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Abstract
We investigate in this article the existence problem of a
fractional nonlinear differential system with a € (0,2]. We
obtain the results by using Banach fixed-point theorem.
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1 Introduction

Fractional differential equations are considered as a new branch of applied
mathematics by which many physical and engineering approaches can be
modeled. The fact that fractional differential equations are considered as
alternative models to nonlinear differential equations which induced
extensive researches in various fields including the theoretical part. The
existence and wuniqueness problems of fractional nonlinear differential
equations as a basic theoretical part are investigated by many authors (see
[1]-[13] and references therein). In [1] and [10], the authors obtained
sufficient conditions for the existence of solutions for a class of boundary
value problem for fractional differential equations (in the case of 1< a <
2) involving the Caputo fractional derivative and nonlocal conditions using
the Banach, Schaefer's, and Krasnoselkii fixed points theorems. The Cauchy
problems for some fractional abstract differential equations (in the case of
0 < a <1) with nonlocal conditions are investigated by the authors in [2],
[9] and [12] using the Banach and Krasnoselkii fixed point theorems. The
Banach fixed point theorem is used in [4] and [8] to investigate the
existence problem of fractional integrodifferential equations (in the case of
0 <a<1) on Banach spaces. Motivated by these works we study in this
paper the existence of solution to fractional differential equations when
0 < a < 2 on Banach spaces by using Banach fixed point theorem.
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2 Preliminaries

We need some basic definitions and properties of fractional calculus (see [5], [11],
and [13]) which will be used in this paper.

Definition 2.1 A real function f (t) is said to be in the space C,, u € R if there exists
a real number p > 1, such that f(t) = tP f1(t), where f1 € C[0, ), and it is said to
be in the space C}/ ifff™ e Cumn € N.

Definition 2.2 4 function f € C,,u = —1 is said to be fractional integrable of order
a=0if
1 t
(%F)() = 1f(t =—f t—35)1f(s)ds < oo,
f f(@®) F(a)o( ) f(s)

where a > 0, and if & = 0, then I°f (t) = f(t).
Next, we introduce the Caputo fractional derivative.
Definition 2.3 The fractional derivative in the Caputo sense is defined as

1 t
D) = D) = "GO = oo f (t = )" f™(s)ds

for—1<a<nneNt>0fE€ Cﬁl- In particular,

Def(t) = ﬁjot(t —5)"* f'(s)ds, foro<a<1

and

Def(t) = ﬁj:(t — )" f"(s)ds, forl<a <2

where f € C2is a function with values in abstract space X.

Lemma 2.4 [1]/[fn—1< a <n, then

1°D*f(t) = f(t) + co+ cit + -+ cp_qt",
wheret € | =[0,T], co, C1,..., and c,_q are constants.

Let Y = C(J, X) be a Banach space of all continuous functions x(t) from a compact
interval J into a Banach space X.

Consider the fractional nonlinear differential system

{D“xi(t) = fi(t, % (1)),

x;(0) =y, €X,x,/(T) =0, (1)
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where i — 1 < a <i;i=12, f;:] XY — Y is continuous which satisfies the
following hypothesis;

(H1) There exists a positive constant A; such that
it x) — fit, y)ll < Al —yill, =12,
Joranyt € ],x;,y; €Y. Moreover, let B; = sup¢ ||fi(t, 0)]|.

Lemma 2.5 The fractional differential system (1) is equivalent to
T

xi(t) =y + j Gi(t, S)fi(S,Xi(S))dS, teji—1<a<ii=12 .
0
where
(t—s)“‘l
G(t,s) =3 I'(a) for0<s<t
0, fort<s<T
(=) o —5)*
6 ts)={ @ T - for0ssst
o t(T—S)a—Z )
GV fort<s<T

Proof. The case 0 < a < 1is trivial. Let 1 < a < 2, then by Lemma 2.4 and
conditions in (1), we have

19, (t, x5 (t)) = 19D %, (t) = x,(t) + co + cat.
For t = 0, we get 0 = y, + ¢o which implies that ¢, = —y,. On the other hand, for

t =T, weget I“7f5(T,x,(T)) = x,'(T) + ¢, which implies that
T

1
¢ =17f(T, %, (T)) = mJ(T — 5)%72f)(s,x,(s))ds .
0

Hence
x,(t) =y, — ﬁjﬂ — s)“‘zfz(s, xz(s))ds
0

- fot(t — $)*71fy (s, x5(s))ds.

r'(a)

Conversely, if we apply the fractional differential operator D¢ to the integral
equations in (2), it can easily get the system (1).
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3 Existence of a solution

The existence problems of fractional nonlinear differential systems are investigated
in this section by using the well-known Banach fixed point theorem. The first result
is the existence of solution for the system (1). The following condition is essential to
get the contraction property.

(H2) Let,fori =1,2,andi — 1 < a < i,

~ . 1 i(i—1)
Ci = maX{Ai,Bl-}T (F((,Z n 1) + L'F(C{)) <1

> ly: 1l + Ci.
i =T,

Moreover, let B, = {x; € Y: [|x;|| < 13}

Theorem 3.1 If the hypotheses (H1), and (H2) are satisfied, then the fractional
differential system (1) has a solution on J.

