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Abstract

The purpose of this paper is to introduce and study some sequence spaces
which are defined by combining the concepts of a sequence of Orlicz functions,
wwvariant mean and lacunary convergence. We establish some inclusion rela-
tions between these spaces under some conditions.
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1 Introduction

One hundred years ago mathematics was undergoing a revolution. The
Kantian dictate that Euclidean Geometry is the only rationally conceivable
basis for the physical universe had been debunked. Numerous alternative ge-
ometries, each self-consistent, were being discovered, axiomatized, and devel-
oped. Felix Klein found a unifying principle for relating and classifying the
various geometries Invariant Theory. The key idea is to classify mathematical
structures by the transformations under which they are invariant. Invariant
Theory has achieved wide influence in mathematics, physics (including relativ-
ity and quantum mechanics), and computer science. The calculus developed
here is based upon relatively simple aspects of Invariant Theory.

From a mathematical point of view, transition from classical mechanics to
quantum mechanics amounts to, among other things, passing from the com-
mutative algebra of classical observables to the non-commutative algebra of
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quantum mechanical observables. Recall that in classical mechanics an ob-
servable (e.g. energy, position, momentum, etc.) is a function on a manifold
called the phase space of the system. A little more than 50 years after these
developments, Alain Connes realized that a similar procedure can in fact be
applied to areas of mathematics where the classical notions of space (e.g. mea-
sure space, locally compact space, or a smooth space) loses its applicability
and pertinence and can be replaced by a new idea of space, represented by a
non-commutative algebra. Conne’s theory, which is generally known as non-
commutative geometry, is a rapidly growing new area of mathematics that in-
teracts with and contributes to many disciplines in mathematics and physics.
For a recent survey, see Conne’s article [3].

Examples of such interactions and contributions include: theory of operator
algebras, index theory of elliptic operators, algebraic and differential topology,
number theory, standard model of elementary particles, quantum Hall effect,
renormalization in quantum field theory and string theory.

As cited above operator algebras are presently one of the dynamic areas of
mathematics.

Invariant means on amenable groups are an important tool in many parts
of mathematics, especially in harmonic analysis invariant means and their
generalizations for vector-valued functions play also an important role in the
stability of functional equations and selections of set-valued functions (see, for
example, [8,9]). Thus it seems natural to ask what are possible limitations of
the use of invariant means. We will show that invariant means are, in some
sense, naturally restricted to reflexive Banach spaces. (see [9])

In this paper, by introducing some sequence spaces which are related to a
sequence of Orlicz functions, invariant mean, lacunary convergence, we estab-
lish some inclusion relations between these spaces under some conditions.

Nowadays operator algebra, operator theory and lacunary convergence play
an important role in different areas of mathematics, and its applications, par-
ticularly in Mathematics, Physics and Numerical analysis.

It is hoped that this study about operator theory serves for researchers who
carry research in various fields of science.

Let /o and ¢ denote the Banach spaces of bounded and convergent se-
quences x = (zy), with 2 € R or C, normed by ||z| = sup,, |zx|, respectively.

The difference sequence spaces was first introduced by Kizmaz [11] and
then the concept was generalized by Et and Colak [5]. Later on, Et and Esi
[6] extended the difference sequence spaces to the sequence spaces

X(AY) =A{z = (z) - (ATx) € X},

for X = {, c or ¢y, where v = (v;) be any fixed sequence of non-zero complex
numbers and (Al'zy) = (A7 g, — AT aggg), Al =0 (—1)" () Vegirrs
for all k£ € N.
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The sequence spaces Al ({o), A" (¢) and Al? (¢g) are Banach spaces normed
by
ol o =21 lviwi| + [[AT 2] o

Let o be a mapping of the set of positive integers into itself. A continuous
linear functional ¢ on /., is said to be an invariant mean or c—mean if and
only if

(i) ¢(x) > 0 when the sequence = = (z,,) has x,, > 0 for all n,

(i) p(e) =1, e=(1,1,...)

(iii) ¢(Zo(n ) o(x) for all z € (.

