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1 Introduction

The unification and extension of continuous calculus, discrete calculus, ¢—cal-
culus, and indeed arbitrary real-number calculus to time scale calculus was first
accomplished by Hilger in his PhD thesis [11]. This theory is very important
and useful in the mathematical modelling of several important dynamic pro-
cesses. As a result the theory of dynamic systems on time scales is developed
in ([1]-[10]).

There are a number of differences between the calculus one and of two
variables. The calculus of functions of three or more variables differs only
slightly from that of two variables. Bohner and Guseinov have published a
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paper about the partial differentiation on time scale. Here, authors introduced
partial delta and nabla derivative and the chain rule for two variables functions
on time scale and also the concept of the directional derivative [§].

In [2], we have investigated the calculus of multivariable functions on
n—dimensional time scale. In that paper, we introduced partial delta deriva-
tive and the chain rule for n—variables functions on n—dimensional time scale
and also the concept of the directional derivative and to application a Dif-
ferential geometry. In [9], the authors study some geometrical structures such
that tangent vector, vector fields, curves and mappings on n—dimensional time
scales. Moreover, they investigated some properties of these structures.

The present paper deals with the nabla 1—forms which is another geomet-
rical structure on n—dimensional time scale A". The paper is organized as
follows. In Section 2, we give a brief account of time scale calculus, partial
nabla derivatives for multivariable functions on n—dimensional time scales A"
and offer several concepts related to V —differentiability which will be use later.
Section 3 is devoted to nablal—forms and its properties on A™. In Section, 4
an open problem is given.

2 Preliminaries

The following definitions and theorems will serve as a short primer on time
scale calculus; they can be found ([6], [7]). A time scale T is any nonempty
closed subset of R. Within that set, define the jump operators p,o : T — T
by

p(t) =sup{s € T: s<t} and o(t)=inf{seT: s>t}

where inf() := supT and sup() := inf T, where () denotes the empty set. If
p(t) = t and p(t) < t, then the point ¢ € T is left-dense, left-scattered. If
o(t) =tand o(t) > t, then the point ¢ € T is right-dense, right-scattered. If T
has a right-scattered minimum m, define Ty := T—{m}; otherwise, set Ty = T.
If T has a left-scattered maximum M, define T* := T—{M?}; otherwise, set
Tk = T. The so-called graininess functions are u(t) := o(t) —t and v(t) :=
t— p(t).

For f: T — R and t € Ty, the delta derivative of f at ¢, denoted fV (), is
the number (provided it exists) with the property that given any € > 0, there
is a neighborhood U of ¢ such that

[f(a(t)) = f(s) = Y (0)[o(t) — s]| <elp(t) — 5],

for all s € U. For T = R, fV = f’, the usual derivative; for T = Z the delta
derivative is the backward difference operator, f2(t) = f(t + 1) — f(t); in the
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case of g—difference equations with ¢ > 1,

fv(t): (q—l)t ’ P s

If f,g: T — R are V—differentiable at ¢t € T}, then
(1)  f+gis V — differentiable at ¢ and
(f+9)" (&)=Y +g%(1).
(77)  For any constant ¢, c.f is V — differentiable at ¢ and
(cf)¥ () = cfY(t).
(1ii) f.g is V — differentiable at ¢ and
(f9)" (t) = f¥(D)g(t) + f(p(t)g" (1)
= gv(O)f(t) + g(p(®) [V (2).
(iv) If g(t).g(p(t)) # 0 then / is V — differentiable at ¢ and
g

z)v oy _ 1 0at) ~ F(057(0).
‘ g9(t).9(p(t)) , '

Let T" be a time scale and v : T — R be a strictly increasing function such
that T = v(T) is also a time scale. By p we denote the jump function on T,

and by A we denote the derivative on T. Then

vop=pov.

(Chain Rule)Assume v : T — R is strictly increasing and T = v(T) is
a time scale. Let w : T — R. If vV(¢) and wV(v(t)) exist for ¢t € Ty, then
(wov)Y exist at ¢t and satisfy the chain rule

(worv)V = (WY ov)wY at t.

Many other information concerning time scales and dynamic equations on
time scales can be found in the books ([6], [7]).

After already, in this section, for the convenience of readers, we repeat the
relevant material from [2] and [9].

