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Abstract

We establish the existence of at least three positive solutions for the 3nth
order three-point boundary wvalue problem on time scales by using Leggett-
Williams fixed point theorem. We also establish the existence of at least 2m —1
positive solutions for an arbitrary positive integer m.
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1 Introduction

In this paper, we establish the existence of multiple positive solutions for the
3n!" order boundary value problem on time scales,

(=12 () = f(t,y(t), t e [t,a(ts)], (1.1)
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satisfying the general three-point boundary conditions,

(3i—3) (3i—2) (3i—1)
0431‘—2,1yA (t1) + 0431'—2,2yA (t1) + 0432'—2,39A (t

)=0

(3i—3) (3i-2) (3i-1)

0531'—1,1yA e (ta) + 0437;—1,2yA " (t2) + 0631‘—1,3?JA o (t2) =0, (1.2)
(3i—3) (3i—2) (3i—1)

Oési,lyA " (o(ts)) + 0631‘,2?JA " (o(ts)) + Oé?n',zyA o (o(ts)) =0

for 1 <@ < mn, where n > 1, as;_9j, 3,15, a3 5, for j = 1,2,3, are real con-
stants, t; < ty < o(t3). We assume that f : [t;, 0(t3)] x Rt — R™ is continuous
and f(t,-) does not vanish identically on any subset of [t1, o(t3)]. The study of
the existence of positive solutions of the higher order boundary value problems
(BVPs) arises in various fields of applied mathematics and physics. BVPs de-
scribe many phenomena in the applied mathematical sciences, which can be
found in the theory of nonlinear diffusion generated by nonlinear sources, in
thermal ignition of gases and in chemical or biological problems. In these
applied settings only positive solutions are meaningful.

Recently, there has been much attention focussed on existence of positive
solutions to the BVPs on time scales due to their striking applications to al-
most all area of science, engineering and technology. Studying BVPs on time
scales will unify the theory of differential and difference equations and provide
an accurate information of phenomena that manifest themselves partly in con-
tinuous time and partly in discrete time. The existence of positive solutions
are studied by many authors. A few papers along these lines are Agarwal
and Regan [1], Anderson [4], Anderson and Avery [6], F. M. Atici and G.
Sh.Guseinov [7], Kaufmann [19] and Sun [20].

For convenience, we use the following notations. For 1 <4 < n, let us de-
note, f;; = azi—szyjit; + azi—zyj2, Vi, = Oé3i—3+j,1t? + agi—gijo(t; + o(t;)) +
20é3i_3+j73, for j = 1,2; ,82'3 = 0431'71(7@3) + 392 and Yis = a3i71(0(t3))2 +
azia(o(ts) + 02(t3)) + 2as; 3. Also, for 1 < i < n, we define,

Q3i—3+45,1Yi), — A3i—3+k,17Vi; @'j%k - 5%%5

m;., = ik =
9 (s g By, — @3i—3+k,1ﬁij)’ T sz B — Oé3i—3+k,15ij7

for j,k =1,2,3 and let p; = max{m,,,, M5, Min |,

q; = min {mm + A /771,1223 — Mi23, Mg 4 + w/mfls — Miw},
d; = Oési—2,1(5i2%‘3 - @3%@) - 5i1 (asi—l,l%g - 043i,1’7i2) + Vi (Oési—l,lﬁz‘g - 0431‘,151‘2)
and I;, = azi_g4j10(s)0%(s) — By, (0(s) + 0*(s)) + v, where j = 1,2,3. We
assume the following conditions throughout this paper:
Qas; 2 Qagzi—1,2 Q3i—2,2
(Al) a3i—21 > 0,@31;171 > 0,@3171 > 0 and @il > @si—11 > a1’
forall 1 <7 <n,

(A2) p; <ty <ty <o(ts) < ¢ and 203230321 > O3 95,
203130311 < 04%171,2, 2ai3; 300341 > aéi,g, for all 1 <i < n,
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(A3) m?_ > M,,,, m? < M,,, m? > M,

i23 237 1, 129 144 13

and d; > 0, for all 1 <7 <n,

(A4) The point t € [t1, 0(t3)] is not left dense and right scattered at the same
time.

