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Abstract

In this paper, first we have established two sets of sufficient
conditions for a mapping to have unique fixzed point in a intuition-
istic fuzzy metric space and then we have redefined the contraction
mapping in a intuitionistic fuzzy metric space and thereafter we
have proved the Banach Fixed Point theorem.
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1 Introduction

Fuzzy set theory was first introduce by Zadeh[13] in 1965 to describe the situa-
tion in which data are imprecise or vague or uncertain. Thereafter the concept
of fuzzy set was generalized as intuitionistic fuzzy set by K. Atanassov[7, 8] in
1984. It has a wide range of application in the field of population dynamics ,
chaos control , computer programming , medicine , etc.

The concept of fuzzy metric was first introduced by Kramosil and Michalek[10],
but using the idea of intuitionistic fuzzy set, Park[6] introduced the notion of
intuitionistic fuzzy metric spaces with the help of continuous t-norms and
continuous t-conorms, which is a generalization of fuzzy metric space due to
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George and Veeramani|2, 3.

In intuitionistic fuzzy metric space, Mohamad|[1] proved Banach Fixed Point
theorem. But in his paper[1], the definition of contractive mapping is not nat-
ural and to prove the iterative sequence is a Cauchy sequence, he first proved
that every iterative sequence is a contractive sequence and then assumed that
every contractive sequences are Cauchy. Several authors[9, 11] have tried to
established the Banach fixed point theorem in fuzzy metric space by introduc-
ing the contraction mapping with the help of the membership function for the
fuzzy metric. But these contraction mapping do not bear the intension of the
contraction mapping with respect to a fuzzy metric, when a fuzzy metric gives
the degree of nearness of two points with respect to a parameter ¢. Considering
this meaning of fuzzy metric, in our paper, we have redefined the notion of
contraction mapping in a intuitionistic fuzzy metric space and then directly, it
has been proved that the every iterative sequence is a Cauchy sequence, that
is, we don’t need to assume that every contractive sequences are Cauchy se-
quences. Thereafter we have established the Banach Fixed Point theorem. In
this paper, also, we have established another two sets of sufficient conditions
for a mapping to have unique fixed point.

2 Preliminaries

We quote some definitions and statements of a few theorems which will be
needed in the sequel.

Definition 2.1 [4/. A binary operation * : [0, 1] x [0, 1] —
0, 1] s continuous t - norm if * satisfies the following conditions

x 18 commutative and associative;

* 1§ CcOntinuous;
i) ax1 = a Voace [0, 1];

axb < ¢cxd whenever a < c¢,b < danda,b,c,de [0, 1].
Definition 2.2 [/]. A binary operation < : [0, 1] x [0, 1] —
0, 1] s continuous t-conorm if o satisfies the following conditions
i) o is commutative and associative;
it) o is continuous;
iti) ao0 = a Va € [0,1];
iw) aob < cod whenever a < ¢,b < danda,b,c,d € [0, 1].

Result 2.3 [5/. (a) Forany ry,re € (0,1) with ry > ro, there
exist r3, rqy € (0, 1) suchthat r1 x rg > re and T > T4 O Tra.
(b) Forany rs € (0, 1), there exist r¢, r7 € (0, 1) such that
re ¥ Tg > T5 and r7 o 7 < T
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Definition 2.4 [6] Let % be a continuous t-norm , ¢ be a continuous t-
conorm and X be any non-empty set. An intuitionistic fuzzy metric or
in short IFM on X is an object of the form
A= A{(z,y, t), ple,y,t), viz,y,t)) : (z,y,t) €
X? x (0, 00)} where p, v are fuzzy sets on X? x (0, 00) , p denotes the
degree of nearness and v denotes the degree of non—nearness of x and y rel-
ative to t satisfying the following conditions :  for all x,y,z € X, s,t > 0

(i) plz,y,t) +v(z,y,t) <1 V(z,y,t) € X?x(0,00);
(i) p(z,y,t) > 0;

(i) p(x,y,t) = 1 ifandonlyif = = y;

() p(z,y, t) = ply,z,t)

(v) w(z,y,s)xp(y,z,t) < pla,z,s +t);
(vi)p(x,y,-):(0, c0) = (0, 1] is continuous;
(vit) v(xz,y,t) > 0;

(viti) v(z,y,t) = 0 ifand onlyif = = y;
(ix)v(z,y,t) = v(y,z,t)

(z) v(z,y,s)ou(ly,z,t) > vix,z,s +1t);
(zi)v(x,y, ):(0, c0) — (0, 1] is continuous.