2.1 Partial Differentiation on n—Dimensional Time
Scales

Let n € N be fixed and for each ¢ € {1,2,...,n}, T; denote a time scale. Let
us set

ANt =Ty x Ty x ... x T, ={(l,l2,....,1,) : l; € T; for all i € {1,2,....,n}}.
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We call A" an n— dimensional time scale. the set A" is a complete metric
space with the metric d defined by

1

n 2
d(t,s) = (Z It — 342) Vi, s € A"
=1

Let 0; and p; denote the backward and backward jump operators in T, respec-
tively. Remember that for u € T; the backward jump operator o; : T; — T; is
defined by

oi(u) =inf{v € T; : v > u},
and the backward jump operator p; : T; — T; is defined by

pi(u) =sup{veT,:v<u}.

In this definition, we put o;(max T;) = max T; if T; has a finite maximum, and
pi(min T;) = min T; if T; has a finite minimum. If o;(u) > u, then we say that
u is right-scattered in T;, while any u with p;(u) < u is called left-scattered in
T;. Also, if u < maxT; and 0;(u) = u, then w is called right-dense in T;, and
if u > minT; and p;(u) = w then w is called left-dense in T,. If T; has a left-
scattered maximum M, then we define T¥ = T; — {M}, otherwise T¥ = T;.
If T; has a right-scattered minimum m, then we define (T;), = T; — {m},
otherwise (T;), = T;.

Let f : A — R be a function. The partial nabla derivative of f with
respect to t; € (T;), is defined as the limit

f(tl,tg, ~--;ti—17pz' (tz) 7ti+17 7tn) — f(tl,tg, ‘--;ti—h Si7ti+1’ ,tn)

s i () — 5
si # pi(ti)
_ o1

Viti
Higher order partial nabla derivatives are defined similarly.

We say that a function f : A" — R is completely V—differentiable at
the point t° € (Ty), x (Ts), X ...x (T,), if there exist numbers Ay, ..., 4,
independent of ¢ = (t1,...,t,) € A"(but, generally, dependent on (¢{,...,t%))
such that all t € Us(t?),

n

f(t(l)7tg= "'7t2> - f(tlat% --wtn) = ZAz(t? - ti) + i ai(t? - ti)? (1)

i=1
and, for j € {1,....,n} and all t € Us(t°),
f(t(1)> "-at?-lapj(t?>7t?+1“'7t2) - f(tla "'7ti717tiati+l-'-atn) =

0 < 0 0 Z 0 (2)
A [Pj(tj) —t;] + ;Ai [t? —t;] + B; [pj(tj) — ;] + ;@ [t) —t],

i£] i#]
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where 4 is a sufficiently small positive number, Us(¢°) is the the d —neighborhood
of t%in A", a; = ;(1°,t) and 3; = 3;(t°, ) are defined on Us(t°) such that they
are equal to zero at t =t and such that

lima;(t°,t) =0 and limBi(t°,t) =0 forallie {1,....n}.

t—t0 t—t0

We say that a function f : Ty x Ty x ... x T,, — R is p;-completely
V—differentiable at a point ¢° = (¢7,...,t2) € (T1), X (T2), x ..x (T,),
if it is completely V —differentiable at that point in the sense of conditions
(1), (2) and moreover, along with the numbers A, ..., A, presented in (1)
and (2) there exists also numbers By, ..., B, independent of ¢t = (t1,...,t,) €
Ty X Ty X ... x T,(but, generally, dependent on (¢,...,2)) such that for

jedl,...n}

F(pr(82), pa(t2).wes pultn)) = F(tr, b2, tn) = 45 [5(8]) — 8]
32 Bilpa(t) = i) + 75 [ (1) = 1] + 30 % [pule?) — 8] (3)

for all t = (t1,...,t,) € VPi(t9,...,t2), where V?i(t9,...,#) is a union of some
neighborhoods of the points (t9,...,2) and (pi(¢9),...,t%..., pu(t2)), and the
functions v; = ~;(t%¢) and v; = v;(t% ;) are equal to zero for (t1,...,t,) =
(t9,...,89) and

limy;(t°;t) =0 and lim ;(t°;¢;) = 0.

t—t0 t;—t0

2.2 The Chain Rule

The chain rule for one-variable and two-variable functions on time scales has
been investigated in ([1], [6], [8]). In order to get an extension to n—variable
functions on time scales, we start with a time scale T. Denote its backward
jump operator by p; and its nabla differentiation operator by V, fori =1, .., n.
Moreover, let n—functions

p;:T—-R for 1=1,...,n,

be given. Let us set
@i(T) =T, for i=1,..,n.