This paper is organized as follows. In Section 2, we establish certain lemmas
which are needed in our main results. In Section 3, we establish the existence
of at least three positive solutions of the BVP (1.1)-(1.2) by using the Leggett-
Williams fixed point theorem. We also establish the existence of at least 2m —1
positive solutions of the BVP (1.1)-(1.2) for an arbitrary positive integer m.
Finally as an application, we give an example to illustrate our result.

2 The Green’s Function and Bounds

In this section, we construct the Green’s function for the homogeneous problem
corresponding to (1.1)-(1.2) and estimate bounds for the Green’s function.
Let G,(t, s) be the Green’s function for the homogeneous BVP,
A3
—y= (1) =0, tE€t,o(ts)], (2.1)

satisfying the general three-point boundary conditions,

aima,1y(t) + Qicaoy™ (1) + azimazy™ (1) = 0,
aim1,1y(t2) + agic12y™ (t2) + azim1 3y (t2) = 0, (2.2)
a3iay(o(ts)) + azioy™ (o (ts)) + asizy™ (o(ts) =0,
for1 <i<n.

Lemma 2.1 For1 <i <mn, the Green’s function G;(t, s) for the homogeneous
BVP (2.1)-(2.2) is given by

( Gi(t,s), ty <o(s) <t<ty<o(ts)
Gi(t,s
e =8 Gyltys), h<t<s<ty<olts)
Gig(t,S), 1 <t<ty<s< O'(tg)
Gi(t,s) = (2.3)
. Gu(t,S), t1 <t2<0’(8) <t§0’(t3)
i(t,s
i =3 Gilt,s), ti<ty<t<s<olts)
{ Gis(t,s), t1 <o(s) <ty <t<o(ts)
where

1
Gi, (L, s) =5 [—(Biy¥is — BisVia) + t(a3i—1.1%is — @3i1%i) — t2 (0311855 —

0431',151'2 )]lil )
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1
Giy(t,8) == {[=(BisYis — Biair) + t(zi2,1%is — @3i,1%i) — (352,185, —

2d;
310y + [(BiyVia — Bixviy) — t(Qsi—o1%i, — 3i—1.1% )+
tQ(QSi—Q,l/Big — asi—110i))lis

1
Gy (t, 5) :ﬂ[(ﬁz’l%g — BiyYiy) — t(asi—o1vi, — 3i—1.1%) + 752(0431'—2,1@'2—
0431'—1,1/62‘1)]11'3,
1
Gi(t,s) :2d‘{[_(ﬁi27i3 — BiyVin) + (31175 — @3i1%i5) — 17 (i 11815~

asi10i,) iy + [(BiyVis — BisVin) — t(Qsizo1Vis — 3i1%i )+
752(0431'—2,1@'3 — asi10i)]lis b
1
Gis(t,s) :ﬁ[(ﬁil%g — BisYiy) — t(asi—21%i, — Q3i—1.1% ) + t2<043i72,15i2_
0431'—1,151'1)]11'37
1
Cult:5) 24, (= (Biais = BigVia) + t(aai1,1%i5 — Qi1%iz) — 2 (Qai-1,1855—
0432',1512)]52‘1-

Lemma 2.2 Assume that the conditions (Al)-(A4) are satisfied. Then, for
1 < i < n, the Green’s function G;(t,s) of (2.1)-(2.2) is positive, for all
(t, S) S [tl,O'(t:g)] X [t17t3].

