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Abstract

In this paper, we obtain a common random fixed point the-
orem for six weakly compatible random operators defined on
a nonempty closed subset of a separable Hilbert space under
some conditions.
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1 Introduction

Random fixed point theorems are stochastic gereralization of classical fixed
point theorems. Random fixed point theorems for contraction mappings on
separable complete metric spaces have been proved by several authors (See
e.g. Spacek [22], Hans [9],[10], Bharucha-Reid [7], Itoh [11], Mukherjee [17],
Tan and Yuan [23]) and many others.

In 1982, Sessa [20] introduced the notion of weakly commuting mappings.
Jungck [12] defined the notion of compatible mappings to generalize the con-
cept of weak commutativity and showed that weakly commuting mappings are
compatible but the converse is not true [12] and a number of fixed point the-
orems have been obtained by various authors utilizing this notion ([13], [14],
[16], [18], [19], [21]). Jungck further weakens the notion of compatibility by
introducing the notion of weak compatibility and in [15], Jungck and Rhoades
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further extended weak compatibility to the setting of single-valued and multi-
valued maps.

Afterwards, Beg [1], [2], Beg and Shahzed [5], [6] studied the structure of
common random fixed points and random coincidence points of a pair of com-
patible random operators and proved the random fixed points theorems for
contraction random operators in Polish spaces. Some random fixed point the-
orems for weakly compatible random operators under generalized contractive
conditions are proved by Beg [3], Beg and Abbas [4] and others.

In continuation of these results, motivated and inspired by the contraction
condition by Ciri¢ [8], we obtain a common random fixed point for weakly
compatible six mappings on a nonempty closed subset of a separable Hilbert
space H.

2 preliminaries

Let (€2, X) be a measurable space, H stands for a separable Hilbert space and
C' a nonempty closed subset of H.

A mapping £ : Q — C is called measurable if £~}(BNC) € X for every Borel
subset B of H.

A mapping T : Q x C — C is said to be random mapping if for each fixed
x € C, the mapping T'(.,z) : Q@ — C is measurable.

A measurable mapping £ : {0 — (' is called a random fixed point of the random
mapping 7' : Q@ x C' — C if T'(w, &(w)) = &(w) for each w € Q.

Definition 2.1 [15] Let H be a separable Hilbert space. Random operators
S,T:Qx H— H are weakly compatible if T'(w, (w)) = S(w,&(w)), for some
measurable mappings &, then T'(w, S(w,&{(w))) = S(w, T (w,&(w))) for every
w € (L.

Condition (A) Siz random mappings E,F,S,T,A and B : Q x C — C,
where C' 1s a nonempty closed subset of a separable Hilbert space H are said
to satisfy condition A if

|E(w,z) — F(w,y)||> < a(w) max{||S(w, Aw,2))~T (w,B(wy)) >

o IS, A(w,z) = E(w,) |12, | T(w,B(w,y)) — F(wy)|”

us<w7A(w,x))—F(w)l\2+\|T<w,B<w,y>>—E<w,w>\\2}
2

+ Bw) max{[|S(w,A(w,x)) = E(w,) ||| T (w,B(w,y))—F (w,y)||}

+ (WIS (w,A(w,2))~F(w,y) |2 +|T(w,B(w,y))~E(wa)|?], (1)

for x,y € H and w € Q, where o, 5,77 : Q — [0,1) are measurable mappings
such that for all w € 2,

20(w) + f(w) + 4y(w) < 1. (2)
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3 Main Results

In this section, we prove a common random fixed point theorem for six weakly
compatible random operators in separable Hilbert spaces without using the
continuity of these mappings.

Theorem 3.1 Let C' be a nonempty closed subset of a separable Hilbert
space H. Let E,F,S,,T,A and B : Q x C — C be six random mappings
defined on C' such that for w € Q, E,F,S,T,A and B : Q x C — C satisfy
condition (A) and the following conditions:

B(w, H) C T(w, Bw, H)) , F(w, H) C S(w, Aw, 1)) (3)
EA=AE, SA=AS, BF = FB, TB = BT. (4)
The pairs (E,SA) and (F,TB) are weakly compatible. (5)

Then E,F,S,,T,A and B have a unique common random fized point.