We will assume that Ty, ..., T,, are time scales. p1, V1, ..., pn, V,, are denoted by
the backward jump operators and nabla operators for Ty, ..., T,,, respectively.
Take a point £ € T* and put

)= (&%) fori=1,..,n.
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We will also assume that

@i(ﬂ(&o)) :pi(goi(go)) for i = 17 e T (4)

Under the assumptions above, let a function f: Ty x ... x T,, = R be given.

Let the function f be p;—completely V—differentiable at the point (9, ..., 2).
If the function ¢; (i = 1,...,n) has nabla derivatives at the point £°, then the
composite function

F(&) = f(1(£), -, on(§)) for €T, (5)

has a nabla derivative at that point which is expressed by the formula

af(t?,---,t%)gpjv(go)+?:15f(p1(t?),---,t?>-~-,pn(t2))

FV 0y
(é ) Vjtj i#£j V,tz

oy (€9),  (6)

for each j € {1,...,n}.

Let the function f be p;—completely V—differentiable at the point (9, ..., 2).
If the function ¢; (i = 1,...,n) has first order partial nabla derivatives at the
point €% = (€9 ..., £Y), then the composite function

F(E) = f(p1(€%), (")) for £ =(&,....&) € Ty X . x Tiny,  (7)
has a nabla derivative at that point which is expresses by the formula

c")F({?, agg) _ af(t?’ 7t?n) 890](5?, 752))

V (k) 8k Vit Vg 0 0 (8)
m af(pl(tl)a ) ti7 ) pm(tm)) (9901'(51, ) €n>
Z;]l Vit V(lc)fk ’

for each k € {1,...,n}.

2.3 The Directional V—Derivative

Let T be a time scale with the backward jump operator p and the nabla
operator V. We will assume that 0 € T. Furthermore, let w = (wy, ...,w,) € R"
be a unit vector and let (¢Y,...,¢%) be a fixed point in R™. Let us set

Ti: {tz = t?‘i‘f&)z : 56 T}, 1= 1,...,71.

Then Ty, ..., T, are time scales and t? € T; for i = 1, ..., n. The backward jump
operators of T; denoted by p;, the nabla operators by V; for i =1, .., n.

Let a function f : A" — R be given. The directional nabla derivative of
the function f at the point (£2,...,¢2) in the direction of the vector w (along
w) is defined as the number

of(ty, ... t0) ¢
v, 7 (0), (9)
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provided it exists, where

F(&) = f(t) + €wr, ... 1 + Ewy,) for € €T, (10)

Suppose that the function f is p;—completely V —differentiable at the point
(19, ...,8%). Then the directional nabla derivative of f at (¢,...,¢%) in the di-
rection of the vector w exists and is expressed by the formula

OF(, 1) DFW,st) o OF(pr(tD), o8, e pu(t2))
Vw Vjtj wy_i_zzigl Vztl Wis ( )

for each j € {1,...,n}.
Let n = 2. Then for j =1, ©+ = 2 we have

Vw Vit ! Vaty

Wa, (12)

and for j =2, i =1

of(t1,t3) _ Of(t, p2(t3)) — Of(4,13)
Voo = vltl w1+ v2t2 Wwo. (13)

Therefore, for n = 2, equality (11) reduces to (12) and (13) which are proved
for A—derivative by Bohner et. al. [§].

2.4 Tangent Vectors and Properties of Directional
V—Derivative

A tangent vector vp to A" consists of two points of A" :its vector part v and
its point of application P.

Let P be a point of A". The set Vp(A") consisting of all tanget vectors
that have P as point of application is called the tangent space of A" at P.

Let z; : A™ — T, be Euclidean coordinate functions on time scale for all
1 < < n, denoted by the set {x1, 2z, ....,z,}. Let f: A" — R be a function
described by f(P) = (f1(P), fo(P), ..., fm(P)) at a point P € A™. The function
f is called p;—completely V—differentiable function at the point P provided
that all f; (i = 1,2,...,m) functions are p;—completely V—differentiable at the
point P. All this kind of functions set will be denoted by C'pvj. If we define two
algebraic operations as follows:

e C’ZXC’Z — vaj
(f,9) — fog’
for Vo € A",

(f@g)(x) = f(zx)+g(x),
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and
®: RXCZ — CZ
N — Af=A0f’
for Vo € A",
(A O f)(z) = Af(2).
In this case the set,
v
{ija @7 R: +, ®}7
is a vector space. Next, if we define another operation by,
@ : C’pvj X C'pvj — vaj
(f.9) — fog’
for Vo € A"
(f @ 9)(x) = f(z)g().

