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Abstract 

     In this paper, we study Smarandache tsα  curves according to 
Sabban frame in the Heisenberg group Heis 3 . Finally, we find 
explicit parametric equations of Smarandache tsα  curves according 
to Sabban Frame.  
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1      Introduction 

In differential geometry, the theory of biharmonic functions is an old and 

rich subject. Biharmonic functions have been studied since 1862 by Maxwell and 

Airy to describe a mathematical model of elasticity. The theory of polyharmonic 

functions was developed later on, for example, by E. Almansi, T. Levi-Civita and 

M. Nicolescu. In the last decade there has been a growing interest in the theory of 

biharmonic maps which can be divided in two main research directions. On the 

one side, constructing the examples and classification results have become 

important from the differential geometric aspect. The other side is the analytic 

aspect from the point of view of partial differential equations. 

 This study is organised as follows: Firstly, we study Smarandache tsα  

curves according to Sabban frame in the Heisenberg group Heis 3 . Finally, we find 

explicit parametric equations of Smarandache tsα  curves according to Sabban 

Frame. 
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2      Preliminaries 

 

Heisenberg group Heis 3  can be seen as the space 3R  endowed  with the 

following multipilcation: 
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Heis 3  is a three-dimensional, connected, simply connected and 2-step nilpotent 

Lie group. 

The Riemannian metric g  is given by 
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The Lie algebra of Heis 3  has an orthonormal basis 
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for which we have the Lie products 
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3      Biharmonic S Helices According To Sabban 

Frame In The Heisenberg Group Heis 3  

  

Let 3: HeisI   be a non geodesic curve on the Heisenberg group Heis 3  

parametrized by arc length. Let }{ BN,T,  be the Frenet frame fields tangent to the 

Heisenberg group Heis 3  along   defined as follows: 
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T  is the unit vector field '  tangent to  , N  is the unit vector field in the 

direction of TT  (normal to  ), and B  is chosen so that }{ BN,T,  is a positively 

oriented orthonormal basis. Then, we have the following Frenet formulas: 

 N,TT =  

 B,TNT   =  (3.1) 

 N,BT  =  

where   is the curvature of   and   is its torsion, 

       1,=1,=1,= BB,NN,TT, ggg  

       0.=== BN,BT,NT, ggg  

 

In the rest of the paper, we suppose everywhere  

 0.and0    

 

Now we give a new frame different from Frenet frame. Let 2

3:
Heis

I S  

be unit speed spherical curve. We denote   as the arc-length parameter of   . 

Let us denote    ,=  '
t  and we call  t  a unit tangent vector of .  We now 

set a vector       ts =  along .  This frame is called the Sabban frame of 

  on the Heisenberg group Heis .3  Then we have the following spherical Frenet-

Serret formulae of   : 

 ,= tt  

 ,= stt g   (3.2) 

 ,= tst g  

where g  is the geodesic curvature of the curve   on the 2

3Heis
S  and 

       1,=1,=,1,= ss,tt, ggg   

       0.=,==, sst,t  ggg  

 

With respect to the orthonormal basis },{ 321 e,e,e  we can write 

 ,= 332211 eee    

 ,= 332211 eeet ttt   (3.3) 

 .= 332211 eees sss   

 

 

To separate a biharmonic curve according to Sabban frame from that of 

Frenet- Serret frame, in the rest of the paper, we shall use notation for the curve 

defined above as biharmonic S -curve. 

 

Lemma 3.1.   is a biharmonic S -curve if and only if 
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 0,constant= g  
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Then the following result holds. 

 

Theorem 3.2. ([9]) All of biharmonic S -curves in 2

3Heis
S  are helices. 

  

Theorem 3.3. ([9])  Let 2

3:
Heis

I S   be a unit speed non-geodesic 

biharmonic S -curve. Then, the position vector of   is 

 

  231

2

121

2

]][sin
sin

[]][cos
sin

[= ee MMM
V

E
MMM

V

E
   

 E
V

MM
E

V

MV
E sin

4

]2[sin
sin

2
cos[ 4

2

14

2

1 






  (3.5) 

 ]][cos
sin

][][sin
sin

[ 21

2

31

2

MMM
V

E
MMM

V

E
   

 ,]][sinsin 341
32 eMMME

V

M
   

where 4321 ,,, MMMM  are constants of integration and  

 .2sin
2

1
1and)cos

sin

1
(= 2

2

E=VE
E

M 


g

g



 

  

  

4  Smarandache tsα  Curves Of Biharmonic S -

Curves According To Sabban Frame In The Heisenberg 

Group Heis 3  

 

 

 

Definition 4.1. Let 2

3:
Heis

I S  be a unit speed regular curve in the 

Heisenberg group Heis 3  and },{ st,  be its moving Bishop frame. Smarandache 

tsα  curves are defined by 
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Theorem 4.2.  Let 2
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Heis

I S   be a unit speed non-geodesic 

biharmonic S -curve tsα  its Smarandache tsα  curve. Then, the position vector of 

Smarandache tsα  curve is 
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Proof. From definition of S -helix, we obviously obtain 

 .cos][cossin[sinsin= 32111 ee]et EMMEMME   (4.4) 

 

We can easily verify that 
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Substituting (4.4) and (4.6) in (4.1) we have (4.3), which completes the 

proof. 

 

Corollary 4.3.  Let 2

3:
Heis

I S   be a unit speed non-geodesic 

biharmonic S -curve tsα  its Smarandache tsα  curve. Then, the parametric 

equations of of Smarandache tsα  curve are 
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Proof. Substituting (2.1) to (4.2), we have (4.7) as desired. 
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If we use Mathematica both unit speed non-geodesic biharmonic S -curve 

and its Smarandache tsα  curve, we have 

 
 

5      Open Problem 

In this work, we study Smarandache tsα  curves according to Sabban 

frame in the Heisenberg group Heis 3 . We have given some explicit 

characterizations of this curves. Additionally, problems such as; investigation 

timelike biharmonic curves or extending such kind curves to higher dimensional 

Heisenberg group can be presented as further researches. 
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