Proof. Let the function gy : €2 — C be an arbitrary measurable function
on Q. By (3) there exists a function g : Q@ — C such that for w € Q,
T(w, B(w,g1(w))) = E(w, go(w)) and for this function ¢; : @ — C we can
choose another function g : Q@ — C such that for w € Q, F(w, g (w)) =
S(w, A(w, go(w))) and so on. By using the method of induction we can define
a sequence of functions y,(w), w € Q as following;:

y2n(w> = T(w7 B(w7g2n+1(w))) = E<w7g2n<w))7
y2n+1(w) = S(w7A(w792n+2(w))) = F(w792n+1(w))a wedn=012 (6)

From (1) we have for w € ) that

y2n(w) = Yonir (W)II* = [ E(w, gan(w)) — F(w, gan1(w))|*
< aw) max{[S(w,A(w,g2n () ~T(w,Bw,g2n+1 (w))|]
s 18,920 ()~ E(w,g20 ()]

s 1T (w,B(w,g2n+1(w)—F(w,g2nt1 (w))[*
15 (w, A (w995, (w))) = F (w2041 (W) | > H|T(w, B(w,g2n4 1 (w)) = B(w,gan (w)|* )
2

+ B(w) max{[|S(w,A(w,g2n ()~ E(w,g2n (w))||?
o IT(w,B(w,g2n11(w))—F(w,g2n+1(w))[|1*}
T (@)IS(w,A(w,g2n (w)))— F(w,g2n41 (w)) ||

+ 7w, B(w,g2n+1(w))—E(w,gan (w))[|?].
It follows by (6) that

ly2n (W) = yona ()|* < a(w) max{|lyan—1 (w) = you (w)[|*
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s lyn-1(w) = yen (W) I, ly2n(w) — Yo (w)|?
I

[Y2n—1(w) = Yani1 (w)[1* + [[y2n (W) = yon(w) )
’ 2

+ Bw) max{[yzn-1(w) — yan(w)|*

)
o ly2n(w) = yana (W)}
+ y(W)lly2n-1(w) = yania (w)]*
+ [[y2n(w) = yan(w)]] (7)

By parallelogram law, ||z +y/||> + ||z — y||* < 2[||z||* + ||y]|*] which implies that
2+ yll* < 2|z + 2/|yl|* — |z — y[|* < 2[|=]]* + 2[|y|]*, we can write

ly2n—1(w) — y2n+1(w)||2 = [Jyan—1(w) — yan(w) + yon(w) — y2n+1(w)||2

< 2llyzn-1(w) = yan(W)[* + 2lly2n(w) — yonsa ().

(8)
Applying (8) in (7) we get

2 () = yomir(@)[* < a(w) max{|[yzn—1 (w) — Yoo (w)[|*

, o yen—a(w) = yzn(w)HQa [yan (W) = Y2n41(w)
2[|y2n—1(w) — yon(w)[|* + 2{[y2n(w) — yzn+1(w)\!2}

’ 2

+  B(w) max{||yan—1(w) — yan(w)]

o 1yen(w) = yansa (w)[*}

+ 7(w)[2[[y2n-1(w) — yon(w)

+ 2[[yan(w) = yons1(w)]?. (9)

If [[gan(w) = yan1 (w)I* > [[gan-1(w) = y2n(w)[|*, then by (9) and (2) we have

I

I

[y2n (w) — Zl2n+1(’w)H2 )
+ Ay(w)[lyzn (w) = yonia (w)]?

= (2a(w) + B(w) + 4y(w))[|y2n(w) = yons1 (W)
< ly2n(w) = yonia (w)|.
A contradiction.

It follows that [[yan(w) — yons1(w)[1* < [ly2n—1(w) = you(w)|[*.
Applying this in (9), we obtain

Y20 (w) = y2nsa(w)[I* < (20(w) + B(w) + 47(w))||[y20-1(w) — yon(w)][|*.

Hence

12 (1) = ynia (@) < (2a(w) + B(w) + 47(w))? [yan-1 (w) = yan(w)].