Thus, the set {vaj, ®,R,+,-,®,0} is an algebra over R. Finally, we can
consider a tangent vector of A" as a function from C’pvj to R. This result can
be easily seen from Definition 2.3.

Let a,b € R and f,g € C'pvj and vp,wp, zp € Vp(A"). Then, the following

properties are proven for the directional V—derivative of the function f at the
point P(¢9,¢9,...,¢9) :

(i) of(P)  _ 0f(P) 0f(P)
V (avp + bwp) V(vp) V(wp)’
. O(af+bg)(P)  Of(P)  ,09(P)
0 Vup — Vup T Voup '
iy PO gy Oy, 2D
T (9 (P) = 95 (P)) vt U
1, (PP) = o () 1) 2,

#J Vit;
where f,, (P) = f(p1 (80) ..., pi—) (t-1) .80, pasy (841) + -y pu(t7)) and
fp(p) = (pl (t(l]) y ooy Pi—1 (t?—l) y Pi (tl) y Pit1 (t?—i-l) RS pn(t(r)z)'

2.5 Vector Fields and Properties of Directional
V—Derivative

A vector field W on A" is a function that assigns to each point P of A" a
tangent vector wp to A" at P.

Let Z be a vector field and Z(P) belongs to the set of tangent vector space
Vp(A™) at the point P. Generally, a vector field is denoted by

- 0
7 = T , 14
;gk(xh T )Vka:k ( )
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where gy (z1,...7,,) are real valued and have partial nabla derivative func-
tions defined on A" and {lel, vfo, ceey VnﬂUn} are the basis for Vp(A™). If
for each gi(z1, ...z,) is pj—completely V—differentiable then we say the vector
field Z is pj—completely V—differentiable.

Let x(A") be a set of the p;—completely V—differentiable vector fields and
let a p;j—completely V—differentiable function f : A" — R be given. The
directional V—derivative of the function f at the point P(t?,¢9,....t9) in the
direction of the vector field W is defined as

(&)o-42

By this definition, we have defined a function W : C’V — C’V such that
W (P) = wp. Here, wp is the tangent vector, which belongs to the Vector field
w.
Let V and W be two vector fields. Then, The following are proved for any
two functions f, g and h € C'pv1 :
oh oh oh

; St <o) :fgfv v
.. aj + 0g
A +bvv
VV g vv pl 9y ey Uy VV f
#J

iy (Flor (1) pa(82)) = flor (#9) 85, 13)) ‘99"1

itj V; t
where f5,(P) = f(pj1 (1) s pji-) (1) 10, picivn) (821) s pin(E0))
Let two vector fields Z, W be given. The covariant nabla differentiation
with respect to W at the point P(t{,9,...,t2) is defined as the vector

(Gi) =¥

provided it exists, where

Y(€) = Z(t + &wy, ot + Ew,) for € €T

Let two vector fields Z, W be given. The covariant nabla differentiation
with respect to W at the point P(#9, 9, ...,t%) exists and is expressed by the

formula
OZ(P) _ (= 0gi(P) 0
VCUP —Z Vu)p 6xZ(P)’

1=
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where the functions can be found similarly as in Theorem 2.3.

V(.Up
Let a,b € R and two vector fields X and Y be given. For any two tangent
vectors vp and wp, the following properties are proven:
(i) 0X . oh b oh
V(aV+bW) —VV VW’
0 (aX +bY) _aaf dg

" 9 (f)Y)V(P) ! bv(?‘J/”gP) Ohi(P)
n 9fp.(P)
iy (1 (7)) (P)) =g

9 (hx),, (P 0
VL (P(P) = £ ) i) S ] D

(év) <a<;/;/z>) (P) = <a§$),z> + <Y(p1 (19) 13, ..., £9), aéfj)>

i [ (0P = ) () T

- 90 ),]

_;;11 (f]f(P) - fk(pl (t?) vtgv 7t7(’)L)) viti

where P = P(t9,3,....t2).

