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Abstract

In this paper, we study Smarandache tsa curves according to
Sabban frame in the Heisenberg group Heis®. Finally, we find
explicit parametric equations of Smarandache tse. curves according
to Sabban Frame.
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1 Introduction

In differential geometry, the theory of biharmonic functions is an old and
rich subject. Biharmonic functions have been studied since 1862 by Maxwell and
Airy to describe a mathematical model of elasticity. The theory of polyharmonic
functions was developed later on, for example, by E. Almansi, T. Levi-Civita and
M. Nicolescu. In the last decade there has been a growing interest in the theory of
biharmonic maps which can be divided in two main research directions. On the
one side, constructing the examples and classification results have become
important from the differential geometric aspect. The other side is the analytic
aspect from the point of view of partial differential equations.

This study is organised as follows: Firstly, we study Smarandache tsa
curves according to Sabban frame in the Heisenberg group Heis®. Finally, we find
explicit parametric equations of Smarandache tsa curves according to Sabban
Frame.
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2 Preliminaries

Heisenberg group Heis® can be seen as the space R® endowed with the
following multipilcation:

(;(,Y/,E)(x, y,z)=(>_<+x,§/+ y,2+z—%>_<y+%x3_/) (2.1)

Heis® is a three-dimensional, connected, simply connected and 2-step nilpotent
Lie group.
The Riemannian metric g is given by

g = dx® +dy? + (dz — xdy)>.

The Lie algebra of Heis® has an orthonormal basis

elzg,ezzg+x§,e3:§, (2.2)
for which we have the Lie products
[e;.e,]1=¢e; [e,,6,]=[e;,6,]=0
with
g(e,.e) =g(e;.e,) = 9g(es,85) =1.

We obtain

Ve £1=V, 8, =V, 8= 0,

1
V.8, =V, 8 = Ees, (2.3)

1
Vele3 = Ve391 = —Eez,
1

vezea = e3e2 = Eel

3  Biharmonic s-Helices According To Sabban
Frame In The Heisenberg Group Heis®

Let :1 — Heis® be a non geodesic curve on the Heisenberg group Heis*
parametrized by arc length. Let {T, N, B} be the Frenet frame fields tangent to the

Heisenberg group Heis® along » defined as follows:
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T is the unit vector field » tangent to », N is the unit vector field in the

direction of VT (normal to y), and B is chosen so that {T,N,B} is a positively
oriented orthonormal basis. Then, we have the following Frenet formulas:

V.T=xN,
VN =—«T + 1B, 3.1)
V.B=-,

where x is the curvature of y and 7 is its torsion,
9(T. T)=1,9(N,N)=1,9(B,B)=1,
g(T.N)=g(T,B)=g(N,B)=0.

In the rest of the paper, we suppose everywhere
xk#0andz =0.

Now we give a new frame different from Frenet frame. Let o : | —>82Hei53

be unit speed spherical curve. We denote o as the arc-length parameter of « .
Let us denote t(c)= o (o), and we call t(o) a unit tangent vector of . We now
set a vector s(o) = a(o)xt(c) along a. This frame is called the Sabban frame of

a on the Heisenberg group Heis®. Then we have the following spherical Frenet-
Serret formulae of « :

V.a =t,
Vit=-a+x,s, (3.2)
Vs = —th,

where K, is the geodesic curvature of the curve a on the Si'e_ , and

g(t,t)=1,9(e,@)=1,9(s,5)=1, ’
g(t,)=g(t,;s)=g(a,5)=0.

With respect to the orthonormal basis {e,,e,,e,}, we can write
a=oe +a,e, +ae,,
t=te, +te, +te,, (3.3)
S=sSe, +5,8, +5€,.

To separate a biharmonic curve according to Sabban frame from that of
Frenet- Serret frame, in the rest of the paper, we shall use notation for the curve
defined above as biharmonic S-curve.

Lemma 3.1. « is a biharmonic S-curve if and only if
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Ky = constant = O,
1+ K‘; = —[%—832]+K‘g [-a,s;], (3.4)
3 2

1
Ky = —038; — K, [Z—a3].

Then the following result holds.

Theorem 3.2. ([9]) All of biharmonic S-curves in Sieis3 are helices.

Theorem 3.3. ([9]) Let «:1 —>Si|eis3 be a unit speed non-geodesic
biharmonic S-curve. Then, the position vector of « is

.2 .2
alo)=[- S'Q/ E cosiMa +M,]+M,Je, +[5'Q/E sin[Mo +M,]+M,]Je,

_sin2[Mo+M,] _,

V M
&sinAE n‘E (3.5)

2V? AVE

.2 -2
EE sinMo M1+ M,J[- SN E

+[cosEo —

cos[Mo +M,]+M,]

+%sin3Esin[Ma+Ml]+M4]e3,

where M,,M,,M,,M, are constants of integration and

J1+ K'g

M= ( SE —cosE)andV =, [1+x; —%sinZE.

