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Abstract

In this paper, we prove strong convergence of a generalized
three-step iterative scheme with errors to approximate com-
mon fixed points of three generalized Non-Lipschitzian map-
pings in uniformly convex Banach spaces. Our results gener-
alize and improve several known results.
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1 Introduction

Throughout this paper, C' will denote nonempty convex subset of a real Banach
space E and F'(T') will denote the set of all fixed points of a mapping 7.

A self-mapping T : C' — C is said to be asymptotically nonexpansive [5] if
there exists a sequence {k,} C [1,00) with lim,,_,« k, = 1 such that

[T =Ty [|[< kn [l 2 =y |,

for all z,y € C and all n > 1.
The weaker condition (see [9]) requires that

limsupsup(|| T"z —T"y || — |z —y ) < O,

n—oo  yeC -
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for each = € C and that T is continuous for some N > 1.
A definition somewhere between these is follows:
A mapping T : C — C is said to be asymptotically nonexpansive in the
intermediate sense (see [1]) if 7" is uniformly continuous and

limsup sup (|| 7"z —T"y || = [z —y ||) < 0.

n—oo  gyeC

From the above definitions, it follows that an asymptotically nonexpansive
mapping is asymptotically nonexpansive in the intermediate sense but the
converse is not always true as the following example illustrates:

Example 1.1 [8/ Let E =R, C = [—¢,&] and | X |< 1. For each z € C,
define

Arsint, x#0;
T@:{o o7

Then T is asymptotically nonexpansive in the intermediate sense but it is not
asymptotically nonexpansive.

In 2000, Noor [10] introduced a three-step iterative scheme and studied the
approximate solution of variational inclusion in Hilbert spaces. Glowinski and
Le Tallec [4]used three-step iterative schemes to find the approximate solu-
tions of the elastoviscoplasticity problem,liquid crystal theoery and eigenvalue
computation. It has been shown in [4] that the three-step iterative scheme
gives better numerical results than the two-step and the one-step approximate
iterations. Thus we conclude that the three-step iterative scheme plays an
important and significant role in solving various problems arising in pure and
applied mathematics.

In 2001, G. E. Kim and T. H. Kim [15] proved the following strong convergence
theorem of the Ishikawa iteration process with errors for a non- Lipschitzian
self mapping as follows :

Theorem 1.2 Let X be a uniformly convexr Banach space and let C' be a
nonempty closed convex subset of X. Suppose T' : C' — C is both completely
continuous and asymptotically nonexpansive in the intermediate sense. Put

Co = sup ([ Tz =Ty | =z -y )VO, n=x1,

z,yeC
so that 300, C,, < 0o. For any x1 € C, let {x,}°, be the sequence defined by
the iterative scheme:
Tpir = QnZn + B TYn + Ynltin, n>1
Yn = Cny+ BTx, + 30vn,
where {a,}, {6n}, {m}, {dn}, {ﬁn} and {¥,} are real sequences in [0,1],

{un} and {v,} are bounded sequences in C such that the following conditions
are satisfied :
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() dn+Bat =00+ Fu+d=1n>1

(i) X020, m < 00, 202 An < 00.

i) 0<a<a,<1,0<b <B,<1—0by<1foraln>1and some
a, by, by € (0,1).

(iv) limsup, .. B, <b <1 for some b e (0,1).

Then {x,}>2, converges strongly to a fized point of T

Recently, Xu and Noor [16] introduced and studied a three-step iterative
scheme to approximate fixed points of asymptotically nonexpansive mappings
in Banach spaces.

In 2004, Cho et al.[2] extended the work of Xu and Noor [16] to the three-step
iterative scheme with errors and gave weak and strong convergence theorems
for asymptotically nonexpansive mappings in a Banach space.

Recently, S. Plubtieng, R. Wangkeeree and R. Punpaeng [12] introduced a
three-step iterative scheme with errors for an asymptotically nonexpansive in
the intermediate sense mapping and proved the following strong convergence
theorem :

Theorem 1.3 Let X be a real uniformly convex Banach space, C' a nonempty
closed convex subset of X. Let T be a completely continuous asymptotically
nonexpansive in the intermediate sense. put

G, = sup(|| T"z—T"y || - ||lz—y|)VO, n>1
for alln > 1.Let x; € C' and for each n > 1,

xr, € C,

Tn+1 = anTyn + ﬁnxn + InlUn, T > 1
Yn = dnTZn + ann + ’j/nvny
Zn = &nTxn + ann + ’i/nwna

where {an}, {dn}, {du}, {8}, (B}, (8.}, {am}, {Gn} and {4} are appro-

priate sequences in [0,1] satisfying the following conditions :
(i) {un}, {vn} and {w,} are bounded sequences in C'.
(iii) Z;;O:l Vo < OQ, Z;.],ozl ﬁ/n < 00, 22021 ’é/n < 0.