< 2a(w)|y2n(w) = yoner (W)II* + B(w)[[y2n(w) = Yons1 (w)]*
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By (2) we have k = (2a(w) + B(w) + 4y(w))2 < 1.
In general,

[y (@) = Y1 (W) < El[ynr(w) = yn(w)];

which implies that

|90 (W) = Ynpr ()] < E"|lyo(w) — y1(w)]],w € Q.

Now, we will prove that for w € Q, {y,(w)} is a Cauchy sequence in C'
For positive integer p we have

”yn(w> — Ynt1 (’LU) + ynJrl(w)

oo F Ynap-1(W0) = Ypap(W) ||

[y (W) = Ynir (W) + [|Yn1(w) — Ynr2(w)|]
o [Ynap-1(w) = Ynap(w) |

[E" + k" 4 B [lyo(w) =y (w)]

1+ k+ K+ .+ ko (w) — v (w)|
o) — ga(w)]

0 (asn — o0),w € €.

”yn<w) - yner(w)H

IN + IN +

IN

K

It follows that {y,(w)} is a Cauchy sequence and hence is convergent in the
closed subset C' of H. So that, {y,(w)} — {y(w)} as n — oo for w € Q.
Since C' is closed, {y(w)} is a function from C to C' and consequently the

SUbsequenceS {E(w,g2n(’w))}, {F(w792n+1<w))}7 {T(waB(waQQn-&-l(w)))} and

{S(w, A(w, gont2(w)))} of {y,(w)} also converge to {y(w)}.
Now, since E(w, H) C T(w, B(w, H)), there exists h(w) € C such that

y(w) = T(w, B(w,h(w))) for w e Q. (10)
Using (1) we obtain

IE(w,g2n (w))=F(wh(w))|> < a(w) max{]|S(w,A(w,g2q (w))) =T (w,B(w,h(w)))|*
18w, A(w,g2n (w))) — E(w,g2n (w)) |12

|7 (w, B(w,h(w)))—F (w,h(w))||*

IS (w, A (w,g9y (w))) = F (w,h(w)) |2+|T (w, B (w,h(w))) — E (w,ga5 (w))||* }
2

T+ B(w) max{||S(w,A(w,g2n (w)))—E(w,g2n (w))||?
[T (w, B (w,h(w)))—F (w,h(w))]*}
+ @) (w, A(w,g2n (w)))—F (w,h(w))|?

Tt T (w,B(w,h(w)))—E(w,g2n (w))|]?]-
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Taking the limit on both sides of the above inequality as n — oo, and using
(10) we obtain

ly(w) = Flw, h(w)|* < a(w) max{|ly(w) — y(w)|*, [ly(w) — y(w)|?
o lly(w)) = Flw, h(w))|*
ly(w) = F(w, h(w))[* + |ly(w) — y(w)llg}
’ 2
+ Blw) max{]ly(w) — y(w)]*, ly(w) — F(w, h(w))|*}
+ y(w)[lly(w) — F(w, h(w))|* + lly(w) — y(w)]*].

It follows that
ly(w) = F(w, h(w))[|* < ((w) + B(w) +v(w))[[y(w) = F(w, h(w))]?,
which leads to the following
y(w) = F(w, h(w)) for we (11)
From (10) and (11), we have F(w, h(w)) = T(w, B(w, h(w))).

Since {F, T B} are weakly compatible, then they commute at their coincidence
point h(w), i.e.
F(w, T(w, B(w,h(w)))) = T(w, B(w, F(w,h(w))))
= Flw,y(w)) = T(w, Blw,y(w))) (12)

Similarly, since F'(w, H) C S(w, A(w, H)), there exists f(w) € C such that
y(w) = S(w, A(w, f(w))) for weQ. (13)
Again using (1), we have

IE(w.f(w))=F(w,gzns1(w)[? < a(w) max{]|S(w,A(w, f(w)) =T (w,B(w,g2n+1(w)))||?
’ ||S(w7A(w7f(w)))_E(wvf(w))HQ

o T (w,B(w,g2ni1(w)))—F(w,gan41(w))]?

