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Abstract

In this paper we present a new class named polar of monic
orthogonal polynomials with respect to the area measure supported
on G where G is a bounded simply-connected domain in the complex
plane C'We analyze some open questions and discuss some ideas
properties related to solving asymptotic behavior of polar Bergman
polynomials over domains with corners and asymptotic behavior of
modified Bergman polynomials by affine transforms in variable and
polar modified Bergman polynomials by affine transforms in
variable. We show that uniform asymptotic of Bergman polynomials
over domains with corners and by Pritsker's theorem imply uniform
asymptotic for all their derivatives.

Keywords: Bergman orthogonal polynomials, polar orthogonal
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1 Introduction

We consider G be a bounded simply-connected domain in the complex plane C
whose boundary E = 0G is a Jordan curve. Let ¢ be a positive finite area measure
defined on the Borel set B (C) "G with compact support G .The L, extremal pol-

-ynomials (L, ),_,,, associated to the measure o and the support G are defined as
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the solutions of the extremal problems in the space L*(E,do). Let m,,(o) (n=
0,1,2.....) denotes the extremal constants associated with ¢ and G. m, , (o) satisfy

LZ(E,do-)’Qn =2"+0,2"" +q,2"" + "qn} (1)

Let us remark that the polynomials (L, )

-thogonal polynomials, and satisfy
L,(z)=z" +lower degree terms.

1012, coincide exactly with the monic or-

And
(L@l (@Ho = 6,0l ey MM=012... )

G
2(Edo) ,HLn (Z)Zda :

G
Let (¢,(2)),.0.,.be the sequence of corresponding orthonormal Bergman polyn-

Where do, stands for the area measure. In this case||L,

-omials such that ¢, (z)=A,z" + lower degree terms (4, > 0).And

J.(pn(z)gomiz'kja=5m’n ,Nnm=0212.... (3)

Let Q=C—Gand let E be a Jordan closed curve, Q=Ext (E), H = {w,|w| ~ 1} Let
w = ¢(z) be a function which maps Q conformally on H in a such manner that

Lim @ >0 and ¢(o0) = co.In fact this limit is equal to y, where y* is the log-
z

Z—0

-arithmic capacity of E. Let yw: H — Q be the inverse function of ¢.Let us rem-
-ark that ¢ can be represented by the Laurent expansion at infinity
Z+ve+ Y vi2'

#(z)= cap(E) 2

The two functions ¢(z) and w(w)have a continuous extension to E and on the un-
-it circle respectively (Caratheodory's theorem).Their derivatives ¢’ andy " have no
zeros in Q and H and have limit values on E and on the unit circle almost every-
-where ( with respect to the Lebesgue measure ). The functions ¢'(z)andw'(w) are
defined and integrable on E and on the unit circle.

We introduce a set of monic polynomials associated to this monic Bergman poly-
-nomials on domain with corners. This class of Bergman polynomials is studied
in ([1]) by D.Khavinson and N.Stylianopoulos.We study their relevant recurren-
-ce relations (polar polynomials) and show that they satisfy mixed recurrence rela-
-tions which are similar to those of the Bergman polynomials case. We also indi -
-cate some questions concerning the asymptotic behavior of Bergman polynomia-
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-Is over domains with corners,in short BPDC and discuss some theorems speaking
the asymptotic behavior of polar BPDC , and giving some compatible equations
between them. It was shown that some of polar's characterizations can be represe-
-nted in terms of the corresponding BPDC.We investigate this results for showing
some relations concerning the asymptotic behavior of modified Bergman polyno-
-mials by affine transforms in variable and Polar modified Bergman polynomials
by affine transforms in variable and by comparison equations we conclude the ne-
-ws’s asymptotic behavior for derivatives of polar BPDC. We also gave some alg-
-ebraic tools for working with this polar BPDC.

The following theorem concerning the finite recurrence relation of Bergman pol-
-nomials over domains with corners is the main basic result of these works.