Ifr=(x ) write Tx = (T'xy) = (@o(k)). It can be shown that

V, = {x €l : li}gntkn(a:) = [, uniformly in n} ,

| = 0 — lim x where

Tp + Tol(n) + To2(n) T oo T Tok(n)
tkn(x) - k+1 [14]

In the case o is the translation mapping n — n+ 1, c—mean is often called
a Banach limit and V,,, the set of bounded sequences all of whose invariant
means are equal, is the set of almost convergent sequence (see [12]).

By a lacunary sequence 6 = (k,.);r = 0,1,2,... where ky = 0, we will
mean an increasing sequence of nonnegative integers with &k, — k,_; — oc.
The intervals determined by 6 will be denoted by I, = (k,_1, k,] and we let
h. = k, —k,_1. The ratio k,/k._1 will be denoted by ¢,. The space of lacunary
strongly convergent sequences Ny was defined by Freedman et al. [7] as

Ny = {x: (xx) :limi |z — 1] =0, for somel}.
T hr kel

An Orlicz function is a function M : [0,00) — [0, 00) which is continuous,
non-decreasing and convex with M (0) = 0, M(z) > 0 for > 0 and M (z) —
00 as T — 00.

It is well known that if M is a convex function and M (0) = 0, then
M (Az) < AM (z) for all A with 0 < A < 1.

Lindenstrauss and Tzafriri [13] used the idea of Orlicz function to define
what is called an Orlicz sequence space

ZM:{wa ol 1M<| k|)<oo,forsomep>0}
p

which is a Banach space with the norm

||z|| = inf {,0 >0, M (M) < 1}.
p
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Definition 1.1 Any two Orlicz functions My and My are said to be equi-
valent if there are positive constant o and [, and xy such that M, (ax) <
M, () < My (Bx) for all x with 0 < x < xy, [10].

Definition 1.2 A sequence space E is said to be solid or normal if (agz) €
E whenever (xy) € E and for all sequences of scalars (o) with |oy| < 1, [10].

Definition 1.3 A sequence space E is said to be monotone if it contains
the canonical pre-images of all its step spaces, [10].

Remark 1. From the two above definitions it is clear that ” A sequence
space E is solid implies that E is monotone”, [2].

The following inequality will be used throughout the article. Let p
be a positive sequence of real numbers with 0 < p, < suppr = G, D =
max(1,2971). Then for all ay, by € C for all k € N, we have

|ag + bg|"* < D{|ag|"* + [by[*}. (1)
2 Main Results

Definition 2.1 Let M = (M) be a sequence of Orlicz functions, p = (px)
be any sequence of strictly positive real numbers and uw = (uy) be a sequence of
positive real numbers . Then we define the following sequence spaces:

M) = o= (ool [ (P2 T oo

r,n hrkelr
m _ Pk
[, M, p, ul (AT) = {:c (@)l [Mk ('tk“(A” i ’e”ﬂ _ o}
"y kel, p
m Pk
[w?, M, p,u]S(A™) = {a: = (zg) : liml Up {Mk (M)] = ()}
T Nrker,

where for some p > 0 and uniformly in n.
Some well-known spaces are obtained by specializing My, u, v and m:
Ifu = (uz) = (1,1,...) forall k € N, then [w?, M, p,u]*(A™) = [w?, M, p|]>(A™),
[w”, M, p,ulo (A7) = [w”, M, plo(A}) and [w”, M, p, ulg(AT") = [w”, M, plg(AT").
If My, = M forall k € Nand u = (u;) = (1, 1,...) for all k € N, then we have
the sequence spaces [w?, M, p]°(A™), [w?, M, p],(A™) and [w?, M, p|2(A™).
If M(z) =x for all k € Nand u = (ux) = (1,1,...) for all k € N, then we
have the sequence spaces [w?, p|*(A™), [w?, pl,(A™) and [w?, p]o (A™).
Ifm=0andv = (v;) = (1,1,...) forall k € N, then we obtain [w’, M, p, u]>°,
[w?, M, p,u], and [w?, M, p,u]? instead of [w?, M, p, u]°(A™), [w?, M, p, u],(A™)
and [w?, M, p, u]? (A™), respectively.



Some New Type of Lacunary Generalized Difference... 117

Theorem 2.2 [w”, M, p, ul(A7), [, M, p, ul,(A") and [u?, M, p, ul2 (A7)
are linear space over the field of complex numbers.

