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Abstract

In this paper we study coderivations on MS(R), the coal-
gebra of n x n matrices over R. Proving MS(R) is a cosep-
arable coalgebra, we show that every coderivation on MS(R)
is inner. Using this, we demonstrate that if f is a coderiva-
tion on Mg (R) and {e;},., .., is the canonical R-basis of M,(R)
then f(e;) =>"" | (c:;eik +c:jek].). We also define an involution
on MES(R) which turns it into a *-coalgebra, and we inspect
x-coderivations on MS(R).
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1 Introduction

A coalgebra (C,A,e) over a field k is a k-vector space C' together with the
k-linear maps A : C — C® C', and ¢ : C' — &, called coproduct and counit,
respectively, such that (Ic ® A)A = (A ® Io)A, and (Ic @ €)A = (e ® Io)A.
The (n,n)-matriz coalgebra over R, is M,(R) with the coproduct and the
counit, which are defined, respectively, by the rules e, — Zk e, ®e,,;, and
e, + 0, and it is denoted by MS(R). For an account on coalgebras the reader
is referred to the book [4].
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A k-linear map f : C — C on a coalgebra (C, A ¢) is called a coderivation
fAf={UIc®f+ f®Ic)A. The coderivation f is called an inner coderivation
provided that there exists a v € C* such that f = (Ic @y —v® Ic)A (see [5]).
A coalgebra (C, A, ¢) is called coseparable if there exists a k-map 7 : CRC — K
such that (Ic @ T)(A® I¢) = (T ® Ie)(Ic ® A) and TA = £. One can see a
general definition of coderivations and coseparable coalgebras in the sense of
comodules in [5].

A x-coalgebra is a coalgebra (C, A, ), where C' is equipped with an invo-
lution such that A(c*) = ZCZ) ®cf,, for all ¢ € €. For more examples of
x-coalgebras see [9].

In this paper, we show that M¢(R) is a coseparable coalgebra which implies
that every coderivation on this space is inner. Using this, we demonstrate that

if f is a coderivation on My (R) and {e,},_, ., is the canonical R-basis of

M,(R) then f(e,) = 3" (c e, +c,e)

Then, defining a proper involution on M¢(R), we make it a *-coalgebra and
we inspect the form of a x-coderivation on this x-coalgebra. Giving an example,
we show that a coderivation on M¢(R) is not necessarily a *-coderivation in
general.

Finally summary and conclusions will be presented , and we arise the open

problem in the last section.

2 Preliminaries

Throughout the paper « is a fixed field and I denotes the identity mapping
on C. Moreover, {e, },_, _. is the canonical R-basis of M, (R), where M, (R) is
the set of all n X n matrices over R. We also denote the Kronecker delta by 0,
which is defined to be 1 if 7 = j and to be 0 elsewhere. Recall that a coalgebra
(C, A, e) over a field k is a k-vector space C' together with the x-linear maps

A:C—CxC (coproduct)
e:C— kK (counit)

such that

(Ic @ A)A = (A® Ic)A (coassociativity)
(Ic@e ) A=(e® o)A (counitary).

When working with coalgebras, a certain notation for the coproduct simpli-
fies the formulas considerably and has become quite popular. Given an element
c of the coalgebra (C, A, ¢), we know that there exist elements ¢, , and c,, in
C such that A(c) =), ¢c,, ®c,,. In Sweedlers notation, this is abbreviated to

3“1,

Ale) =) 0, 8¢, =) ¢, @y,

7
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Here, the subscripts “(1)” and “(2)” indicate the order of the factors in the
tensor product. Before moving any further we must have an understanding
of tensor product of matrices. For the matrices A = (a and B =
the tensor product is

ij)lgigm,lgjgn

(bek>1§zgp,1gkgq )

allB IZB lnB
A® B o a2lB 22B 2nB
a.B a .,B ... a, B

The following example has an essential role in our discussion.

Example 2.1. [/, p. 6] Considering M,(R), we define the coproduct A :
M,(R) - M,(R) ® M,(R) and the counit € : M,,(R) — R, respectively, by the
rules e, — > e, ®e, and e, — 0§, The resulting coalgebra is called the
(n,n)-matriz coalgebra over R, and we denote it by ME(R).