3 Nabla 1—-Forms

It follows from Definition 2.1, If f : A" — R is p;-completely V —differentiable
at a point t® = (t9,...,¢9) € (T1), X (Ta), X ...x (T,),, then in elementary
calculus on on A" one defines the p;-completely V—differential of f to be

0 0 0 0 0
0S8, 1) 4y o D).t pul8)
Vjtj i£] V.t

df (P) = t;.

In this section we give a rigorous treatment using the notion of nabla 1—form.
A nabla 1—form ¢ on A" is a real-valued function on the set of all tangent

vectors to A" such that ¢ is linear at each point , that is,

Plavp + bwp) = ag(vp) + bo(wp),

for any numbers a, b and tangent vectors vp, wp at the same point of A”. The
set of 1—forms will be denoted by V* (A™).

We emphasize that for every tangent vector vp to A", a nabla 1—form ¢
defines a real number ¢(vp); and for each point P in A", the resulting function

op: V(N") = R,
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is linear.
The sum of nabla 1—forms ¢ and 1 is defined in the usual pointwise fashion

(0 + ) (vp) = ¢p(vp) + ¥(vp) for all tangent vectors vp.

Similarly if f is a real-valued function on A" and ¢ is a nabla 1—form such
that

(fo)(vp) = f(P)o(vp),

for all tangent vectors vp.

There is also a natural way to evaluate a nabla 1—form ¢ on a vector field X
to obtain a real-valued function ¢(X) :at each point P the value of ¢(X) is the
number ¢(X (P)). thus a nabla 1—form may also be viewed a a machine which
converts vector fields into real-valued functions. If ¢(X) is V—differentiable
whenever X is, we say that ¢ is V—differentiable. As with vector field, we
shall always assume that the nabla 1—forms we deal with are differentiable.

A routine check of definitions shows that ¢(X) is linear in both ¢ and X;
that is,

O(fX +gY) = fo(X) +go(Y),
and

(fo+g)(X) = fo(X) + gv(X),

where f and ¢ are real-valued functions on A™.

Using the notion of directional V—derivative, we now define a most impor-
tant way to convert functions into nabla 1—forms.

If fis a pj—completely V—differentiable real-valued functions on A", the
differential df of f is the nabla 1—form such that

o) = 2270,

for all tangent vectors vp.

In fact, df is a nabla 1— form, since by definition it is a real-valued function
on tangent vectors, and by (i) of Theorem 2.4 is linear at each point P. Clearly,
df knows all rates of change of f in all directions on A", so it is not surprising
that V—differentials are fundamental to the calculus on A".

The differentials dtq, dts, ..., dt, of the Euclidean coordinate functions. Us-
ing Theorem 2.3 we find

ot,(P)
V’Up

dti(vp) =

= V;.

Thus, the value of dt; on an arbitrary tangent vector vp is the i.th coordinate
v; of its vector part, and does not depend at all on the point of application P.
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Since dt; is a nabla 1—form, our definitions show that ¢ =], f;dt; is also a
nabla 1—form for any functions f;, 1 < i < n. The value of ¥ on an arbitrary
tangent vector vp is

U(vp) = (Lyfidts) (vp) =iy fi(P)dti(vp) =iy fi(P)vi.

The first of these examples show that the 1—forms dtq, dts, ..., dt, are the
analogues for tangent vectors of the natural coordinate function ¢y, ts, ..., ¢, for
points. Alternatively, we can view dtq, dts, ..., dt, as the duals of the natural
unit vector Uy, Us, ..., U,. In fact, it follows immediately from Example 3 that
the function dt;(U;) has the constant value 6;;, where d;; is the Kronecker delta
(0if 7 # 4, 1if i = j).

We shall now show that every nabla 1—form can be written in the concrete
manner given in Example 3.

If ¢ is a nabla 1—form on A", then ¢ =!, f;dt;, where f; = ¢(U;). These
functions fi, fo, ..., f, are called the Euclidean coordinate functions of ¢.

By definition a nabla 1—form is a function on tangent vectors; thus ¢ and
»  fidt; are equal if and only if they have the same value on every tangent
vector vp = I, v;U;(P). In Example 3, we saw that

(im1 fidts) (vp) =12y fi(P)v;
On the other hand,

P(vp) = ¢ (o vilUi(P)) =iy vi¢ (Ui(P)) ==, vifi(P),

since f; = ¢(U;). Thus ¢ and ", f;dt; do have the same value on every tangent
vector.