Theorem 1.1 ([1]) .The Bergman polynomials (¢, (z)) satisfy an (s +1) -
terms recurrence relation, for anyn>s—1.
ZQp, (Z) =8hi1n ¢n+l(z)+ a,nPn (Z) T Q5110 Pss1 (Z) 4)
Assume that E is piecewise analytic without cusps. If the Bergman polynomials
(©,(2)),0.,_satisfy an (s +1)-terms recurrence relation, with somes > 2. Then

s=2 and E is an ellipse.
Proof .For more details see ([1]).

n=0,12....

The modified Bergman polynomials by affine transforms in variable is one of re-
-marquable orthogonal polynomials associated Bergman Polynomials.

Definition 1.2. If we denote for brevity I (z)=a"L,(az+b) n=0.12... These

polynomials are called monic modified Bergman polynomials by affine transform
-s in variable.

2  Problem Formulations

2.1 BPDC and Recurrence relations

Proposition 2.1. The modified BPODC satisfy

Zln (Z) = bn+1,n|n+1 (Z)"' bn,nln (Z)"' bn,n—1|n—1 (Z) ®)
Where
Ans ann — b A
bn+1,n =}v_la'ml,n ) bn,n = a ) bn—l,n =ﬁan—l,n

n

Proof. From the know three terms ¢, " s recurrence relations we have for a su-
-chthat a=0 .

7L, (z2)="2a,, L,.(z)+a L(z)+ﬂ/1“1a L,.(2)

) n+1,n —n+l n,n—n
n n
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Thus we get

(az+b)Ln(az+b):/1;z+la L (az+b)+a L(az+b)+%a L (az+b)

n+1,n —n+1 n,n=n n-1,n —n-1
n n

After cancellations we readily conclude that (5). And this completes the proof.
Proposition 2.2 Notice that

S @)= L e e, ) ©
T

T

Moreover If |a| =1 we conclude that

iln(z)#: 1 #le"z+bllez, +b) (7)
T
Where Z, =Ly ¢ oo -

Proof. The well known bilinear series formula with taking into account that
$'(z,)~0 is
= L 1 ! !
3 o m "( )_;¢(z)¢(zo), |z <1 and,|z,| <1.
n=0

Applying this equation we readily conclude that (6), (7).
Example 2.3. For a system of polynomials orthonormal on the unit disc the bi-

-linear serie of ¢, (z)= /n_+12 n=0,.2...is follows
T

L (2L (z) 1 1

Z - ”(1_22)2

7] <1and,|z,| <1 (8)

Let us now put | (z)=a™"L,(az+b) for n=0,,2..... accordingly we get for z su-
ch that:|z| <1,and,|z,| <1.

nZ‘:‘(n+1)(az+b)"(5£+5)n=( — E

1- (az, +b)(az +b)f

2.2 Polar BPODC and Recurrence relations

Definition 2.4. For a fixed complex number & we are going to define P, (z) as
a monic polynomials such that

(2- 2P, (2)=(n+ D[ L, (et ©)
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Obviously the following calculus shows that the pole of P, (z) do not have to be

irregular.
jLn(t)dt
- _ - f _
LimP, (2)= (1+2)Lim - =(n+1)L,(¢).

More information on the history and applications of this concept may be found in
([5])

The L, orthogonality can be written as

L@

Analogously to (7) we derive for v =0,1,2...n-1.