IS (w,A(w, f ())) = F(w,gopn 41 (W) 1>+ T(w, B(w,92741 (w))) = B(w, f (w)]|? }
2

+ B(w) max{[|S(w,A(w,f(w)))—E(w,f(w))||?
T (w,B(w,g2ni1(w)))—F(w,g2n+1(w))[*}
T @) IS (w, Aw,f (w)))—F(w,g2n 41 (w))||?

IT (w,B(w,g2n+1(w)))—E(w,f(w))|]?].

+

Taking the limit on both sides of the above inequality as n — oo, and using
(13) we obtain

1E(w, f(w)) —y()|* < e(w)max{[ly(w) — y(w)|* ly(w) — E(w, f(w))]
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,ly(w) = y(w)|?
ly(w) = y(w)|* + [ly(w) — E(w, f(W))|!2}
’ 2
+ Blw) max{|ly(w) — E(w, f(w)|I? [ly(w) — y(w)|*}
+ y(w)[lly(w) = y(w)|* + lly(w) — E(w, f(w))]?].

It follows that
|B(w, f()) — y(w)|]? < (a(w) + B(w) + (W) E(w, f(w)) — y(w)|
Hence
B(w, f(w)) = y(w) for we Q. (14)
Using(13) and (14), we have S(w, A(w, f(w))) = E(w, f(w)).

Since {F, SA} are weakly compatible, then they commute at their coincidence
point f(w), i.e.

S(wvA(w7E(w7f(w)))) = E(w,S(w,A(w, (w))>)
= S(w, A(w,y(w))) = E(w,y(w)). (15)

Now, we show the existence of a random fixed point. Consider for w € €2, and
by parallelogram law we have that,

[B@wyw)—y@)* = [[Ewy(w))=yan+1(w)+yzns1(w)—y(w)]?

IN

12 +2lly2n+1 (w)—y(w)|?

2| E(w,y(w))—y2n+1(w)
2| E(w,y(w))—F (w,g2n+1(w)) |12 +2[ly2n+1 (w)—y(w)||?
20(w) max{||S(w,A(w,y(w))) =T (w,B(w,g2n+1(w)))||?

) ||S(w7A(w7y(w)))_E(wvy(w))||27||T(va(w792n+1(w)))_F(wa92n+1(w))||2
IS (w, A(w,y(w))) = F(w,g254+1 )2+ T (w, B(w,g25, 41 (w))) = E(w,y(w)) || }
2

IN

+ -

2B(w) max{||S (w,A(w,y(w))) —E(w,y(w))|]?
T (w,B(w,g2n+1(w)))—F (w,g2n41(w))||? }
2y(w)[[| S (w,A(w,y(w))) —F(w,g2n+1(w))]|?

IT (w, B(w,g2n+1(w))) —E(w,y(w)I*]+2l|y2n+1 (w) —y(w)|*-

+ -

It follows that

1E(w,y(w)) — y(w)]*

IN

2a(w) max{|| S (w,A(w,y(w))) —y(w)||,|[S (w,A(w,y(w)))— E(w,y(w))|?

E 115 (w, A (w,y (w))) =y (w) || 2+ |y (w) = E(w,y(w))||2 }
) 2

lly(w)—y(w)
28(w) max{|| S (w,A(w,y(w)))—E(w,y(w))||?, |y (w) —y(w)||*}
27 (w) |15 (w, A(w,y(w)))—y(w) || +[ly(w) — E(w,y(w))]?]

2ly(w)—y(w)]|2.

+ + + -
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Using (15) we obtain
1E(w,y(w)) —y()|* < Q2a(w) + dy(w)[|E(w, y(w)) — y(w)|*
< [ E(w, y(w)) — y(w)|*.
It follows that

E(w, y(w)) = y(w). (16)
From (15) and (16) we have
E(w,y(w)) = S(w, A(w,y(w))) = y(w) for weQ. (17)

Similarly, we can show that
F(w,y(w)) =T (w, B(w,y(w))) = y(w) for weQ. (18)

It follows from the construction of {y,(w)} for w € Q that {y,(w)} is a se-
quence of measurable functions and since y(w) is a pointwise limit of a mea-
surable sequence {y,(w)}, it follows that y(w) is also measurable function and
by (17) and(18), y(w) : 2 — C is a common random fixed point of F, F,SA
and T'B.