Proof is trivial.

Theorem 2.3 [w?, M, p,u]2(A™) is a topological linear space, total para-
normed by

1 AT i\ 1/ H
g (x) = inf { pr/H . (— U, [Mk <M)] ) <lLr>1m=12,..
hrkelr P

where H = max (1, sup py).

The proof is routine verification by using standard arguments and therefore
omitted.

Theorem 2.4 Let M be an Orlicz function, then [w?, M, p|2(A™) C [w?, M, p],(A™)
C [w?, M, p(A]).

Proof. The first inclusion is obvious. We establish the second inclusion.
Let € [w?, M, pl,(A™). Then there exists some positive number p; such that

1 [M <|tkn<A$xk - ze)\)rk Ly
h,; kel, P1

as v — oo uniformly in n. Define p = 2p;. Since M is non-decreasing and
convex, we have

1 lM (|tkn<Am>| )}
hr kel P

m _ Pk Pk
2 (2 ()
Py ker, p1 hy ker, p1

m _ Pk G
L o)
hy ker, p1 p1

by (1). Thus z € [w?, M, p](A™).

Theorem 2.5 Let M = (My,) be a sequence of Orlicz functions. If sup,[M(z)]P*
< o0 for all z > 0, then

[w”, M, plo(AT) € [w”, M, pI (AT).
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Proof. Let z € [w?, M, p|],(A™). By using (1), we have

m Pr m _ Pk
1 [Mk (|tkn(Av xk)|)} < D [Mk <|tkn(Av Tk le)\)}
hrker, P by ker, p

D Pk
e G
hr kel P

Since sup,[Mg(2)]P* < 0o, we can take that sup,[My(2)]?* = K. Hence we
get z € [w?, M, p|>°(A™). This completes the proof.

The proofs of the following theorems are obtained by using the same tech-
nique of Bektag [1], therefore we give it without proof.

Theorem 2.6 Let M = (My) be a sequence of Orlicz functions. Then the
following statements are equivalent:
(i) [w’, pP(AT) C [w’, M, plF (AT),
(i) [w,plg(A}) C [w’, M, pl2(AT),
(iit) sup, h%kelr [My(z /p)|Px < 0o for all z,p > 0.

Theorem 2.7 Let M = (My) be a sequence of Orlicz functions. Then the
following statements are equivalent:
(i) [w”, M, plo (A7) C [0, plo(AT),
(i) [w’, M, plg(AT) C [w, pl°(AT),
(iii) inf, h%kefr[M’f(Z /p)Px >0 for all z,p > 0.
Theorem 2.8 Let M = (M,,) be a sequence of Orlicz functions. [w?, M, p|°(A™)
< [w”, p2(A™) if and only if
o1
lim —  [Mg(z/p)]"* =00 (2,p > 0).

r—00 T'kelr

Theorem 2.9 Let m > 1 be a fized integer, then
(i) [w’, M, p,ul (A7) C [w’, M, p,ul(AT),
(ii) [w’, M, p,ul.(AP™) C [w?, M, p, u]o(AT),
(i33) [w?, M, p,u](A™1) C [w?, M, p, uld(A™).

Proof. The proof of the inclusions follows from the following inequality

m Pk m—1 Pk
1 w le (|tkn(Av $k)|>} < D w [Mk (|tkn(Av $k)|)}
h, kel, P h kel, P

m—1 Pk
D g ([ela2 )]

h, kel Y
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Theorem 2.10 Let M = (M) and T = (1}) be any two sequence of Orlicz
functions. Then we have
(7’) [w97Map7 u]go(AT) N [w97Tap7 u]go(A;n) - [w97M + T7p7 u](ofo(A;n)’
(i) [w’, M, p,ulo (A7) 0 [w’, T, p,ulo(AT) C [w’, M+ T, p,ulo(AT),
(i) [w’, M, p,ulg (A7) N [w’, T, p,ulg(AT) C [w’, M+ T, p,ulg(A}).