Proof: For 1 <i <n, the Green’s function G;(t, s) is given in (2.3). By using
the conditions (A1)-(A4), we obtain

Gy, (t,s) > 0, for all (¢,s) € [t1,0(t3)] X [t1,t3].
Similarly, we can establish the positivity of the Green’s function in the remain-
ing cases. O
Theorem 2.3 Assume that the conditions (Al)-(A4) are satisfied. Then, for

1 <i < mn, the Green’s function G;(t,s) satisfies the following inequality,

m;Gi(o(s),s) < Gi(t,s) < Gi(a(s),s), forall (t,s) € [t1,o(ts)] x [t1,t3],
(2.4)

where

Gulo(ts).s) Cults)  Gult,s) G1~4<a<t3>,s>}<1,

0 < m; = min , ; )
{ Giy(t1,8) ~Giy(o(ts),s) Gi(o(ts),s)” Gi(ti,s)
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Proof: For 1 <i < n, the Green’s function G;(t, s) is given (2.3) in six different
cases. In each case we prove the inequality as in (2.4).

Case 1. For t) < o(s) <t <ty < o(ts).

Gi(t,s) o G'Ll(tas)
Gi(o(s),s) " Giy(a(s),s)

_ [—(Biyis — BisVia) + t(Q3i—11%i5 — Q3i1Viy) — t2(3i-1.18i5 — @3i1 5, )]
[=(BiVis — BisVin) + 0(8)(3i-1,1%i5 — @3i1%ip) — (0(8))*(@si-1,18i5 — a3i155,)]

From (A1)-(A4), we have Gy, (t,s) < G, (0(s), s) and also
G (tv 5) Gil (t, 5) > Gil (t7 5) > Gil (0<t3>7 8) )

Gi(o(s),s)  Gil(o(s),s) = Gi(ti,s) = Gilt,s)

Therefore, G;(t,s) < G;(o(s),s) and G,(t,s) > % Gi(o(s),s), for all
11 9’
(t, S) € [tl,O'(tg)] X [tl,tg].

Case 2. For t; <t <ty < s <o(ts).

Gi(t,s) Gig (t,s)
Gi(a(s),s) Gig(o(s),9)

[(BiyYis — Bix¥iy) — t(asi—21%iy — @3i—1.1%i,) + t*(3i—2.18i, — @3i—1.105i,)]

B [(511%‘2 - 51‘2%‘1) - 0(8)(0431‘—2,1%‘2 - CY31;—1,1%‘1) + (U(S))Q(Oé3i—2,15i2 - 0631'—1,151‘1)].

From (A1)-(A4), we have G,(t,s) < Gi,(0(s), s) and also

Gi(t,s)  Gylt,s) G23 (t,s) > Glg (t1,$)
Gi(o(s),s) ( (5).5) = Ca(0(ta),5) = Goylo(ta), )
Therefore, G;(t,s) < Gi(o(s),s) and G;(t,s) > % Gi(o(s),s), for all

(t,s) € [t, o(t3)] X [t ts].

Case 3. For t; <t < s <ty <o(ts).
From (A1)-(A4) and case 2, we have Gy, (t,s) < Gy,(o(s), s) and also

Gi (t, S) > min Gig (tl, 8) Gig (tl, S)
Gi(o(s),s) — Giy(o(ts),s) Gi,(o(ts),s) |

Therefore, G;(t,s) < Gi(o(s),s) and

Gi3 (th 3) Giz (tlv 3)
Gig (U(ti’))? S) ’ Gi2 (U(t3)7 S)

Gi(t,s) > min{ }Gi(a(s), s),
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for all (t,S) € [t1,0’(t3)] X [tl,tg].

Case 4. For t; <ty < o(s) <t < o(t3).
From (A1)-(A4) and case 1, we have G;,(t,s) < G;,(o(s), s) and

Giltis) o {G@-xa(tg),s) Gu(ff(tz)as)}

Gi(O'(S),S) N Gi1 (tla S) ’ Gi4(t175)
Therefore, G;(t,s) < G;(o(s),s) and

Giy(o(t3),s) Gi,(o(ts),s)
Gil (tl,S) ’ Gi4(t1,8)

Gi(t,s) > min{ }Gi(a(s), s),

for all (t,s) € [t1,0(ts3)] % [t1,t3].

Case 5. For t; <ty <t < s <o(ts).