[(P.(2)+(z-&)P/ )L, (2
G
Proposition 2.5. The recurrence relation of Polar can be written in the form

ZP( ) dn+1nF)n+l( )+dnnpn( )+dn -1,n" n= l(z)

v=012..n-1

|_2 E,do)’

LZ(E do)’

édeln n+1 ) (Z d ) ()+dn -1n nl(Z)) (lO)
Where
n+Ln :n—-i_llnﬂ a'n+ln ! dnn :ann ! n-1,n :n_+1£an—ln
"n+24, o "Tono4, ™t

Proof. Integrating both sides of the three term's recurrence relation we get for

z2#¢
(n+1)z-¢) th (t)it =

(2)+ neid, p(2)+ 1 g b ()

n+1A4,.,
— P +a, P a
() +2 /,Ln n+l,n" n+l n /1 n-1,n" n-1

n+2 /I n+l,n" n+l nn'n
n
In other hand .Let us remark

(n+1fz-¢) th (0pt = (- &) [elt- )P (0)f e =

Therefore
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—(z-&)7 | (t-<)P, (tht =

n+14,, e n+1 A4, n+14,,
n4+ 2 /’in an+1,n Pn+l(z) (Z an,n )Pn (Z)+ n4+ 2 ﬂ«n an+1,n Pn+1(z)+ n l an—l,n Pn—l(z)

Wy Sy N

n

Differentiating the two sides of this equality we get, -(z—&)P,(z)=

n

_ Nl A —(z- N+l
- n +2 /1n an+l,n Pn+1(z) (Z an,n )Pn (Z)+ n ﬂ an—l,n Pn—l(z)-l_

N+l , - a n_+“~n_1 ,
(Z g{n+2 ln an+l,npn+1(z) (Z an,n)Pn(Z) Pn(Z)+ n //Ln an—l,nPn—l(Z)J

Which leads to (10).
Example 2.6. The Bergman Polynomials on Cassini Ovals ([2]).
Let us consider the curve z — {z~1jz+1 = @} if & <1 the curve define two bo-

n

-unded domains, let us denote either of them by B, the function 1(22 —1) maps
(04

B, one to one on to the disc |w|<1.The orthonormal Bergman Polynomials on C-
-assini Ovals in short BPCO can be written in the form:

Jn+1 n
Prna(2)= Zm 2(22 _1)

is also a closed orthonormalised system in the class H?(B,,do, ).
The corresponding monic orthogonal polynomials can be written in the form
L,,.(2)=22(z% -1) N=012...
They satisfy for v =0,1,2......2n.
Lona(2)2 do =850, v
é'; 2n+l( ) 2n+lv (n +1)
Define (P,,,,(2))7, as a monic polynomials polar BPCO .In the next we prove
the following assertions

(2-&)P,a(2)= (22 —2)" — (g2 —2)"™ (12)
Pra@)=(-1)"(&+1)"", and P, ,(-1)=(&-1)""(£+1)". (12)

Clearly we have

z

(2= &)Pys(2)= 20 +D)ftlt? 1) dt =(22 ~1)"™" — (&2 -1)"™".
:
Thus, the results (11), (12) are proved .Discovering that the pole of P,(z) do

not have to be irregular.
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n

LimP,.,(z)=(n +1)2&(E2 1)
Next we use two excellent important theorems due to Pritsker.l.E, ([3]).
Theorem 2.7. ([3]). Let us put 22 =E is an analytic curve so that ¢ is confo-

-rmal map from Q to G with properties: Suppose that 2<2=E is an analytic curve
so that ¢ is conformal map from Q to G with properties:

. 1
=00 , Limp(z)=———==v>0
¢ ()=, Lim o(2) cap(E) Y
can be used ( by Carathéodory's theorem ([10],[8]),] ¢ (£)|=1, V5 €E.In addition
¢ (E)=T={w,|w|=1} conformally.Suppose that : w:G—%, its inverse map .Let us
put

(p(2))" = (ﬁ(E) Z4+Vy+ ivizi ]" =F,(z)+ En(lj (13)

i-1 z

Where E, 3 — 0as n— . Then
k ~ —
FY(z)= ;j—k[(p(z)]” +0(r") , refodlasn>w, 7620 (14)
z
And as n — oo,
oKy,
F®(z,)= ak!kn Yo +0(n*) (15)
(a.w; 0+ k)