If A is a IFM on X | the pair (X, A) will be called a intuitionistic
fuzzy metric space or in short IFMS.

We further assume that (X, A) is a IFMS with the property
(zii) Forall a € (0,1), a*xa =a and aoa = a.

Remark 2.5 [6] In intuitionistic fuzzy metric space X, p(x,y,-) 1is
non-decreasing and v(x,y, ) is non-increasing for all x,y € X.

Definition 2.6 [2] A sequence { z, }, in a intuitionistic fuzzy metric space
is said to be a Cauchy sequence if and only if for each r € (0, 1) and t >0
there exists ng € N such that p(x,, Tm,t) > 1—1r and v(z,, Tp,t) <
r forall n,m > ng.

A sequence { x,, } in a intuitionistic fuzzy metric space is said to converge to
x € X if and only if for each r € (0,1) and t > 0 there exists ny € N
such that p(x,,z,t) > 1 —7r and v(z,,x,t) < r forall n,m > ny.

Note 2.7 [12] A sequence { z, }, in an intuitionistic fuzzy metric space is
a Cauchy sequence if and only if

nli_}moou(xn,wn+p,t) =1 and nli_)mooy(xn,xwrp,t) = 0.

A sequence { x,, }, in an intuitionistic fuzzy metric space converges to x € X
if and only if

lim p(z,,z,t) =1 and lim v(z,,z,t) = 0.

n — oo n — o0
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Definition 2.8 [1] An intuitionistic fuzzy metric space (X, A) has the prop-
erty @ if
tlim pw(rx,y,t) =1 and lim v(z,y,t) =0 foral z,y € X.

t — oo

Definition 2.9 [1] Let (X, A) be a intuitionistic fuzzy metric space. We
will say the mapping f: X — X is t-uniformly continuous if for each e,
with 0 < & < 1, there exists 0 < r < 1, suchthat p(x,y,t) > 1—r and

v(z,y,t) < rampliesp (f(x), f(y),t) = 1—€ and v (f(z), f(y), 1) <
e foreach v,y € X and t > 0.

Definition 2.10 /1] Let (X, A) be a intuitionistic fuzzy metric space. A
mapping f : X — X s intuitionistic fuzzy contractive if there exists
ke (0,1) such that

1 1
u(f(:fc%f(y),t)_1 - k(u(w,y,t)_1>

d : 1> ( ! 1)

an - -

v(flx), fly), 1) Tk \v(z,y, 1)
foreachx,y € X and t > 0. k is called the contractive constant of f.

Proposition 2.11 [1] Let (X, A) be a intuitionistic fuzzy metric space.
If f:X — X is fuzzy contractive then f is t-uniformly continuous.

Definition 2.12 [1] Let (X, A) be an intuitionistic fuzzy metric space. We
will say that the sequence { x, } in X is intuitionistic fuzzy contractive if there
exists k€ (0, 1) such that

1
1< k( : _1>
M($n+1a$n+2at> /L(.fl:n,anrl,t)

and ! —1 zl ( 1 —1)
V<xn+1 y Tn+2 t) k V(xn7 Tn+1 t)
forall t > 0, n € N.

Theorem 2.13 [1] Let (X, A) be a complete intuitionistic fuzzy metric
space with the property @& in which intuitionistic fuzzy contractive sequences
are Cauchy. Let T : X — X be a intuitionistic fuzzy contractive mapping
such that k is the contractive constant. Then T has a unique fized point.
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3 Fixed-point theorems

Definition 3.1 Let (X, A) be an IFMS ,z € X, r € (0,1), ¢t > 0,
Bz,r,t) ={y e X/plz,y, t)>1—-r, vz, y, t)<r}
Then B(x,r,t) is called an open ball centered at x of radius v w.r.t. t.