From case 2, we have G;(t, s) < G;(0(s), s) and G,(t, s) > % Gi(o(s),s),
23 k)

for all (t, S) c [tl, O'(tg)] X [tl, tg]

Case 6. For t; < o(s) <ty <t <o(ts).
From case 1, we have G;(t, s) < Gi(o(s), s) and G;(t, s) > % Gi(o(s),s),
for all (t, S) c [tl, O'(tg)] X [tl, tg]

From all above cases, for 1 <17 < n, we have
miGi(o(s),s) < Gi(t,s) < Gi(o(s),s), for all (t,s) € [t1,0(t3)] X [t1, 3],

where

0 < m; = min { Gulolte).) _Cullns) _Cullio) Gu(a(ts),S)} <1

Gi1(t173) ’CTYZ'?,(U(tS)vS)7CTVZ'z(U(t3)’S)7 Gi4(t175)

O

Lemma 2.4 Assume that the conditions (Al)-(A4) are satisfied and G;(t,s)
is defined as in (2.3). Take Hy(t,s) = G1(t,s) and recursively define

o(t3)
Hj(t,s) = / H;_1(t,r)G;(r,s)Ar, for 2 <j<n.
t1

Then H,(t,s) is the Green’s function for the homogeneous BVP corresponding
to (1.1)-(1.2).
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Lemma 2.5 Assume that the conditions (Al)-(A4) hold. If we define
n—1 n—1
K=]]K; and L=]]m;L;,
=1 j=1

then the Green’s function H,(t,s) in Lemma 2.4 satisfies
0< Hy(t,s) < K[Gn(,s)ll, for all (t,s) € [t1,0(ts)] X [t1, 5]

and
H,(t,s) > m,L||G,(-,9)|l, for all (t,s) € [ta,0(t3)] X [t1,13],

where m, 1s given as in Theorem 2.3,

a(ts)
K; :/ |G(-,s)|[|[As >0, for1<j<mn,
t

1

O’(tg)

L - / 1G5(8)[As >0, for1<j<n
to

and || - || is defined by

x|l = max |x(t)].
o]l = _max a()

3 Existence of Multiple Positive Solutions

In this section, we establish the existence of at least three positive solutions to
the BVP (1.1)-(1.2) by using the Leggett-Williams fixed point theorem. We
also establish the existence of at least 2m — 1 positive solutions for the BVP
(1.1)-(1.2) for an arbitrary positive integer m.

Let E be a real Banach space with cone P. A map S : P — [0, 00) is said
to be a nonnegative continuous concave functional on P, if S is continuous and

S(Az + (1= Ny) > AS(x) + (1 = A)S(y),
for all z,y € P and A € [0,1]. Let a and § be two real numbers such that
0 < a < B and S be a nonnegative continuous concave functional on P. We

define the following convex sets

P,={ye€ P :|y|| <a}and

P(S,a,8)={yeP:a<Sy), |yl <5}
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Theorem 3.1 [Leggett-Williams fixed point theorem| Let T : P, — P, be
completely continuous and S be a nonnegative continuous concave functional
on P such that S(y) < |lyl|, for all y € P.. Suppose that there exist a, b, c
and d with 0 < d < a < b < ¢ such that

(i) {y e P(S,a,b):S(y) >a}#0 and S(Ty) > a, fory € P(S,a,b),

(ii) ITyll < d, for Iyl < d,

(1ii) S(Ty) > a, fory € P(S,a,c) with ||Ty|| > b.

Then T has at least three fized points yy,ys,ys in P, satisfying

||y1|| < da a < S(?/?)v ||y3|| > d7 S(yS) <a.

Let

Theorem 3.2 Assume that the conditions (Al)-(A4) are satisfied and also
assume that there exist real numbers ag, ay and ay with 0 < ag < a; < §F < az
such that

Ft.y(t) < ﬁ fort € [t o(ts)] and y € [0, o), (3.1)
F(t,y(t) > ﬁ fort € [ta, o(ts)] and y € |as, %1, (3.2)
F(t,y(t)) < ﬁ fort € [ti, o(ts)] and y € [0, as]. (3.3)

Then the BVP (1.1)-(1.2) has at least three positive solutions.