A k-linear map f : C' — C on a coalgebra (C, A, ¢) is called a coderivation
fAf={Uc®f+ f®Ic)A. The coderivation f is called an inner coderivation
provided that there exists a v € C* such that f = (Ic ® v — v ® I¢)A. Now
we make some preparations that serve a very useful purpose and we present,
without proof, those results of [5] which are necessary for our work. A coalgebra
(C, A, ¢) is called coseparable if there exists a k-map 7: C' ® C' — « such that
(IC ®T)(A ® [C) = (T® [C)([C (%9 A) and TA = ¢e.

Regarding to the facts mentioned in [5, p. 41], we can deduce the following.

Proposition 2.2. A coalgebra (C, A, ¢€) is coseparable if and only if there
exist the linear maps p~,p7 : CRC - CRCC and7w : CC — C
satisfying the following conditions

i Ie@p )p = (A®Loye)p™s (E@Loge)p™ = loges
(P @ 1e)pT = Tge @A), (Ioge ®E)pT = Iope;

ii. (le@pT)p™ = (p~ @ 1c)p™;

. (Ic@m)p” =(r®Ic)pT = An;

v. TA = Ic.

Theorem 2.3. [5, Theorem 3] The following statements concerning a coal-
gebra (C, A, e) are equivalent
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1. the coalgebra C' is coseparable;
1. every coderiwvation on C' is inner.

An involution on a real vector space A is a map x: A — A, a — a*, that is
conjugate linear and involutive in the sense that (a+b)* = a*+b*, (Aa)* = Aa*,
(a*)* = a, foralla,b € Aand A € R. A real vector space with a fixed involution
is called also a x-vector space. A linear map ¢ : A — B of x-vector spaces is
x-linear if ¢p(a*) = ¢(a)*, for all a € A. A x-coalgebra is a coalgebra (C, A, ¢),
where C' equipped with an involution such that A(c¢*) = > cfl) ® 02‘2), for all
ceC.

3 Coderivations on Matrix Coalgebra

In this section we show that MS(R) is a coseparable coalgebra and so ev-
ery coderivation on MS(R) is inner. Using this, we determine the form of a
coderivation on MS(R). In what follows, f denotes a coderivation on MS(R).
In order to characterize coderivations on M¢(R), it is enough to find coeffi-
cients of the matrix units in the matrix representation of f. Finding the zero
coefficients is the first and the most important step. For this purpose, we prove
that every coderivation on M¢(R) is inner and using the innerness property,
we have the zero coefficients.

Theorem 3.1. M¢(R), is a coseparable coalgebra.

Proof. Putting C' = M¢(R), it is enough to define the maps p~, p™ : C @ C' —
CRCRKC,7m:C®C — C, as the following

n

p_ (ez] ® emp) = Zk:l ezk ® ek] ® emp7p+(ez] ® emp) = Zk:l ez] ® emk ® ekp7

_ € J=m
W(eij & ean) - { Op j ;é m
for 1 <i,5,m,p < n. Now Proposition 2.2 gives the result. O]

Attending Theorem 2.3, we have the following result.

Corollary 3.2. Every coderivation on MS(R), is inner.

Before stating the main theorem, we simplify the condition of a k-linear
map f being a coderivation on M¢(R). We know that a k-linear map f is
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a coderivation on MS(R) if and only if Af(e,) = (Ic® f+ f®Ic)Ale,).
Considering f(e,;) = Z" ¢’ e for the first side of the equality we have

,p=1 mp mp’

Af(e,) = Z c e

m,p=1
n
- : : Cmpemk ®€kl’
m,p,k=1
n
= Z Conp Er(m—1)+k,n(k—1) 47
m,p,k=1
and for the other side we deduce
(IC & f + f ® ]C)A(eij>
n
= E :ez’k ® f<€kj> + f(ezk) ® €
1
n
o J ik
= E C,.pCin & €mp + CopCrmp ® €y,
m,p,k=1