Definition 3.2 Let (X, A) be an IFMS and P C X . P is said to be
a closed set in (X, A) if and only if any sequence {x,} in P converges
to x € P i.e, iff. nlgmmu(wn,x,t) =1 and nlgmmu(xn,x,t) =0 =
r e P.

Definition 3.3 Let (X, A) be an IFMS, x € X, r € (0,1), ¢t > 0,
S(e,r,t)={ye X/pulz,y,t)>1—r,v(x,y,t) <r}.

Hence S(x,r,t) is said to be a closed ball centered at x of radius r w.r.t.
tiff. any sequence {x,} in S(x,r,t) converges to y theny € S(x,r, t).

Theorem 3.4 (Contraction on a closed ball) :- Suppose (X, A) is a com-
plete IFMS with the property & , in which IF contractive sequences are Cauchy.
Let T : X — X be IF contractive mapping on S(xo, r,t) with contractive
constant k. Moreover, assume that

1 1
-1<(1-k ( — 1)
p(xo, T(xg), t) ( ) 1 —r
1 1 1
d 1> <_1> .
a v (2o, T(zo), t) 1 — & \r
Then T has unique fized point in S(xo,r,t) .
Proof. Let 7y = T(xg), w2 = T(x1) = T?*(xg), -+ , xn = T(xp_1)
ie, x, = T"(xg) foralln € N. Now

W_1< (1_]5)(117“ _1> :<1_k><1ir>

1 r
i.e, W<(l—k>(1_r>+l
r—rk+1-—r 1 —1rk
- 1 —r T
= p(zo, x1,t) > 1—_rk; >1-—r
= pu(wo,z1,t) >1—1. (i)
Again,

1 > 1 (1—7“)
v(xg, x1, 1) 1 —k r
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, 1 - 1 —r 4
i.e.
"ov(xe, a1, t) T r(l — k)

l—r+7r—1rk 1 —rk

r(l—k  r(l-k)
1 —k
= V(aro,xl,t)<rl(_rk><r
= v(zg,z1,t) <r. (i)
(i)and (i) = 1 € S(xg, 7, t).
Assume that =1, xo, -++ , 2,1 € S(xgo, r,t). Weshow that z, € S(xq, r,t).
N 1 ]
p(zy, 22, t) p (T(xo), T(x1), t)
< k -1
N ([1:([170,1‘1, ) >
<k:( ) since p(xg, x1,t) >1 — 1]
1 1—-1+r rk rk+1—r7r
:><k(> 1 = 1l =—
w(xy, xg,1t) 1—r i 1—r+ 1 —r
: 1 r(k—1)+1
1.€., <
p(xy, x9,1t) 1 —r
1 — 1 —
= pu(wy, e, t) > L = T > 1—r

L+r(k—1) 1—r(L—k)
= p(wy, e, t) > 1 —r.

Again,
! 1= ! —1
v(xy, x9,t) v (T(xo), T(z1), 1)
1 1
> — 1
- k(u(mo,xl,t) )
Zea 1 _121 1 —1
V($1,$2;t) k V<x07$17t)
=105
k \r ok r
N 1 1—T+1_1—T+rk_1—r(1—k;)
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. ( 1 < kr -
i.e. v(azy, x r
’ b 1 —7r(l —k)

= v(r,za,t) < r.

Similarly it can be shown that ,

p(xe, xg, t) > 1—r , v(xg, xz3,t) <r, -+ u(zy_1,z,,t) > 1—r
and v(x,_1,x,,t) < T.

Thus we see that ,

t t
:U’(anxnat)Z/'L<x07xl))*M<I17x27)*"'*M(xn—laxn’)
n n n

~

>(1_T)*(1_T)*"'*(1—T):1—7“’

ie., p(xo,xn,t) > 1—r1.

V('T()axnyt)g]/(x()vxla) <CL‘17I'2,) "'Oy(xn—17$nan
Tr.

~
N———

< Troro a0 r =

Thus , p(xe, zp,t) > 1 —randv(xg, z,,t) < 1,
= x, € S(xg,r,t)
Hence by the theorem 22[1], T has unique fixed point in S(zg, r, t).

Note 3.5 [t follows from the proof of Theorem 2.13[1] that for any x € X
the sequence of iterates { T™(x)} converges to the fixed point of T.