(iv) 0<a< Uy Gy G < B < 1 for some o, 5 € (0,1) and for all n > ny for
some positive integer ng.
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Then {x,} converges strongly to a fized point of T.

Motivated and inspired by the previous results, we introduce and study a new
three-step iterative scheme for the approximation of common fixed points of
asymptotically nonexpansive in the intermediate sense mappings and establish
a strong convergence theorem in uniformly convex Banach spaces. Our results
generalize and improve the corresponding results in [2], [3], [6], [7], [8], [11],
[12], [13], [16].

The following lemmas and definitions are useful in the sequel :

Definition 1.4 A mapping T : C — C is said to be semicompact if, for
any bounded sequence {x,}>2 | in C' such that lim, . || , — Tz, ||= 0, there
exists a subsequence {x,, }, say, of {x,} such that {x,,} converges strongly to
some z* in C.

Lemma 1.5 [14] Let ay,, b,, and 6, be sequences of nonnegative real num-
bers satisfying the inequality

an < (14 0p)a, + by, n > 1.

If 3200 1 by, < 00 and Y02 6, < 00, then lim, . a, exists.
Lemma 1.6 [13/ Let X be a uniformly conver Banach space, 0 < a < t,, <
B < 1,and {x,} and {y,} be two sequences in X such thatlimsup,,_, . || z, ||<

[, imsup, . || yn [|< 1 and lim, o || thzn + (1 —t,)yn ||= 1 for some 1 > 0.
Then lim, oo || n —yn ||=0 .

Let S, T and R : C' — C be three mappings. We will consider the following
three-step iterative scheme with errors as follows :

r1 € C,
Tpp1 = nS"Yn + BuTp + Yntln, 1 > 1, (1)
Yn = dnTnZn + ann + ’i/nvm

_ % pn 5 :

where {o}, {&n}, {dn}, {8}, {8} {5}, {3} {4} and {3} are appropri-

ate sequences in [0,1] satisfying the following conditions :
(ii) {un}, {v.} and {w,} are bounded sequences in C.

(iii) D02 m < 00, onl Fn < 00, 2op Y, < 00,
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2 Main Results

In this section, we prove strong convergence theorems for the three-step iter-
ation with errors given in (1.1) in real uniformly convex Banach spaces. In
order to prove our main results, we need the following lemmas :

Lemma 2.1 Let C' be a nonempty convexr subset of a real normed space
E. Let S, T and R : C — C be three asymptotically nonexpansive in the
intermediate sense mappings. Put

GP = sup (]| S"z—S"y| —|lz-y[)V0, n>1,
z,yeC

GP = sup (|Tz—T"y |- z—y|)V0, n>1,
z,yeC

G® = sup (|Rz—Ry|—|z—yl)v0, n>1,
z,yeC

so that Y00, GV < 00, 3, G2 < 0o, 32, G < co. Let {2,}22, be the
sequence defined in (1.1). If F = F(S)N F(T) N F(R) # 0, then lim,,_. ||
T, —p || exists for each p € F.

Proof Since ,by condition (ii), {u,}, {v,} and {w,} are bounded sequences
in C. Then there exists M > 0 such that

M = sup ||u, —p || Vsup || v, —p || Vsup || w, —p ] .
n>1 n>1 n>1

For any p € F, and for all n > 1, we have

” Tp+1 — D H = ” S " Y + BTy + Ynln — P H
< an [ Sy —p +Bullzn—p Il +7 [ —p |
< an |l yn—p | +GV +Bu [l 20 —p | +7a M
< by || T2 = p ||+ + Ba) | €0 =0 | +GD + ann | v = p || +7aM
< anbin || 20 = p | H @B+ Ba) | 20 —p | +G + G + (0 + ) M
G+ G + (ann + )M
S andn&n || Rnl‘n —-p || +(andnﬁ/n +anﬁ,n +ﬁn) || Tn — D ” +

andn’i/n ” Wn — P || +G£zl) + Gg) + (Oénrj/n + 'Yn)M

i, M + GLY + G+ G+ (ann + 1) M,

IN
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which implies that

GO+ GP + G + (anbiny + o + )M,

[ Zn=p Il < llzn=p | +ra,

where 7, = GO + G 4+ G®) 4[5 + 4, + 7] M, n > 1. Since 2, GD) < o0,
n G <00, Y02 G < 00, 02 n < 00, 1052 f < 00 and 307 7, <
00, then >>0°, r, < 00, and, by Lemma 1.3, lim,,_, || ,, — p || exists for each

peEF.