Proof. (i) Let x € [w?, M, p,u](A™) N [w?, T, p, u]>°(A™). Then

m Pk

rn My kel, P

and
Pk

< 00

rn P kel, P

uniformly in n. We have
m Pk m Pk m Pk
1 (S <o (S5 (52

by (1). Applying kes, and multiplying u; and h—lr both side of this inequality,
we get

L {(MkJer) (!tkn(ATxkﬂ)]pk <D {Mk (|tkn(ATxk)|>]pk

hy rer, p hy ger, p
m Pk
(2 [ (tetaml))
hr kel, P

uniformly in n. This completes the proof. (ii) and (iii) can be proved similar
to (i).

Theorem 2.11 Let M = (My) and T = (1) be two sequence of Orlicz
functions. If M and T are equivalent then
(i) [w’, M, pul2(AT) = [w’, T, p,ul 2 (A}),
(i) [w®, M, p,ul,(AT) = [w®, T, p,ul,(AT),
(i) [w’, M, p,ul)(A}) = [w’, T, p,ulg (A7)

Proof. Proof follows from Definition 1.1.

Theorem 2.12 Let 0 < py < qx for each k and (qx /pr) be bounded, then
(i) [’ M, g (A7) C [w’, M, plF (AT,
(i) [w’, M, gl (A}) C [w’, M, pl,(AT),
(i) [w’, M, qlg(AT) C [w’, M, pg(AT).
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Proof. Let z € [w’, M, p]%. Then

m dk

rn Ny kel, P

m q
uniformly in n. Write pg, = [Mk (Mﬂ * and M. = pr /qr. Since

pr < q therefore 0 < A < A\ < 1. Define yi, = tin, Yoo = 0 if pg,, > 1 and

_ —N; _ Ak Mk Ak
2k = ey Zhen = 01f pg, > 1. S0 tgry = Yk + 25, and Phn = Yim T Zhm-

Now it follows that 3" < yrn < 2k, and 2% < Zp - Therefore

hr_lkehﬂzfen = hr_lkelr (yli\,kn + Z;?f;) < hzlkzehyk,n + hr_lkehzii\,n-
Since A < 1 so that 1/\ > 1, for each n

el en = kel (]%_127<m)A (hr_l)l_A

(keh [(h;lzk,n))\} I/A)A (kdr [(h;l)l_k] 1/(1—)\)>1_)‘

= (h;lkehzk,n))\

by Holder’s inequality, and thus

IN

- _ _ A
h, lkelr/uszcn <y ken tin + [ ker 20
Hence x € [w?, M, p|*(A™). (ii) and (iii) can be proved similar to (i).

Theorem 2.13 (i) The sequence spaces [w?, M, p,u]>® and [w®, M, p,u]°
are solid and hence are monotone.
(i1) The space [w’, M, p,ul], is not monotone and a such is neither solid
nor perfect.

Proof. (i) We give the proof for [w?, M, p,u]®. Let z € [w? M, p,u]% and
(a) be sequences of scalars such that |ag| <1 for all £ € N. Then we have

t n Pk t n Pk
h ker ur, {Mk (M)} < b eru |:Mk (M)} — 0

(r — 00), uniformly in n. Hence az € [w?, M, p,u)% for all sequence of scalars
(ag) with |ag| < 1 for all k € N, whenever x € [w?, M, p,u]?. The spaces are
monotone follows from the Remark 1.

Theorem 2.14 Let 6 = (k,) be a lacunary sequence. If 1 < liminf, g, <
limsup, ¢, < co. Then [w, M, p,u],(A™) = [w’, M, p, u],(A™), where

[, M, p, u], (A™) = {x () climt [Mk (‘t’m(Am’“ - le)')]pk _ 0}

v k=1 1Y

for some I, p > 0 and uniformly in n.



Some New Type of Lacunary Generalized Difference... 121

Proof. Suppose that liminf, ¢. > 1, then there exists 6 > 0 such that
qr = (kfil) > 1+ 6 for all » > 1. Furthermore we have ,’j—: < (1:;—6) and

< 3, for all r > 1. Then we may write

1 WA\ 17
~ u [Mj (ltjn( vxj)‘):|
TjEL, P

i [M (ytw%m)r)rf _ hi“ [Mj (WA[)W!)]“
(ffw{ (=50

e |tjn (A ;)]
(e

Now suppose that limsup, ¢, < co and let ¢ > 0 be given. Then there
exists sg such that for every s > sq