4 Smarandache tsa Curves Of Biharmonic s-
Curves According To Sabban Frame In The Heisenberg
Group Heis®

Definition 4.1. Let «:1 —>82Heis3 be a unit speed regular curve in the

Heisenberg group Heis® and {«,t,s} be its moving Bishop frame. Smarandache
tsa. curves are defined by
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= 1 (t+s+a) (4.1)

N RS TE

Theorem 4.2. Let oz:l—>Si|eis3 be a unit speed non-geodesic

biharmonic S-curve y,, its Smarandache tse. curve. Then, the position vector of
Smarandache tsa curve is

-2
Yeu(0) = TTsiEsinMo + M,]— SN =

cos[Mo +M,]+M,

sin’E

+ i[sin Ecos[Mo +M,](M+cosE) - cos[Mo +M,]+M,1le,
K

o]
sin’E

+IIsinEcos[Mo +M,]+ sinfMo +M,]+M,

sin’E

+ L [sinEsinMo +M,J(M+ cosE) + SN Esin[Mo + M, ]+ M, le, 4.2)
K
g
Vo+M, _,
VoM e
vz o 4V?
.2 -2
EE sinMo M1+ M,J[- S E

_sin2[Moc+M]] . ,

+I1cosE+cosEo — nE

cos[Mo +M,]+M,]

+%sin3Esin[Ma+Ml]+M4

1 Vo+M, ., sin2Mo+M] |
+-—[cosEc —————2sin*E—- L ‘E
- [ Syz SN Ve sin

9

. 2 in2
_[S”:/ESin[Ma+M1]+M3][_S":/ECOS[MU+M1]+M2]

+%sin3Esin[Ma+Ml]+M4]e3,

where M,;,M,,M,,M, are constants of integration and

M= (1/l'+ ng

SInE

—cosE),
—_ 2 1 H 43
V=\1+x, —Esm2E, (4.3)

I1=

\/(1—1(9 )+1+ K: .
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Proof. From definition of S-helix, we obviously obtain
t =sinEsin[Mo +M,]e, +sinEcos[Mo +M, Je, + cosEe,.(4.4)

We can easily verify that
Vit= (tl +1,t)e, + (t2 —-tty)e, +t‘3€3. (4.5)

Since, we immediately arrive at
V.t =sinEcos[Moc +M,](M+cosE)e,

—sinEsin[Mo +M,](M+cosE)e,.

Obviously, we also obtain

. 2
s(o)= Ki[sin E cos[Mo +M,](M+ cosE) — SII’\I/ E cos[Mo +M,]+M, Je,

g

sin’E

+i[—sin Esin[Mo +M,](M+ cosE) +
K
g

sinf[Mo +M,]+M,]e,

1 Vo+M, . sin2[Mo +M,] .
+K—[cosEa—Tzlsm4E— v “sin®

9

E (4.6)

.2 in?
0 E sinMo+M, 1+ M-S E cosfo + M1 +M,]

+%sin3Esin[Ma+M1]+M4]e3,

where
1+ &2 1
M= ? _cosE)andV = /1+x? —=sin 2E.
( SinE ) fo 75
Substituting (4.4) and (4.6) in (4.1) we have (4.3), which completes the
proof.

Corollary 4.3. Let a:1 >S? ., be a unit speed non-geodesic
Heis

biharmonic S -curve y,, its Smarandache tsa curve. Then, the parametric
equations of of Smarandache tsa curve are

. 2
X, (0)=TIsinEsinMo +M,]- S'r\]/E cos[Mo +M,]+M,

sin’E

+i[sin Ecos[Mo +M,](M+cosE) — cos[Mo +M,]+M,]],
K

9
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. 2
ym(a):HsinEcos[Ma+M1]+S'T/Esin[Ma+M1]+M3 (4.7)

)
+i[—sin Esin[Mo +M,](M+cosE) + S'r\]/Esin[Ma+Ml]+M3]],
K

g

-2
2,,(0)=IIsinEsinMo +M,]— SN E

cos[Mo +M,]+M,

sin’E

+ i[sin Ecos[Mo +M,](M+cosE) — cos[Mo +M,]
K

9

.2
+M,]JIIsinEcos[Mo +M, ]+ S":/E sinfMo +M,]

.2

+|v|3+i[—sinEsin[Ma+Ml](M+cosE)+S'Q/Esin[lvlmlvll]

K

g
o+M,
2V?
.2 - 2
S":/Esin[Mo-+Ml]+M3][—Sm =

+%sin3Esin[Ma+Ml]+M4

_sin2[Mo +M,]
4v?

cos[Mo +M,]+M, ]

sin’E

+M3]]+HCOSE+COSE0'—V

sin‘E—[

1 Vo +M sin2[Mo +M
+K—[cosEa— (27\/2 tsin’E - [4\/02 1 inE

9

.2 in2
- EsiniMo+ M1 M-S E cosio + M+ M,)

+%sin3Esin[Ma+Ml]+M4],

where M,;,M,,M,,M, are constants of integration and

M = (1/1+ ng

- —cosE),
sinE
V= 1+, —%sin 2E,

11 =

\/(1—1(9 )+1+ K'; .

Proof. Substituting (2.1) to (4.2), we have (4.7) as desired.
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If we use Mathematica both unit speed non-geodesic biharmonic S -curve
and its Smarandache tse. curve, we have

5 Open Problem

In this work, we study Smarandache tse. curves according to Sabban
frame in the Heisenberg group Heis ® . We have given some explicit
characterizations of this curves. Additionally, problems such as; investigation

timelike biharmonic curves or extending such kind curves to higher dimensional
Heisenberg group can be presented as further researches.
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