Lemma 2.2 Let C' be a nonempty convex subset of a real uniformly convex
Banach space E. Let S, T and R : C' — C' be three asymptotically nonexpansive
in the intermediate sense mappings. Let GV, G2 G® and {x,}>, be as in
Lemma 2.1 with the restriction that 0 < a < an,dn,&n < B < 1 for some

a,B€(0,1). If F = F(S)NF(T)N F(R) # 0, then
T || 2sr — 2 = lim || 20— S"n | = lim || 2 — T || = lim || 2, — B2, ||= 0.
Proof For any p € F, lim,,_. || x, — p || exists, by Lemma 2.1.

Suppose lim, o || z, — p ||= ¢ for some ¢ > 0. If ¢ = 0, there is nothing to
prove. Suppose that ¢ > 0. We have

H Tpt1 — P H = || nS"Yn + B + Yl — P H
= || an[Snyn —p+ 'Yn(un - xn)] + (1 - O‘n)[xn — D+ Vn(un — xn)] Ha

which yields that

dim | @ [S"yn — p 4 Yo (un — @0)] + (1 — an)tn = p+lun —20)] || = (2)
Moreover,
” Yn — P ” = H ATz + Bn:pn + Yntn — p H
< |zp—p || 4GP + GO 4, M. (3)

Taking lim sup in both sides of the inequality (2.2), we get
limsup ||y —p || < e (4)

Since {u,}, {v,} and {w,} are bounded sequences in C' then, by the existence
of
lim, o || » — p ||, there exists a positive real number M such that

M = sup | tn — 2 || Vsup [| v, — 2y || Vsup || w, — 2, || -
n>1 n>1 n>1
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Now, we have

[ S"yn =+ n(un —20) | < [ Sy —p | +70 || un — 2 ||
< Ny —p | +G + 7,
hence,
limsup [} S"yn —p +ya(un —2a) | < c. (5)
Also,

|20 = p+nltn —20) | < N2 —p || 700,
which implies that

limsup || 2, —p+ Yu(u, —z,) || < e (6)

n—oo

Applying Lemma 1.4, in view of (2.1), (2.4) and (2.5), we obtain

nh_%lo | @n = S"yn || = 0. (7)
Since
< | 8" Yn — T || 9 [ U — 2 ||
S ﬁ || Tn — Snyn H +’7nM7
then, using (2.6), we get
I P ©

Since

lzn =Sy | + 1 5"y =1 ||

| zn—p | <
< H Tp, — S"Yn ” + H Yn — P H +G£zl)v

then, by (2.6), it follows that
¢ = liminf || 2, — p | < liminf | g —p | )
Therefore (2.3) together with (2.8) imply that

lim ||y, —p| = c

n—oo
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Again, we have

H Yn — D H = H &nT" 2n + BnTn + Ynn — p H
| &[T 20 — P+ An (v — )] + (1 — &) [0 — P+ Y (vn — 22)] ],

But lim,, .o || ¥ — p ||= ¢. Then,

nhllgo | &n[T" 20 — p 4 An(vn — @0)] + (1 — &) [z — P + Fn(vn — 22)] | =(16)
Since
2o —p I = [ dnR’zy + Bp2n +Fpwn —p ||
< (dn+8) | 20 —p | 4GP +4,M
< lan—p || +GY +5,M,
then,
limsup || z, —p || < e (11)
Furthermore,
[ T2 =P+ An(vn —zn) || < [[ T2 —p || 9 || va — 20 ||
< e =2 | +GP + 500,
hence, by (2.10), it follows that
limsup | Tz — p+ Fntn — 2a) | < e (12)

On the other hand,
| 20 =P+ (v —z0) || < |20 —p | +9M,
which, on taking lim sup in both sides, implies that

limsup || 2, — p + Gn(n —2a) | < c. (13)

n—oo

Once more, using Lemma 1.4, in presence of (2.9), (2.11) and (2.12), we obtain
that

dim |z, —T"2, || = 0. (14)
Since
len=pll < ([T =0 | + | T"20 —p |
< N T = o ||+ [l 20 —p || +G,