= : : Cmpen(z +m,n(k—1)+p + Cmpen(nlfl)#»k,n(pfl)#»j'
m,p,k=1

So a k-linear map f is a coderivation on M¢(R) if and only if

n

kj ik
Z Crrp Cr(ieytman(e—1)4p T ConpEnim-1)tkin(p—1)+7
m,p,k=1
n

_ : : Cmpen(m—1)+k,n(k—1)+p' (*)

m,p,k=1

Theorem 3.3. Let f be a coderivation on MS(R). Then there exist real
coefficients ¢, and ¢ o L < k< n, such that f(e,;) = Z:zl(czkem +c’ Es)-
There is a reqular relation between the coefficients given by the equalztzes -1,
recursively, where me, pe, ke, ¢ = 1,2 and m,,p, are the numbers that satisfy

: ik i
the equality I L R
myPy maP2 mypy

i.m, =k =1, p = n; (np,,nm, + k,) = (n(i + 1) — j,(n + 1)i);
( 3,]73)—(( + ) 37 (i_ks"i_l));
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w.m, =1, p, =n, k, = 7j; (ml,nk:1 +p1) = (j,n2 +j); (nm3,p3) =
(ni+j — ky,n(n— k) +j);

wi. my =14, p, = n; (m,,nk, +p,) = (k,nlk, +1)); (nm, + k,,np,) =
(m' +kyn(k,+1) — j);

w

.

3

=n,p =7, k =1 (p2,nm2 + kQ) = (i,n(i—l— 1)); (nmg,pg) =
(n(z + 1) - ksan(i - ks) +j);

v. m,=n,p, =k, =j; (ml,nk1+p1) = (n(n—i)+j, (n+1)j); (nmg,p3) =
(n2 +j—k,(n+1)j— nkg);

vi. my =n, p, = j; (m,,nk,+p,) = (n(n—i)+k,,nk,+35); (p,, nm,+k,) =
,n? +k3).

I3

w

k,=1,...,n and for each acceptable value of k, we have a distinct equality.

Proof. By Corollary 3.2, for every coderivation f on M¢(R), we may find v €
M¢(R)* satisfying innerness condition of f. Using the fact k@ C' = C®k = C,
for the coalgebra (C, A, e) over the field k, we can write

f(eij) - ([C®7_7®IC>A(6U)
- Zeik ® 7(6k1> - W(Gik) ® €rj

k=1

= Z/y(ekj)eik - 7(eik)ekjv
k=1

for v € MS(R)*. Making this equal with f(e ) = 3" ¢’ e we deduce

m,p=1 mp ™mpP’
that all coefficients except cZ and CZ, k =1,...,n are zero. We thus have
f(eij) = Z:zl (c:;eik + C:jekj)'

As we see, there exist some coefficients which may be nonzero. Now we show
that there is a regular relation between them. For this, we search for terms
containing ¢’ and c:j, k =1,...,n in the equality (x). Consider the values
of m,p, k in the first and the second part of the first side of the equality (x),
respectively, as m,,p,,k,, and m,,p,,k, and in the second side as m,, p,, k,.
Because of the form of f(e,), we may assume c:lp,m,p =1,...,n— 1 are
identified, when we compute the coefficients for the n x n matrix, corresponded
to f(e,,). Now we find the relation between ¢’ and c:j for different values of
1,7. Making equal c:p, the first coefficient in the equality (x), with ci, we
have m, =1, p, =n, k, =1 and then we have

en(i—l)+m,n(k—1)+p = en(i—1)+i,n(i—1)+n = e(n+1)i—n,ni'
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Now we look for all coefficients of e ., . in the two sides of the equality
(%). Putting

n(m,—1)+k,=n+1)yi—n,nlp, —1)+j=ni,

and
nim, —1)+k, =(n+1)yi—n,nlk, — 1)+ p, = ni,

we can find all m,,p,, k,,¢ = 1,2 and m,, p, satisfying

kqd iy

m1Py mapy mypy
Obviously the number of the summands in each side of the equality above
depends on the number of the qualified m, p, k that has been found. So we
have deduced the equalities stated in (i).
Repeating this method for c and then ¢’ ., We have the relations of (ii) and
(iii). Checking this equahtles we have all the summands in two sides of the
equality (*) containing cm Similarly, we can obtain that the relations stated

in (iv),(v),(vi), give us all sentences containing c:J O
Now let us examine Theorem 3.3 for n = 4.