Next we prove y(w) = S(w,y(w)) = A(w,y(w)) = T(w,y(w)) = B(w,y(w)).
Since AF = E'A and using (1) we have

[A(wy)—yw)|? = [A(wEwy(w))—F(wy(w))|*=|Ew,A(wy(w)))—F(wy(w))|?

a(w) max{||S(w,A(w,A(w,y(w)))) =T (w,B(w,y(w)))|?

IN

) HS(w,A(w,A(w,y(w))))—E(w,A(w,y(w)))HQ,HT(w,B(w,y(w)))—F(w,y(w))”z

||S(w’A(wyA(wqy(wm)*F(w’y(w))||2ﬂ;HT(w7B(wyy<w)))*E(w,A(wmw)))H2 }

+ -

B(w) max{||S (w,A(w,A(w,y(w))))—E(w,A(w,y(w)))|?
) HT(w,B(w,y(w)))—F(w7y(w))|\2}

T @) (w, Aw,Aw,y(w)))) = F (wy(w))||?

+ T, By (w)) B, Alwy(w))]2]. (19)
Since AE = EAand SA = AS we have E(w, A(w,y(w))) = A(w, E(w,y(w))) =
A(w, y(w)) and S(w, A(w, A(w, y(w)))) = A(w, S(w, A(w, y(w)))) = A(w, y(w)).

Applying this in (19) we obtain

JA(w, y(w)) = y)|? < alw) max{[|Aw, y(w)) - y(w)|

A, y(w)) — Alw, y(w))|, ly(w) — y(w)|?
IAGw,y(w)) =y + ) = Alw,y@)IP
’ 2

+ Blw) max{[| A(w, y(w)) — Afw, y(w))]?

ly(w) — y(w) 2}

+ ) IA(w, y(w)) - y@) > + lyw) — Adw, y(w))]?]
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It follows that

1A, y(w)) —y)* < (a(w) +2y(w)[A(w, y(w)) - y(w)|
= Alw,y(w)) = y(w). (20)

Since S(w, A(w,y(w))) = y(w) and by (20) we have S(w,y(w)) = y(w), i.e.

S(w, y(w)) = A(w,y(w)) = y(w).
Again, since BF = F'B and using (1) we have

ly(w)=Bwy)* = |BEwy(w))—Bw,F(wy(w)|*=|E(w.y(w))—F(w,Bwyw)))|?
a(w) max{|[S (w,A(w,y(w))) =T (w,B (w,B(w,y(w))))|?

IS, A(w,y(w))) = E(w,y(w) |2, T(w,B(w,B(w,y(w))) —F (w,B(w,y(w)))|?

IIS(w7A(w,y(w)))*F(wa(w,y(w)))HQ;HT(w»B(w,B(w,y(w))))*E(wvy(w))HQ }

IN

+ -

B(w) max{|| S (w,A(w,y(w)))— E(w,y(w))||*
o T (w,B(w,B(w,y(w))))—F(w,B(wy(w)))|*}
V()| S (w,A(w,y(w))) = F (w,B (w,y(w)))|?

(

T IT(w,B(w,B(w,y(w)))—E(w,y(w))|?]

+

Since F'B = BF and T'B = BT we have F'(w, B(w, y(w)))
B(w, y(w)) and T (w, B(w, B(w, y(w)))) = B(w, T (w, B(w, y(w)))) = B(w, y(w)).
Applying this in (21) we get

ly(w) = Blw,y()? < a(w) max]ly(w) — Blw, y(w)|?

ly(w) = y(w) 1%, | B(w, y(w)) — Blw, y(w))|?
ly(w) = Blw, y(w)[|2 + [|Blw, y(w)) — y(w)|?
’ 2

+ Blw) max{[ly(w) — y(w)|

|B(w, y(w)) — Blw, y(w)|}

+ A(w)lly(w) — Bw,y()IP + [Blw,y(w)) — y(w)|.