Proof. We prove, by using the Banach fixed point, the operator A;:Y = Y,i = 1,2,
given by

T

Aixi(t) = y; + f Gi(t,9)fi(s,x;(s))ds, tE€]

0

has a fixed point on B,.. Firstly, we show that AjB,, € B,. Leti =1, and 0 < a <
1, then

1832, (O < lya | + f |6:¢t.5) (A(5,2:()) = (s, 0) + £u(5,0)) || s
0

f(t —5)%1ds

0

Aqllxq |l
I'(a)

B,
I'(a)

t
< llyll + f (t — $)*1 ds +
0

a

< A By) ———=.
= ”)’1”"‘( x| + 1)F(a+1)

Next, fori = 2, and 1 < a < 2, we have

14222 (O < [ly2ll + (Azllx |l + Bz)(

t® tret
Fa+1) F(a)>

The two cases can be combined to give that

1Ax: (O < Iyl

1 iGi—1)
oy (F(a e ) Adllxl + B,
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Therefore, if x; € By, we get [[Ajx;|| < (1 — C;)r; + C;r; = ;. Hence, the operator
A; maps B, into itself. Next, we prove that A; is a contraction mapping on B,... Let
X, Zi € By, thenfori = 1,2, andi — 1 < a < i, we have

T
|Azx; (£) — Az (D] < flGi(t: S)|||fi(5; xi(s)) —fi(S»Zi(S))”dS

0
i(i—1)
+ — 7l < Cllxi — z:]l.
['(a+ 1) l'['(d)) ”xl Zl” l”xl Zl”
Hence, the operator A; has a unique fixed point x;; i = 1,2, by which one can
formulate a solution x = (x4, x,) to the system (1).

< are

Next result in this section is the existence of solution to the system (1) in the pace
Y XY.

Letx = (xq,x,) € Z =Y X Y such that ||x||; = [|lxq|| + |[x2]|. Then (Z, ||x||7)
becomes a complete normed space. Also, assume that

f(t; .X') = (fl(tl xl)' fZ(t' xZ)):G(t: S) = (Gl(t' S)! Gz(t, S))

and that
j G(t,s) * £(s,%) ds = j G1(t,9)f; (6,1 (s))ds, j G>(t,5)f (x5 (5))ds |
0 0 0

Therefore, the system (1) can be rewritten in the form

{D“x(t) =f(tx(®), tej0<a<2,x€Z; 3
z(0) = (x1(0)'x2(0)) =2y €Z,%,'(T) =0,
which is equivalent to the integral form (see eq.(2))
T
x(t) =z, + f G(t,s) * f(s,x(s))ds 4)

0

(H3) Let D, C, and r be positive constants such that

D = max;<;<,{A;, B;}

2 1
C=DT“( + )<1
'a+1) I'(a)
Izl + C
>0~
"=T1_¢

Moreover, let B, = {x € Z:||x|| < r}.



168 Mohammed M. Matar

Letx = (xq,x3),y = (y1,¥2,) € Z, in view of (H1), it easy to get

£t ) — FEI = ||(fu(tx0) = £i(t.y1), ot x2) — fo.(6, )|
< Aqllxg = y1ll + Azllx, — 21l < Dlx = yll,

and supg | f (¢, 0)|| = By + B.

Theorem 3.2 [f the hypotheses (H1), and (H3) are satisfied, then the fractional
differential system (3) has a solution on J.

Proof. Let x = (x1,x,) € Z. Define the operator A on Z given by
T

Ax(®) = (Mg (8), Agta (6)) = 2o + f G(t,s) * £(5,x(s)) ds,

0

where ||Ax|| = [|A; x4 || + l|A,x5]|. Hence, following the proof of Theorem 3.1, we
have
a T(Z TCZ
Ax(t)|| < D 1)—+D 1
IAx(O < llzoll + DUl + D o5 + DUkl + D (755 * )
< Nzl + o el 4 D7 (et =)
=Wl Ty ra+1)  I'a)

Therefore if x € B, so does Ax. On the other hand, if x, y € B,., then

T

10x(0) = Y@l = ||| 6469) (A3 6)) = (5. 72()) ds

0

T

+ sz(t;S) (fz(S,xz(s)) _fz(S'YZ(S))) ds

0

DT* 1
<—0 - DT*“ ( ) - < —ll,
which ends the proof.

We close the article by considering the following nonlocal fractional differential
system

{D“xi(t) = fi(t, x:(©),

x(0) = g;(x) €Y, %, (T) = a,i =12 5)

where f; as before satisfies the hypothesis (H1), a is a constant, and the nonlinear
function g satisfies the following assumption.
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(H4) The function g; is defined on the Banach space Y, satisfying the Lipsitchitz
condition, i.e., there exists a positive constant C; such that

lgi(x) —g: DIl < Gillx; —will,  i=12,
for any x;,y; €Y.

The system (5) is equivalent to
T

x(t) =gkx) + At + f G(t,s) * f(s,x(s)) ds

0
where g(x) = g(xy,x2) = (91 (x1), g2(x2)), A = (0, @), and the other term is
defined as previous.

Before going on to the last result in the sequel, we need to modify the hypothesis
(H3) to be suitable for the case.

(H5) Let D, C, and r be positive constants such that

D = max,;;<{A;, B;, C;}

¢=> max{ 1+ r(aTi T (F(a2+ Ot r(la))} <1

lg(O)Il + la|T + C
r= .
1-C

Moreover, let B, = {x € Z: ||x|| < 1}.

Now, we can state the next theorem whose proof is similar to that of Theorem 3.2
with some modifications.

Theorem 3.3 If the hypotheses (H1), (H4), and (H5) are satisfied, then the fractional
differential system (5) has a unique solution on J.

4 Open Problem

Consider the following nonlinear fractional differential system

{D“xi(t) =fi(tx (@) i—-1<a<i;i=12,..,n, )

x;(0) =u; € X, %, P(T) =vy, €EX,1 <k <n,
where x; € Y and f; satisfies some conditions. One can use a fixed point theorem to

show that the system (6) has a solution x = (x1, X, ..., x,) €Y XY X -+ X Y under
specific assumptions.
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