Approximation Of Common Fixed Points Of Generalized Non-Lipschitzian Mappings9

Using (2.13), we have

¢ =liminf || z,, —p ||[< liminf [| 2z, —p || . (15)
Therefore (2.10) together with (2.14) imply that

limsup || z, —p [|< ¢ < liminf [| 2, —p |,
which means that,

tm zpl =

i. e,
Tim || dn[R"20 = p + Fp(wn — 2)] + (1 = dn) 2 — p + Fp(wn — 2)] | H(16)

Since we have
| Rz —p+ Ap(wn —20) | < Nan—pll +GP +7,M,
then,

limsup || Rz, —p+ %, (wp —x) | < ¢ (17)

n—oo

In addition,
| zn —p+Fp(wn —20) | < |20 —p +/YnM7
then,

limsup || z, —p + 7n<wn —z,) | < e (18)
Finally, using (2.15), (2.16) and (2.17) and applying Lemma 1.4, we obtain
that

Jim | 2, — Rz, || = 0. (19)
Assertions (2.6), (2.7), (2.13) and (2.18) complete the proof.

Lemma 2.3 Let C' be a nonempty convex subset of a real uniformly convex
Banach space E. Let S, T and R : C' — C' be three asymptotically nonexpansive
in the intermediate sense mappings. Let GV, G2 G® and {x,}>, be as in
Lemma 2.2. Suppose that F = F(S)NF(T)N F(R) # 0. Then, if {x,}>,
converges strongly to some q € C', ¢ must be a common fized point of S, T and

R.
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Proof Since, we have

| T2 + By + At — T ||
< g H Tz, — T, H +n M.

I Y — ||

Then, by (2.13), we obtain
lim ||y, — 2z, || = 0. (20)
Now, we have

H T — S"Ty || ” T — S"Yn || + H S"Yp — 8"y, ||

<
< = S"ya |+ g — 2 || +GLY,

which, using (2.6), (2.19) and the assumption on GV, implies

dim || z, = Sz, || = 0. (21)
Again, we have
| zn—an | = | &anxn + ann + ’;ann — Ty |

< Bz — Rz, | +'7nM

Then, by (2.18), we get

lim | zn —xn || = 0. (22)
Also,
| 2n =T"zn || < @0 =T 20 | + | T"20 — T, ||
< Nl =T 20 || + [ 20 — 20 || ‘I'G?(f)'

Thus, using (2.13), (2.21) and the assumption on G2, it follows that
dim || 2y =Tz, || = 0. (23)
Finally, we have

|2 — Ry || < || @ng1 — @ || + | @01 — B 2 || 4+ | R 2 — Ry, |
+ || R"™x, — Rz, ||

It follows, from (2.7), (2.18) and uniform continuity of R, that

Jim | z, — Rz, || = 0. (24)
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Similarly, using uniform continuity of S and 7" in view of (2.20) and (2.22),
respectively, we obtain that

,}Lngo | @0 — Sz [|= nh_{go | @n — Ty ||= 0. (25)

Assume that {z,}°°, converges strongly to some ¢ € C, then (2.23) and
continuity of R yield that

lg—Rql| = 0, (26)

i. e, ¢ = Rq.
Similarly (2.24) with continuity of S and T imply

|l ¢g—Sql|=[q¢—Tql|=0, (27)

which means that ¢ = Sq = T'q¢ = Rq. Hence the proof of the lemma.
Now, we are in a position to state and prove the main theorems of this

paper.

Theorem 2.4 Let C be a nonempty closed convex subset of a real uniformly
convex Banach space E. Let S, T and R : C' — C be three asymptotically
nonexpansive in the intermediate sense self-mappings. Let G, G G®) and
{2,}52, be as in Lemma 2.2. Let F = F(S)NF(T)NF(R) # (. If at least
one of the three mappings R, S and T is completely continuous then {x,}°
converges strongly a to common fized point of S, T' and R.

Proof Lemma 2.3 guarantees that if {z,}°°, converges strongly to some
q € C, then ¢ € F. Thus, we only need to prove strong convergence of
{z,}52,. Since , by Lemma 2.1, {z,}32, is a bounded sequence in C. Let R
be completely continuous, then {Rz,} has a subsequence {Rz,, } converging
strongly to some g € C. But, from (2.23), it follows that

lim || z,, — Rzp, || = 0,
k—oo
therefore, by continuity of R, we have
lim (|2, g = 0
—00

since ¢ € F, then by Lemma 2.1, lim,,_, || , — ¢ || exists and hence x,, — ¢
as n — 00.