Lemma 3.6 Let (X, A) be IFMS and T : X — X be t-uniformly con-
tinuous on X. If x, — x as n — oo in (X, A) then T(x,) — T(x)
as m —oo in (X, A).

Proof. Proof directly follows from the definitions of t-uniformly continuity
and convergence of a sequence in a IFMS.

Lemma 3.7 Let (X, A) be IFMS. If x,, — zand y, — yin (X, A)
then p (&, Y, t) = p(x,y, t)andv (e, yo,t) = v(z,y,t)asn —
oo forallt > 0in R .

Proof. We have,
lim p(z,,z,t) =1, lim v(z,,x,t) = 0;

n — o n — o

and nh_)mOO w(Yn,y,t) =1, nh_{HOO V(yn, Yy, t

)
t t
,u('rnvynat) ZM(xnaxaQ) *M(‘T’ynv2>
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Tn, T, 3 T, 4 sy In oy )
Z W 9 H Yy 1 Hiy,y 4

Ty Tp,y 3 Tny Yn,y - n ) r )
Z M ) 5 W Yy 4 W\ Yn, Y 4

= pu(x,y,t) > nli_)moou(xn,yn,t) vVt > 0.
Then,
im p(x,, yo,t) = p(x,y,t) foral ¢t > 0.

n — oo

Similarly, nleoo v(Zp, Yo, t) = v(x,y,t) forall t > 0.

Theorem 3.8 (X, A) be a complete IFMS with the property # in which
IF contractive sequences are Cauchy sequences and T : X — X be a t-
uniformly continuous on X. If for same positive integer m, T™ is a IF con-
tractive mapping with k its contractive constant then T has a unique fized
point.

Proof.Let B = T™, n be a arbitrary but fixed positive integer and

g € X.

we now show that B" T (xg) — B"(xg)in (X, A).

Now,

! -1 = ! -1

p (B"T(x0) , B™(20) , 1) p (B(B"=1T(x0)) , B(B"~!(x0)) , t)
< k( ! 1> <
o\ u(B T (xo) , B (@) 5 1) -

1

< k" -1
B <M(T(ivo),:ro,t) )
1

= 0 < lim -1 <0

B "*“(M(B"T(wo),B”(mo)at) ) B

—  lim _p (B"T(x0), B"(w0), t) =1, forall t > 0.

Similarly, — lim v (B"T(xo) , B"(xp), t) = 0, forall ¢ > 0.
Thus, B"T(xy) — B"(z9)in (X, A).
Again, by the theorem 22[1], we see that B has a unique fixed point x (say),
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and from the note [3.5], it follows that B"(z¢) — zas n — oo in (X, A).

Since T is t-uniformly continuous on X, it follows from the above lemma|3.6]
that B"T(xzg) = T B™(x9) — T(x)asn — ocoin (X, A).

Againsince lim p (B™"T(xg), B™(x9),t) = 1 and lim v (B"T(x), B™(x0) , t)
= 0, we have by the lemma [3.7],

lim g (T(x),x,t) = 1and Jlim v (T(z), z,t) =0, foral ¢ > 0,

ie., p(T(x),xz,t) =1 and v (T(x),x,t) = 0, foral ¢ > 0.

= T(x) = * = =z is a fixed point of T.

If 2" is a fixed point of T, i.e., T(2') = ', then T™(z") = T™ Y(T(z")) =

T Y 2') = --- = 2 = B(2') = 2 = 2 is a fixed point of B.

But z is the unique fixed point of B, therefore z = 2’ which implies that

is the unique fixed point of T.

Definition 3.9 Let (X, A) be IFMS and T : X — X. T is said to be
TS-IF contractive mapping if there exists k € (0, 1) such that

kp(T(), T(y),t) > p(x,y,t)

1
and %V(T(x),T(y),t)Sy(:c,y,t)‘v’t>0.

Theorem 3.10 Let (X, A) be a complete IFMS and T : X — X be T'S-
IF contractive mapping with k its contraction constant. Then T has a unique
fized point.

