A, r (A) is the intersection of all differential prime ideals in
R containing A .

It is clear that , Acr((A))<ry(A) and r,(ry(A)) =r,(A), where Alis a
subset of R. If Y is a subset of SpecOI (R), let V(Y ) denote the intersection of

all prime differential ideals of R which belongtoY . Itis easy to show that [9] :

(1) V4 ) is a differential ideal of R, and the map from Spec, (R) to R
givenby Y =V, (Y ) is order — reversing with respect to the partial ordering by
inclusion in Spec, (R) and R.

(2) V4(@)=R.

3) If .}, is a family of subsets of Spec, (R), then

Vo (LY D) =Ve)).

iel iel

Theorem 3.4. Let R be a differential ring, A a subset of R, and Y a subset of
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Spec4 (R). Then
(1) V.(A) isclosed in Spec, (R) and V, (Y ) is a differential radical ideal of

R.
(2) V4V ..(A)) is the differential radical of A and V., (Y )) is the closure

of Y in Spec, (R).
Proof. The proof follows from the definitions and the notes above.

Now let R and S be differential rings and y :R —S be a differential ring
homo-
morphism . Then y induce a continuous map y~ :Spec(S) — Spec(R) given

by
w"(P)=w *(P) forall P eSpec(S). It follows from Theorems 1.2, 3.2 that y*

restricts to give a continuous map ; : Spec, (S) — Spec, (R). If ¢:S —>T is
another differential ring homomorphism , then it is clearly that (gow); =y ¢y .
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