Example 3.4. By Theorem 3.3, the only coefficients which may be nonzero
are c k=1,...,4. Now we can obtain the relations between this coeffi-
cients wzth a lzttle bzt computation. For erxample, for finding equations con-
taining c .o it is enough to check the equalities i-1n with 1 = j = 1,n = 4. We
have

i. m, =k =1,p =4; (4p,,4m, + k ) (7 5) unacceptable
(4m3,p3) - (5 k378 4k ) k? = p; = 4, and kg = 2,3,4
unacceptable = c1 014.

ii. my, ="k, =1, p, =4; (m,,4k, + p,) = (1,17) =m, =p, = 1, k, = 4;
(4dm,,p,) = (5 — k,, 17 — 4k,) unacceptable = c Tl =0.

iii. my, =1, p, =4; (dm, + k,,4p,) = (4 + k,, 3 + 4k,) unacceptable;

11

k3:1:>(m1,4k +p,)= (1,8):>m1:klzl,p1:4:>ci:cl4.
ky=2= (m,, 4k, +p,)=(2,12) = m, =k =2,p, =4 =c, =c..
k,=3= (m,, 4k, +p,) = (3,16) = m, =k, =3,p, =4 =c, =c,..
k,=4= (m,, 4k, +p,) = (4,20):>m1:p1:k1:4:>cill:ci.
11 41 21 31 41 . .
We therefore have ¢, = —c, = c, = c,, = c,,. This is a short way to find

the qualified relations in comparison with the direct way. We have computed
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coefficients for n = 2,3, 4, directly, by checking the equality (%) separately for
each n. After a long calculation, we have deduced

11 21 21 22 31 23 41 24
a €y —C, =6y —Cp Cyy —Ci Cyo Crpo
b 12 11 22 12 32 13 42 14
=76 T T 6, TG, T 6 T 6 = 76, =6,

12 21 32 23 42 24

¢ = C12 - _621 - 632 - _623 - C42 _ _C24’
d 11 31 31 33 21 32 11 34
613 - _Cu - 633 _C13 - C23 _C12 C43 0147
13 11 33 13 23 12 43 14
g = _Cu 031 - _031 635 - _021 632 _C41 6547
I 13 21 23 22 33 23 43 24
= ¢, = C31 =Cy 632 - C32 633 =Cp C34’
I 12 31 22 32 32 33 42 34
= TCTC6, T 6, =6, T 6, =6, = 6, Con
11 41 21 42 31 43 41 44
r Cia —C, =Cy —Cp Cy4 —Ci Cua Crpr
14 11 24 12 34 13 44 14
§ -, Ch —Cy Cpp = 76y Ciy = €4 )
" 14 21 24 22 34 23 44 24
= ¢, € = —Cy Cpp = 76y Cis = “Cp Copr
12 11 22 42 32 43 42 44
u Ca Gy =6y Gy Cs4 —Cys Cpa )
14 31 24 32 34 33 44 34
v —Ci3 Cu Gy Cpp = Gy Cys —Cy )
13 11 23 42 33 43 43 44
W = G, T 6, TG, T 6, 6, T 6, =6 =)

and other coefficients are zero. We see that the zero coefficients are exactly the
ones obtained by Theorem 3.3.

By Corollary 3.2, we know that f is inner. Let us define v € M{(R)* satisfying
the innerness property. Using the equality an’pzl cle = Z;:l v(ey, e —

mp  Mp

v(e,)e,,, and by determination of f we have the expected y. It is enough for
v to satisfy the following conditions.

v(en) =v(es) = v(ew), v(en) = =b, v(e,) = —g, v(e,) = —s,
V(ew) = a, v(ey,) —(en) = ¢ v(ey) = hy Y(ey,) = —t,

V(ey) =d, v(ey,) = =k, v(ey) = —v,

Y(en) =1, v(en) =u, v(e,) = w,

where the letters have been defined above.