}

It follows that

ly(w) = Bw,y(w))|* < (e(w) + 2y(w))|| B(w, y(w)) — y(w)]|*
= B(w,y(w)) = y(w). (22)

Since T'(w, B(w,y(w))) = y(w) and by (22) we have T'(w,y(w)) = y(w), i.e.

T(w,y(w)) = B(w,y(w)) = y(w).
Finally, for the uniqueness of the common random fixed point y(w) of
E F,S,T,Aand B, let p(w) : Q — C be another common random fixed point
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of E,F,S, T, A and B, using (1) we obtain

ly(w) = p(w)|* = [ E(w,y(w)) — F(w, p(w))|*
o) mae 115, Aw,/(10))) T (o, B ) 2

s 1S Alw,y(w) =B (w,y(w) |2, T (w, B(w,p(w))) —F (w,p(w))||

115 (w, A (w,y(w))) = F (w,p(w) |2+ T (w, B (w,p(w))) — E(w,y(w)||2 }
2

IN

+

43

B(w) max{|| S (w,A(w,y(w)))— E(w,y(w)) %17 (w, B (w,p(w))) —F (w,p(w))||*}

T @) (w, Aw,y(w))=F (w,p(w)) |2+ (w, B (w,p(w))) —E(w,y(w))|1*],

which yields

ly(w) = pw)* < a(w) max{|ly(w) — p(w)|*, y(w) — y(w)||*

I

||p(’LU) —p(w)||2, Hy<w) _p(w>H2 ;— Hp(w) — y(w)
+ Alw)max{]ly(w) — y(w)|* llp(w) — p(w)]*}
+ v(W)lly(w) = p)* + [Ip(w) = y(w)[)

This implies

ly(w) —pw)I* < (a(w) + 2y(w))lly(w) — p(w)|
< y(w) = p(w)]*
= y(w) =p(w) for weq.

The proof of the theorem is completed.

}

If we put A= B = I (where [ is the identity mapping on H) in Theorem 3.1,

we obtain the following result:

Corollary 3.2 Let C' be a nonempty closed subset of a separable Hilbert
space H. Let E,F,S and T : Q0 x C' — C be four random mappings satisfing

the following conditions:

E(w, H) € T(w, H), Flw, H) C S(w, H).
The pairs (E,S) and (F,T) are weakly compatible.

|E(w,z) — F(w,y)|I> < a(w) max{||S(w,e)—T(w,y)|2,1S(w,z)— E(w,z)|?

y T (wy)—F(wy)|?
LS (w,2) = F (w,) | 2+ || T (w,y) = E(w,z) || }
2

T+ B(w) max{[|S(w,z)—E(w,x) ||, |T(w,y)—F (w,y)|*}

T (W) (w,2)—F(w,y) P +|T(w,y)— E(w,2)|]?],

(23)

(24)

(25)
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for x,y € H and w € Q, where a, 3,7y : Q — [0,1) are measurable mappings
such that for all w € €2,

2a(w) + f(w) + 4y(w) < 1.
Then E,F,S and T have a unique common random fized point.
If S=T and F = F' in corollary 3.2, we have the following result:

Corollary 3.3 Let C' be a nonempty closed subset of a separable Hilbert
space H. Let E and S : Q x C — C' be two random mappings satisfing the
following conditions:

E(w,H) C S(w, H). (26)
The pair (E,S) is weakly compatible. (27)

|E(w,z) — E(w,y)||> < a(w) max{]|S(w,z)—S(w,y)||2]1S (w,z)— Bw,z)|?

9 Hs(w7y)7E(w>y)”2
1S (w,2) — B (w,y) |2 +]1S (w,y) ~ E(w,2) |2 }
2

+ B(w) max{[|S(w,z)—E(w,a)|1%,]|S (wy)— E(w,y)|*}

T @IS (w,)—E(wy) | +1|S (w,y)— E(w.2)|?], (28)

for x,y € H and w € Q, where a, B,y : Q — [0,1) are measurable mappings
such that for all w € €2,

2a(w) + f(w) + 4y(w) < 1.

Then E and S have a unique common random fized point.

4 Open Problems

(1) Is Theorem 3.1 true in a Polish metric space?
(2) Is Theorem 3.1 can be extended to more general contraction mappings?
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