Proof: Let the Banach Space E = C[t;,0(t3)] be equipped with the norm

= max t)].
Iyl enax | ly(t)|

We denote
P={yeE:y(t)>0,telt,o(ts)]}.
Then, it is obvious that P is a cone in E. For y € P, we define

S(y) = min [y(t)] and

tE[tQ,U(tg)]

o(t3)
me:/ Ho(t,5) f(s,4(s)As, ¢ € [tr,o(ts)]

t1

It is easy to see that S is a nonnegative continuous concave functional on P
with S(y) < ||y||, for y € P and that T': P — P is completely continuous and
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fixed points of T are solutions of the BVP (1.1)-(1.2). First we prove that, if
there exists a positive number r such that f(¢,y(t)) < Hn ,fort € [ty, 0(t3)]

and y € [0,7], then T : P, — P,. Indeed, if y € P,, then for t € [t1,0(t3)], we
have

o(t3)
M@ZL" Ho(t, 5)f (5, y(s))As

r /U(ts) (1. )A
< = H,(t,s)As
H] lK‘

H 1KK/ |Gn(-,8)||As = 7.

Thus, ||Ty|| < r, that is, Ty € P.. Hence, we have shown that if (3.1) and
(3.3) hold, then T maps P,, into P,, and P,, into P,,. Next, we show that
{ye P(S,a1,%) : S(y) > a1} # 0 and S(T'y) > ay, for all y € P(S ay, §). In
fact, the constant function

a +4 a
! . M ¢ fy e P(S,al,MI) L S(y) > ar}.

Moreover, for y € P(S ay, §7), we have

= >yl >y(t) > min y(t) = S(y) > a,
te(te,o(t3)]

for all ¢ € [to, o(t3)]. Thus, in view of (3.2), we see that

o(t3)
S(Ty) = _win / Ho(t, ) (s, 5(5)) As

te(ta,o(ts t1
0’(t3)
> min / H,(t,s)f(s,y(s)As
te [tg,o’(t;g)] to
ai

o(ts)
T L, m«L~an/ |Gn(-,8)|[|As = a4
j=1 j

to

>

as required. Finally, we show that, if y € P(S,ay,a2) and ||Ty|| > %, then

S(Ty) > a;. To see this, we suppose that y € P(S,a1,as) and ||Ty|| > o,
then, by Lemma 2.5, we have

o(ts)
S(Ty) = min / Ho(t, ) (5, 5(s)) As

telt2,0(ts)] Jy,

o(t3)
> mm7mg/ 1G9 £(5,y(s)) As

tE[tg O'(t3)] t

o(t3)
Zm&/ 1G5 (5, 5(s)) As

t2
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for all t € [t;,0(t3)]. Thus

g m. L o(ts) A
Ty) > — max H,(t,s)f(s,y(s))As
(79) 2 T e [ HL 915,00
myL
= Tl y)|
mpLoay
K M—al.

To sum up, all the hypotheses of Theorem 3.1 are satisfied. Hence T has at
least three fixed points, that is, the BVP (1.1)-(1.2) has at least three positive
solutions ¥y, ¥ and y3 such that

< ap, a; < min t), > ay, min t) < a.
1]l < ao, ax te[twwyz() lysll > ao te[tQ,a(t3>]y3() 1

Theorem 3.3 Let m be an arbitrary positive integer. Assume that there exist
numbers a;(i =1,2,---,m) and b;(j =1,2,---,m—1) with0 < a; < by < bﬁl <
a2<62<%<-~-<am_1<bm_1<bm7‘1<am such that

f(t,y(t))<_nai —, fortety,o(ts)] and y € [0,a,],i =1,2,---,m, (3.4)
Hj:lKj

f(t (t))>—bj fortelty,o(ts)] and y € [b; b_J] =12 o m—1

Y [T= m;L;’ » O YRyl = 5% '

(3.5)
Then the BVP (1.1)-(1.2) has at least 2m — 1 positive solutions in P,,,.