4 x-Coderivations on Matrix Coalgebra

In this section, we define an involution on M¢(R) that makes it a *-coalgebra,
and we inspect the form of a x-coderivation on this *-coalgebra.
We equip the coalgebra M¢(R) with the involution given by

"
ejj = (_1)1 ]en+17i,n+17j'
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We can see easily, this involution turns MS(R) into a x-coalgebra.
Let f be a coderivation on MS(R). We can simplify the condition of f being
a *-coderivation with the mentioned involution. We have

f(e;kj) = f((_l)i+jen+1—i,n+1—j)

n

o Z+] n+l—i,n+1—j
- z (_1) Cmp 6mp7

m,p=1

and

n

fle,) = (Y cle.,)

m,p=1
n

ij *
g E C (&
mp mp
m,p=1
n

. j : 1 m+p ij
- <_ ) Cmpen+l—m,n+1—p

m,p=1

1 2n+1)—k—~€ ij
- z :(_ ) Cn+1—k,n+1—eek€'

So for being f a x-coderivation on M¢(R), we should have

i+j n+l—intl—j m+p  ij
(_1> Cmp = (_1) Cn+1—m,n+1—p’

for m,p = 1,...,n. Now let f be a *-coderivation on MS(R). Checking the
equality above, at first, for i = j = m =1, p = 2, we get a = b and then for
1=p=1,75=m =2, we get ¢ = 0. So we obtain the following simple form

for f.

f(ell) = _f(em) = a(eIZ + 621)7
f(612) = f(em) = a(_en + 622)'

Similarly, if f is a *-coderivation on (MS(R), A), we deduce a = —h, b = —k
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and d = —g, therefore

= ae,, + delS + be21 - de31
= _ben +ce, + b613 + b622 - d632
= de,

= —ae;

—ae,, + be,, —de,,
— ce,, + ae,, + de,, + ae,,
= —ae, — bem + b623 + ae,
= —ae,, +de, — ae,, — ce,, + ae,,
= _deu - b€21 +ae,, + d€33
= —de,, — be,, — be,, + ce,, + be,,

= —de,, — be,, +de, — ae,,,

205

and for f as a *-coderivation on (Mf(R), A), deducing a = v, b = w, ¢ = 0,
d=—t, g=—u, h==Fk and r = s, we have

f(ell

12

-

[

®

13

[

14

-

D
V)
it

D
N
]

D
o
@

D
[V}
=

D
w
0

D
w
@

Q
w
~

D
IN
jn

D
N
S

D
N
@

)
)
)
)
)
)
)
) =
) =
)
)
)
)
)
)
)

/\/‘\/\/\/‘\/\/\/‘\/‘\/\/‘\/‘\/‘\/‘\/‘\
D
w
-

I T e e T Uy

D
IS
IS

ae,, + de,, +re,, + be,, + ge,, +re,,
—be,, — he,, — ge,, + be,, + ge,, +re,,
ge,, + he,, + be,, + be,, + ge,, +re,,
re,, +de,,
—ae,, + ae,, +de,, +re,, — he,, —de,,
., — be,, — he
ae,, — ge,, + he,, + be,, — he,, — de,,
—ae,, —re,, +de,, —ae,, — he,, —de,,
—de,, + he,, + ae,, + de,, + re,, + ae,,
—de,, + he,, — be,, — he,, — ge,, + ae,,

— acy, + b€24 + g€sy + €y

—ae 21 23 T 9€sy — h632 - d642

_d613 + h€23 —ge
—de,, + he,, —re

ey, + g€y — b631 + ae,, + de43 + T€yy
—T€, + g€y, — b€32 - b641 - h€43 — g€y
ré; + g€y — b€33 —gé, + h€42 + 6644
—Tey gy — b634 —Tey + d€42 — Q€.

31 + h632 + b634 + a643

31 + d€32 — A€y + ae,,

Finally, we give an example of a coderivation on M¢(R), which is not a

*-coderivation.