R )
p

hs kel

>|w 3|H

Pk
< e

We can also choose a number K > 0 such that A, < K for all s. If
limsup, ¢, < 0o, then there exists a number 5 > 0 such that ¢, < 8 for all r.
Now let ¢ be any integer with k,_; < i < k,, where r > L. Then

. ton (AT \ 17
Z'j—zllzuj |:Mj <| J ( pv xj)|):|

(AT Y\ TP
< ko 11§: x |:Mj (‘tjn( pv x])‘)}

t'n Am - Pj t'n Am X Pj
- e o (S o (50

tin (A2 )\ 7
S P
p
1 tin(AMz; b tin(AMz; P
= k4 {somefsuj [Mj (M)} timsot1 jEL U] [Mj <w)] }

tin AN Py
ko {zO:UEIsuj [Mj <M>} + e(k, — k:so)k:rll}

P
k;,ll {hlAl + h2A2 + ot hSoAso} + 6(]%'7« - kso)k;31
kfr__ll ( sup As) ]{350 + €(k3r - kso)kr_—ll
1<j<so
< Kk’;_llks() + 66
which yields that x € [w, M, p,u],(AI").

v

IAN

IN
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3 Open Problem

The aim of this paper is to introduce and study the new sequence spaces
[w?, M, p,u]*(A™), [w?, M, p,uls(A™) and [w?, M, p,u]2(A™). We propose
to study various some topological properties and establish some inclusion rela-
tions between these spaces. But we didn’t prove inclusion relations [w?, M, p, u]
(A™) C [w?, M, p,ul,(A™) C [w?, M, p,u](A™). Therefore it is left as an
open problem.

0

o

References

[1] C. A. Bektag, "On Some Difference Sequence Spaces Defined by a Se-
quence of Orlicz Functions”, Journal of Zhejiang University SCIENCE A
Vol.12, No.7, (2006), pp. 2093-2096.

[2] J. Boos, ”Classical and Modern Methods in Summability”, Ozford Univ.
Press, 2000.

[3] A. Connes, "Noncommutative geometry year 2000”, Highlights of math-
ematical physics, (2000), pp.49-110, Amer Math Soc Providence, RI,
(2002), pp.172.

[4] M. Et, Y. Altin, B. Choudhary, B. C. Tripathy, "On some classes of
sequences defined by sequences of Orlicz functions”, Math. Inequal. Appl.,
Vol.9, No.2, (2006), pp.335-342.

[5] M. Et and R. Colak, ”On some generalized difference sequence spaces”,
Soochow J. Math., Vol.21, (1995), pp.377-386.

6] M. Et and A. Esi, 7On Kothe-Toeplitz duals of generalized difference
sequence spaces”, Bull Malaysian Math. Sc. Soc, Vol.23, No.2, (2000),
pp-25-32.

[7] A.R. Freedman, J.J. Sember and M. Raphael, ”Some Ces‘aro-type
summability spaces”, Proc. London Math. Soc., Vol.37, No.3, (1978),
pp.508-520.

[8] Z. Gajda, "Invariant means and representations of semigroups in the the-
ory of functional equations”, Prace Naukowe Uniwersytetu Slaskiego, Ka-
towice, (1992).

[9] F.P. Greenleaf, ”Invariant means on topological groups and their applica-
tions”, Van Nostrand Mathematical Studies, New York—Toronto—London—
Melbourne, Vol.16, (1969), pp.102.



Some New Type of Lacunary Generalized Difference... 123

[10] P. K. Kamthan , M. Gupta, ”Sequence spaces and series”, Marcel Dekker
Inc., New York, (1981).

[11] H. Kizmaz, ”On certain sequence spaces”, Canad. Math. Bull., Vol.24,
(1981), pp.169-176.

[12] G. G. Lorentz, ”A contribution to the theory of divergent sequences”,
Acta Math., Vol.80, (1948), pp.167-190.

[13] J. Lindenstrauss, L. Tzafriri, ”On Orlicz sequence spaces”, Israel J. Math.,
Vol.10, No.3, (1971), pp.379-390.

[14] P. Schaefer, ”Infinite matrices and invariant means”, Proc. Amer. Math.
Soc., Vol.36, (1972), pp.104-110.