Proof: We use induction on m. First, for m = 1, we know from (3.4) that
T : P, — P, then, it follows from Schauder fixed point theorem that the
BVP (1.1)-(1.2) has at least one positive solution in P,,. Next, we assume
that this conclusion holds for m = k. In order to prove that this conclusion
holds for m = k+ 1, we suppose that there exist numbers a;(i = 1,2,---, k+1)
and bj(j =1,2,- - k) with0 <a; <by <& <ay <by< & <... <q<
b, < bﬁ’“ < a4 such that

f(tay(t)) < TLL? for ¢ € [tlva(ti%)] and ye [0>ai]7i = 1727' : 7k+ L
Hj:lKj
(3.6)
b; b;
ty(t 7 for t€ [ty ot d bi,~],j=1,2,--- k.
f(ay())>H;L:1mij7 or 6[270(3)] an ye[]vM]h] ) &y ;

(3.7)
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By assumption, the BVP (1.1)-(1.2) has at least 2k — 1 positive solutions
wi(i=1,2,---,2k—1) in P,,. At the same time, it follows from Theorem 3.2,
(3.6) and (3.7) that the BVP (1.1)-(1.2) has at least three positive solutions

w,v and w in P such that

Ak+1

ul| < ap, bp < min v(t), ||lw|| > ar, min w(t) < bg.
Jull < ax, < _min o(t), ] > o, _min w(t) <b

Obviously, v and w are different from u;(i = 1,2, -+ 2k —_1). Therefore, the
BVP (1.1)-(1.2) has at least 2k + 1 positive solutions in P,,,, which shows
that this conclusion holds for m = k£ + 1. a

4 Example

Let us consider an example to illustrate the usage of the Theorem 3.2. Let
n=2and T = {0} U{55 : n € N}U[3, 3]. Now, consider the following BVP,

y ' (8) = f(ty), t€0,0(1)]NT (4.1)

subject to the boundary conditions,

) (2) o

Yo (1) + 543 (1) + 39> (o(1) =0,
3 3 4 5 (42)

20~ 20 0) + 357 (0) =0,

() -2 (5) +(5) -~

P> (0(0) + 50 (0 (1) + 55 (0(1)) = 0,

and

sint 13,,10
£t y):{l_oo""%y , y<2

sint 6656
00 T om0 Y=2
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Then the conditions (A1)-(A4) are satisfied. The Green’s function G;(¢, s) in
Lemma 2.1 is

( Gi,(t,s), 0<o(s)<t<3<o(l)
fel[ét’f) =< Gults), 0<t<s<i<o(l)
- Giy(t,s), 0<t<i<s<oa(l)
Gl(t,S) =
Gi,(t,s), 0<3<o(s)<t<o(l)
fel[(f’z)( . Gis(t,s), 0<35<t<s<o(l)
{ * Gi(tys), 0<o(s) <z <t<o(l)
where
1oL Bl 2
Gy, (t, s) =181 [12 + 5 5t ] [2 (s)o=(s) + (o(s) + o7(s)) +4],
12 (7126 8 7 3
G (t,s) 481{ [ = ZtQ] [20(5)02(3) +2(o(s) + o2(s)) + 5}
13 29 , . 3 , 8
+ |5+ Tt o102 () = S(e(9) + o) + 5 .
20130 ar B ey B
Chat,s) =2 |5 + 4t+t][ (5)0%(s) = S(o(s) + 0*(s)) + 5.
23, 27l 2 2
Gy, (t,s) 481{[ t 5t } [2 (s)o=(s) + (o(s) + o°(s)) +4}
% 8 7 , , 3
+ [— 3 + 375 + 415 ] [20(3)0 (s) +2(c(s)+0°(s)) + 5} },
_ 1213 29, e 2(g) — 5 2 8
Gryt,s) =2ox |5 + Tt + 8] [0(9)0%(5) = S(0() +0%(s)) + 5.
12 191 23 1
Gty s) = 51 [E + Et — 5t2] [2 (8)o?(s) + (a(s) + 0%(s)) + 4].
The Green’s function Go(t, s) in Lemma 2.1 is
( Ga(t,s), 0<o(s)<t<3<o(l)
féét’ff =< Gylt,s), 0<t<s<i<o(l)
- Ga(t,s), 0<t<i<s<o(l)
G2(t?5) =
Ga,(t,s), 0<1<o(s)<t<o(l)
,?62[(;7?(1)} =< Goyl(t,s), 0<3<t<s<o(l)
| “ Gay(t,s), 0<o(s) <i<t<o(l)
where
6739 1, a3 :
Gay(t,8) ==z | = + 7t = 387 [ 10()0%(s) +2(0(s) + 0 (s)) + 6],
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G, (t,s) = 61365{ [15 — %t — %ﬂ [ (s)o?(s) + %(0(3) +0%(s)) + ﬂ
+ [1?7 + ?Z + gtz] _0(5)02(5) — g(a(s) + 0?(s)) + 3] },
G, (1,9) =gz [ + 10t + 28] [o(5)0%(s) — S(o(s) + 0*(5)) +3],
Gon (1. 5) 61365{ {%9 + 2t =32 [So(s)0%(s) + 2o(s) + 0%(3)) + 6]
+ [— 15+ % + %tQ [a(s)a2(3> + %(a(s) +o2(s)) + ﬂ }
G (1,5) =gt [+ 201+ 2] [o(5)0%(5) — o (0(5) + 0*(s)) + 3]
Goy(t, s) = 61365 [38_9 + %t — 3t2} Ei (5)o?(s) + 2(co(s) + 0%(s)) + 6].