Example 4.1. Consider f as a map on MS(R) by the rule

n
=2~
k=1

1<4,5 <n.
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We have

(IC ® f + f ® ]C)A(eij)

= Zeik ® f<€kj) + fle,) ® C;
k=1

= Zeik ® (Z €y — eu) + (Z € — eiZ) ® ey,
k=1 =1 =1

- Z Cox ® ekj — € ® Cre-
k=1

On the other hand

Af<€ij) = A(Z €y — eié)

- § :elk®ekj _6¢k®ekz7

k,t=1

and so f is a coderivation on ME(R).
Now we show that f is not a *-coderivation. By definition of the mentioned
1mvolution, we have

f(ejj) = f((_l)i+jen+17i,n+1fj)

n

-
= <_1)Z ’ Z Comtij — Cnriie

=1

and for the other side of the equality f(e}) = f(e,)", we deduce

n

f(eij)* = Z e:j - ejk
k=1
n

ktj itk
= Z<_1) J6n+17k,n+17j_(_1)1 €t it 1—k

k=1
n

F1—t4j +1—ti
- Z<_1)n ]ez,n+17j - (_1)” len+17i,l'

=1

We see that the signs are not the same at two sides of the equality f(e:;) =
f(e,)", for even and odd values of i + j, and f is not a *-coderivation.
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5 Conclusion

In this paper, we have recognized the form of coderivations on M¢(R). At the
first step, we have shown that M¢(R) is a coseparable coalgebra, which implies
that every coderivation on this space is inner. Using this, we have proved that
if f is a coderivation on Mg (R), then f(e,) = 3" (c e, + c:jekj), and there
exists a regular relation between the coefficients. Explaining an example, we
have inspected the results for n = 4. Defining an involution on MS(R) to
make it a *-coalgebra was the next stage which has been followed by stating
a condition on f to be a x-coderivation. After that we have distinguished
the form of x-coderivations on MS(R) for n = 2,3,4. Stating an example,
at the last part, we have defined a coderivation on M¢(R), which is not a

*-coderivation.

6 Open Problem

If we replace R with « in the definition of M¢(R), we will have the definition of
M¢(k), when k is a field. For a coalgebra C' over a field «, the matriz coalgebra
of order n over C, denoted by M¢(C') is defined as C' ® MS (k). We finalize
the paper with the following open question: Attending the obtained results, is
there any way to recognize coderivations on MS(C).

ACKNOWLEDGEMENTS. The authors thank the referee for his/her
careful reading of this work.

References
[1] E. Abe, Hopf Algebras, Cambridge Univ. Press, (1980).

[2] J. Y. Abuhlail, ” A Note on Coseparable Coalgebras”, Arziv:math.RA/
0803 .1428v1, (2008).

[3] N. Andruskiewitsch and C. Vay, ”Finite Dimensional Hopf Algebras over
the Dual Group Algebra of the Symmetric Group in Three Letters”,
Arziv:math.QA/1010.5953v2, (2011).

[4] T. Brzezinski and R. Wisbauer, ” Corings and Comodules”, London Math.
Soc. Lecture Note Series, Vol.309, Cambridge University Press, (2003).
Math. Soc., Vol.132, (2004), pp.443-446.

[5] Y. Doi, "Homological coalgebra”, J. Math. Soc. Japan, Vol.33, No.l,
(1981), pp.31-50.



208 Madjid Mirzavaziri and Elham Tafazoli

[6] M. A. Farinati and A.Solotar, ” Morita Takeuchi Equivalence, Cohomology
of Coalgebras and Azumaya Coalgebras, in: S. caenepeel, A. Verschoren
(Eds.), Rings, Hopf Algebras and Brauer Groups”, Lecture Notes Series,
Vol.197, Marcel Dekker, New York, (1998), pp.119-146.

[7] Gerald J. Janusz, ” Algebraic number fields”, American Mathematical So-
ciety, Vol.7, (1996).

[8] M. Sweedler, Hopf Algebras, Benjamin, New York, (1969).

[9] T. Timmermann, ”An Invitation to Quantum Groups and Duality. From
Hopf Algebras to Multiplicative Unitaries and beyond”, Furopean Math-
ematical Society, (2008).