This theorem shows that a nabla 1—form on A" is nothing more than an
expression |-, f;dt;, and such expression are now rigorously defined as functions
on tangent vectors. Let us now how that the definition of differential of a
function agrees with the informal definition given at the start of this section.

If fis a pj—completely V—differentiable real-valued functions on A", then

af(t, ., ) Of(pr(t); s 87, s pa(t))
df (P —ndt L s dt;.
(P) = Vit +2¢} Vit; !
0 0 0
The value of Mdt -+ 8f(p1 (1), st sl ))dti on an arbi-
Vjt] z;éJ vztz
Of(tY, . ty) L Of(pi(8), 82, o pa(t))

trary tangent vector vp is v+ v;. B
v tans P vit, e Vi, i By

P
Theorem 2.3 df (vp) = 8é( ) is the same. Thus the nabla 1—form df and

Uvp
af(t(l)v' *y n) dt 8f(p1(t(1)> >t?7 . 7pn<t ))
V t z;éj Vztl

dt; are equal.
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Finally we determine the effect of d on products of functions and on com-
positions of functions.

Let fg be the product of p;—completely V—differentiable real-valued func-
tions f and g on A™. Then

of,

d(fg) = gdf + fPdg +i_, - (9, — 9) dt:
i#] ibg
g,
N (fp _ £ Lt
+Zz‘¥;1 (7= 17) Vit

where f2(P) = F(pu(t),o pi(#), o palt), f2(P) = F(E s py(t2), - 12)
and f, (P) = f(p1(8)), .. 17, . pu(t7)-
Using Corollary 3, we obtain

d(fg) (9, ....t° . 0(f9) (p1(8Y), ..t s pu (80
igg) - LD >ﬁﬁ§1<><mJVt (1) .
J%] kv 1bg
of(t9,...,t%) 0 0 0 0999, ..., 1Y)
= DV ) dt (), . ) e g
vjtj g( 1 ) n) J +f( 1 7p]( j)? ) n) Vjtj 7

4n af(IOl(t(l))v ) t?, ) pn(t?z))

z;l V.1, g(lol(t(l))aat??apn(t?t))dtl
i£] ili

" 9g(p1(t9), ..., 1%, ..., pu (2
1), (1), o (1) P sl Palln)) g

= G ) A F(Es s py(t2), s 12)dg

0 £9), ot pa (80

PO e s8] 4,10, (40)
2] A2

+?:1 (f(pl(t?)> SAED) pi(t?)7 SED) pn(tg))

i#£]
)) Vit I

—f (), pi (), ot t;

I we set f7(P) = F(pr(t9), .o i(E0), s pat)), S79(P) = F(E, s p5(E0), o 12)
and f, (P) = f(p1(t}), ... 1], ..., pu(t}), then we obtain desired result.

Let f: A" = R pj—completely V—differentiable real-valued functions and
h : R — R differentiable function, so the composite function h(f) : A™ — R is
also p;—completely V—differentiable. Then,

0
o dt;.
Vi,

d(h(f)) = (h’ o f) &+ (h’ of, —ho f)
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From Corollary 3 and Theorem 2, we have

/ / ap, P
itho () = KDL v ', (P) L2,
/ / / ap P
— WD)+, (0, (P~ (1(P)) #dt

where f, (P) = f(pi(t)), ..., 10, .., pu(t;). Thus the proof is complete.

4 Open Problem

In this paper, we have provided an introduction to nabla 1-forms for multivari-
able functions on n—dimensional time scales and we give a rigorous treatment
using the notion of nabla 1-forms. This study will form the basis on the efforts
in the field of discrete differential geometry and the time scale analysis.

In vector calculus, the Frenet—Serret formulas describe the kinematic prop-
erties of a particle which moves along a continuous, differentiable curve in
three-dimensional Euclidean space , R? or the geometric properties of the curve
itself irrespective of any motion. More specifically, the formulas describe the
derivatives of the so-called tangent, normal, and binormal unit vectors in terms
of each other. This suggests the following open problem:

By using above structures, how to define Frenet—Serret formulas of a regular
curve on n—dimensional time scales?
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