From Theorem 2.3 and Lemma 2.5, we get

my = 0.4406779661, K; = 0.6552328771, L, = 0.183991684,

my = 0.5596707819, K, = 0.7449516076, Lo = 0.2551181102.

Therefore, K = 0.6552328771, L = 0.08108108108 and M = 0.06925585335.
Clearly f is continuous and increasing on [0, 00). If we choose ay = 0.25, a; = 2
and ap = 150 then 0 < ag < a; < §; < ap and f satisfies

(i) f(t,y) < 0.512172512 = ﬁ, for t € [0,0(1)] and y € [0,0.25],

(ii) f(t,y) > 172.757353 = H21—L for t € [3,0(1)] and y € [2,28.87842548],

(iii) f(t,y) < 307.3035072 = %, for t € [0,0(1)] and y € [0, 150).

Then all the conditions of Theorem 3.2 are satisfied. Thus, by Theorem 3.2,
the BVP (4.1)-(4.2) has at least three positive solutions y;, y» and ys satisfying

I <025, 2< min go(t), [ ys > 025, min ys(t) <2
te[d,o(1)] te[,0(1))

Remark: If f involves the derivatives of y in the equation (1.1), we can estab-
lish the existence of positive solutions by defining a suitable cone in Banach
space with suitable norm or by applying the method used by Xu and Yang
[22].
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5 Open Problem

In this paper, we established the existence of at least three positive solutions
for 3n'" order three-point boundary value problem on time scales by using
Leggett-Williams fixed point theorem. It will be interesting to obtain multiple
positive solutions for the 3n'" order general boundary value problem on time
scales,

(1) 2" () = f(t,y(t),y> @),y (1)

satisfying the general three-point boundary conditions,

3
(3i—4+k) (3i—4+k) (3i—4+k)

E [053i—3+j,kyA ! (t1)+53i—3+j,kyA ’ (t2)+73z‘—3+j,kyA ’ (o(ts))] =0,

k=1

for j=1,2,3, and 1 <7 <n, where n > 1.

ACKNOWLEDGEMENTS: The authors thank the referees for their valu-
able suggestions and comments.

References

[1] Agarwal, R. P. & O’Regan, D. [2000] “Triple solutions to boundary value
problems on time scales,” Appl. Math. Lett. 13(4), 7-14.

[2] Agarwal, R. P., O'Regan, D. & Wong, P. J. Y. [1999] Positive Solu-
tions of Differential, Difference and Integral Equations, Kluwer Academic
Publishers, Dodrecht, The Netherlands.