Proof. Let x € X and z,, = T"(x) for all n € N. Now for each t > 0,
kp(xe, x1,t) = kp (T(xy), T(x), t)

> M($1,$,t),
i'e'7 k':u’(l?;xlat) > ,u(:cl,:c,t),

lIJ(xQ, x1,t) = ]iV(T(Il),T(l‘),t)
< v(xy,x,t),
i.e., llgu(xg, ry,t) < v(x,z,t).
Again,

k’M(%a L2, t) = kp (T(x2) ) T(ﬁl) ) t)

Z ,u(l'g, x17t>7
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= kj?/”’“('x37$27t) > k?[t(flfz,[[’l,t) > M(.’L’l,l’,t),

i'e'a kz/jl(lﬁa xZat) > u(:cl,x,t).

1 1
EV(I’37 To, t) = %V(T(I’Q),T(l‘l),t)

Sy(x27xl7t))

1 1
=>ﬁy(.ﬂg,l'g,t)ézy(ﬂfg,xl,t)SI/(.’L'l,.’L",t),
. 1
i.e., ﬁ”(if:ﬁxz,t) < vz, o, t).

By Mathematical induction, we have,
E" u(xpi1, opn, t) > p(xy, z,t) and

1
ﬁu(xmrl, Tp,t) < v(x,xz,t), forallt > 0.

We now verify that {xz,} is a cauchy sequence in (X, A). Let t; = fj.

,u( Ly anrpa t)

> ,U(wna $n+17t1) * M(xn+1>$n+27t1) koo X :u(anrp*l?:EnwLp? tl)

1, Lo
- (k’nk :u(xn’-rn-‘rlatl)) * (k}n+1k +1:u(xn+17xn+2at1)> o
(i ey )
Entp—1 1% n+p—1, Lnt+p, U1
1 1 1
> (knlﬁ(xl,x,tl))*(wlﬁ(l’l,$7t1))*"'*<km+p—1ﬂ($17$7t1)>

1 1 1
Z <kn,u(fl?1,$>t1))* *<kn/~l’(xlaxﬂt1)> - <knﬂ(l‘1,x,tl)>

1

IN

. 1 :
= 1 < lim (Mu(zl,x, tl)) < nll)moou(xn, Tpip, t)

n — oo

= nli_}moo,u(:rn, Tpip,t) = 1.
In the similar way, we have, nli_)mool/ (Zp, Tngp, t) = 0.

Hence {z,}, is a cauchy sequence in (X, A).
So, 3y € X such that z, — yasn — ooin (X, A).
Now,

kp(T(x.), T(y), t) > p(w,, y, t)
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. 1
e p (), (), 1) 2 3 plan, v, t)
: 1 1
= 1 < lm p(T(z,), T(x), 1) <1
= nleoou(T(xn),T(x),t) = 1.

Again,

= lim p (T(xn), T

v (T(xn), T(y), t) < kv(zn, y,t)
= lim v (T(xn), T(y), t) < lim kv(z,,y,t) =0
= lm v (T(z,), T(x), t) = 0.
Thus we see that
nlemM(T(xn),T(y),t) = land nlemV(T(xn),T(y),t) = 0, forallt > 0.

= lim_ T(x,) = T(y)in(X,A) = lim apyy = T(y)in (X, A).

e,y = T(y)
=y is a fixed point of T.
To prove the uniqueness, assume T'(z) = z for some z € X. Then for
t > 0, we have
p(y,z,t) = p(Ty), T(2), )
1
Z %:u(yazat)
1
1
2 ﬁ#(yaz7t) >
1
> ﬁ,u(y,z,t) — 00 as N — 00.
1

= 1< lm -Zuly, 2. t) < ply, 2z 1) < 1.

n — oo

= pu(y,z,t) = 1.

v(y,z,t) = v(T(y), T(z),1t)
Ep(y,z,t)
kv (T(y),T(z),t)
K*v(y,z,t) <
k" u(y,z,t) — 0as n— o
= 0 < u(y,z,t) < nli_)moo E™ u(y,z,t) < 0.

IN

VARPVAN

= v(y,z,t) =0 = y = z.
This completes the proof.
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4 Open Problem

One can further try to prove the Kannan’s fixed point theorem and Chatterjee’s
fixed point theorem with the help of TS-IF contractive mapping and also with
respect to the contractive mapping of [1].
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