Similarly, if S is completely continuous then , by boundedness of {z,}>,
there exists a subsequence {Sxz,, } of {Sx,} such that Sz,, — ¢, ¢ € C, as
k — oo and using continuity of S, we get , from (2.24), that x, — ¢ as n — oc.
Finally if T" is completely continuous, then the same result is obtained in just
a similar way.
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Theorem 2.5 Let C be a nonempty closed convex subset of a real uniformly
convex Banach space E. Let S, T and R : C' — C be three asymptotically

nonexpansive in the intermediate sense self-mappings. Let G, G2 G®) and

{2,}52, be as in Lemma 2.2. Let F = F(S)NF(T)NF(R) # (. If at least
one of the three mappings R, S and T' is semicompact then {x,}>° | converges
strongly to a common fized point of S, T and R.

Proof Lemma 2.1 yields that {z,} is a bounded sequence. Without loss of
generality, suppose that R is semicompact. Since, by (2.23), we have lim,, ., ||

z, — Rx, ||= 0, then there exists a subsequence {z,,}, say, of {z,} such
that {x,, } converges strongly to some z* in C. We have, from (2.23), that,
lim, oo || Zn, — Ry, ||= 0. Since R is continuous, then, lim,,_, || 2*— Rz* ||=

0, which indicates that z* = Rx*. Using continuity of S and 7T, in view of
(2.24), we obtain that x* = Sx* = Tz*, hence z* € F. Therefore, by Lemma
2.1, we have lim, . || z, —2* || exists, but lim, o || z,, —2* ||= 0, thus
T, — ¥ asn — oo.

Theorem 2.6 Let C' be a nonempty closed conver subset of a real uni-
formly convex Banach space E. Let S, T and R : C — C be three asymp-
totically nonexpansive self-mappings with sequences {kV}>°,, {k@}  and
{k®)Y2e | respectively, such that kD k@ kB3 > 1 n>1 and 3X°°, kM) < oo,
Y2 kP < 0o, kB < oo . Let {x,}5%, be as in Lemma 2.2. If

F=FS)NF(T)NF(R) # 0, then {x,}5°, converges strongly to a common
fixed point of S, T and R if any of the following two conditions is satisfies :

(1) If at least one of the three mappings S, T and R is completely continuous.

(ii) If at least one of the three mappings S, T and R is semicompact.

Proof Since every asymptotically nonexpansive mapping is asymptotically
nonexpansive in the intermediate sense then the proof of Theorem 2.6 is ob-
tained in the proof of Theorems 2.4 and 2.5.

In Theorems 2.4 and 2.5, if S=T=R, then we obtain the following corollary

Corollary 2.7 Let C be a nonempty closed convex subset of a real uniformly
convex Banach space E. Let T: C' — C' be a asymptotically nonexpansive in
the intermediate sense mapping. Put

Gp = swp([|[T"z-T"y |- ||z—y[)V0, n=>1,
z,yeC

so that Y00 G, < 00. Let {x,}5°, be the three-step iterative sequence with
errors defined as follows:

.217160,
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Tpy1 = anTnyn + ﬁnxn + YnlUn, N > 17 (28)
Yn = GnT"z, + ﬁ/nmn + Fnn,
Zn = G, + ﬁnxn + %nwn,
where {an}, {dn}, (A}, {62}, {8a} {6}, {1}, {9n} and {4,} are appro-
priate sequences in [0,1] satisfying the following conditions :
(i) {un}, {vn} and {w,} are bounded sequences in C.
(iii) 3252, 9 < 00, 52, n < 00, L5, 5, < 0.
(iv) 0 < a < ap, dn,d, <f<1

If T is completely continuous or semicompact, then {x,}2, converges strongly
to a fized point of T'.

Remark.
(1) Corollary 2.7 contains Theorem 3.3 in [12].

(2) In Corollary 2.7, if T' is asymptotically nonexpansive with a sequence
{kn}>2, in [0, 1] such that >>°°, k,, < oo, Theorem 2.4 and Corollary 2.5
in [2] are obtained and if | in addition, v, = %, = 4, = 0, n > 1, we
obtain Theorem 2.1 in [16].

3 Open Problem

In this section we should present an open problem.

Let X be a real uniformly convex Banach space, C' a nonempty closed con-
vex subset of X. Let 11,75, ...... , T, be a finite family of generalized non-
Lipschitzian mappings, the following problem arises:

If we use a finite family of generalized non-Lipschitzian mappings instead a
generalized non-Lipschitzian, how to defined the new multistep iteration and
under what conditions the new iteration converges so that our results in this
paper can be as corollaries of new results.
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