[3] Anderson, D. R. [1998] “Multiple positive solutions for a three-point
boundary value problem,” Math. Comp. Modelling 27(6), 49-57.

[4] Anderson, D. R. [2002] “Solutions to second order three-point problems
on time scales,” J. Diff. Eqns. Appl. 8, 673-688.

[5] Anderson, D. R. & Avery, R. 1. [2001] “Multiple positive solutions to a
third order discrete focal boundary value problem,” J. Comp. Math. Appl.
42, 333-340.

[6] Anderson, D. R. & Avery, R. 1. [2002] “Existence of three positive so-
lutions to a second order boundary value problem on a measure chain,

Dynamic equations on time scales,” J. Comp. Appl. Math. 141(1 and 2),
65-73.



86

[7]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

K. R. Prasad and N. Sreedhar

Atici, F. M. & Guseinov, G. Sh. [2002] “On Green’s functions and positive
solutions for boundary value problems on time scales,” J. Comp. Appl.
Math. 141, 75-99.

Avery, R. 1. [1999] “A generalization of the Leggett-Williams fixed point
theorem,” Math. Sci. Res. Hot-Line 3(7), 9-14.

Avery, R. 1. & Peterson, A. C. [1998] “Multiple positive solutions of a
discrete second order conjugate problem,” Panamer. Math. J. 8(3), 1-12.

Bohner, M. & Peterson, A. C. [2001] Dynamic Equations on Time Scales,
An Introduction with Applications, Birkhauser, Boston, MA.

Bohner, M. & Peterson, A. C. [2003] Advances in Dynamic Equations on
Time Scales, Birkhauser, Boston.

Eloe, P. W. & Henderson, J. [1997] “Positive solutions for (n-1, 1) conju-
gate boundary value problems,” Nonlinear Anal. 28, 1669-1680.

Eloe, P. W. & Henderson, J. [1997] “Positive solutions and nonlinear
multipoint conjugate eigenvalue problems,” Elec. J. Diff. Eqns. 1997(3),
1-11.

Eloe, P. W. & Henderson, J. [1998] “Positive solutions and nonlinear (k,
n-k) conjugate eigenvalue problems,” Diff. Eqns. Dyn. Sys. 6, 309-317.

Erbe, L. H. & Peterson, A. C. [2000] “Positive solutions for a nonlinear
differential equation on a measure chain,” Math. Comp. Modelling 32,
571-585.

Erbe, L. H. & Wang, H. [1994] “On the existence of positive solutions of
ordinary differential equations,” Proc. Amer. Math. Soc. 120, 743-748.

Henderson, J. & Kaufmann, E. R. [1997] “Multiple positive solutions for
focal boundary value problems,” Comm. Appl. Anal. 1, 53-60.

Henderson, J. & Wang, H. [1997] “Positive solutions for nonlinear eigen-
value problems,” J. Math. Anal. Appl. 208, 252-259.

Kaufmann, E. R. [2003] “Positive solutions of a three-point boundary
value problem on time scales,” Elec. J. Diff. Eqns. 2003(82), 1-11.

Sun, J. P. [2006] “Existence of solutions and positive solutions of boundary
value problems for nonlinear third order dynamic equation,” Nonlinear
Anal. 64(1), 165-176.



Existence of Multiple Positive Solutions 87

[21] Sun, H. R. & Li, W. T. [2004] “Positive solutions for nonlinear three point
boundary value problems on time scales,” J. Math. Anal. Appl. 299, 508-
524.

[22] Xu, J. & Yang, Z. [2009] “Three positive solutions for a system of singular
generalized Lidstone problems,” Elec. J. Diff. Eqns. 2009(163), 1-9.

[23] Xu, J. & Yang, Z. [2010] “Triple positive solutions for singular integral
boundary value problems,” Int. J. Open Problems Compt. Math. 3(4),
455-467.

[24] Yao, Q. [2003] “The existence and multiplicity of Positive solutions for
a third order three point boundary value problem,” Acta. Math. Appl.
Sinica 19, 117-122.