Where z, is fixed point, ¢(z, ) = w,.And
w(w)=w(w,)+a, (W—w,)" +.... a, #0

o

Theorem 2.8. ([3]). Let I" be a rectifiable Jordan curve and let g(z) belongs to
H~ (Q).For 2, €1 assume that I has un exterior angle of opening ox at the point

2,,0< a <27 formed by C”arcs ,where w(x) satisfies the Alper condition:
I_a)(x) Iog(ljdx <0
X X
Suppose that the boundary values of g (z) satisfy a Dini condition at the point z,
0z2)-9(z, ) < Mz-2,|) , |z-2|<65 ,zeT.
With 6 > 0 and a modulus of continuity A(x) such that

5
J.de—<oo.
0 X

Then, the generalized Faber polynomials satisfy
Qn(20)=ag(20)¢n (Zo)+ 0(1) as N — oo,
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Under condition of convexity and oz is the largest exterior angle at the boundary
I, and for the case g(z)=1 then:

Max|F, (z) — o as n— oo, (16)
Moreover under more general conditions we have
IF.(z,) >« as n— oo, (17)

Proof. For more details concerning the proofs of two theorems see ([3],[6]).

3 Main Results
3.1 Asymptotic behavior of BPODC and their derivatives.

Theorem 3.1 ([1]). Assume that E is piecewise analytic without cusps. Then,
forany neN

A : A
Lim T =v Lm = 12)

Where y 1=Cap (E).In addition uniformly for compacts subsets of Q

Poa(2) (2)

Lim =@
e p,(2)
Also uniformly for compacts subsets of Q

|z (N
Lim P (2)=¢ (Z)lr;_')rl‘ F.(2) (19)

Proof. For more details ([1]). Under the same conditions as in theorem 2.7
we can only need to show that (19).
Corollary 3.2. Under same conditions as in theorem 2.7 follows asymptotic
formulas holds

Limv™L, (z)=¢'(z)LimF,(z). (20)
Uniformly for compacts subsets of Q Hence uniformly for compacts subsets of Q
- L,(z)

Lim =222 =y o(z). 21
n—oo Ln (Z) (0( ) ( )
Moreover uniformly for compacts subsets of Q

k . .
Limy™L{(z) = 3 o' (z)LimF(z) (22)

j=0

Under more general conditions we have
Limv™L, (z,)= a|g0’(zox (23)

n—o0
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Where z, and o are defined by Pritsker's theorem ([3]).

Proof. Notice that

in 22 8 ) Lim 2 8 i)

By (18) and (19) we get (20) and (21) uniformly for compacts subsets of 2 .By Pr-
-itsker's theorem ([3]) and differentiating k-times the both sides of (20) we get as-
-sertion (22). With help of more general conditions and by Pritsker's formula we

get F, (zo)—> a .As n—c0.Thus property (23) is proved.

The following three theorems are the main result of this work.
3.2  Relative asymptotic formula of polar BPODC.

Theorems 3.3.We have uniformly for compacts subsets of €2

L)
%Lrgm_(z EF(2) (24)

Where uniformly for compacts subsets of Q.

o P
F(z) =Lim P (2) (25)

Hence uniformly for compacts subsets ofQ,

: Pn+l(z) _ .1
Lim =22y = o(2) (26)

Proof. To prove (24) let us remark from this equality ((z—£)P,(z)) =(n+1)L,(2)

We get uniformly for compacts subsets of Q.

lim L (2) _ (z—-&)Lim Pi(2)

R R )

Now use (24) we obtain LimL(z) = LimM
e T ET )

. Accordingly to (21) we readily

conclude that (26).
Theorem.3.4 For each a € Q we have uniformly for compacts subsets of dom-

-ainQ - {a}.

(P (z)J( P (a)}‘l :
Lim| = o+l =exp| | F(t)dt |. (27)
Hw( P.(2) \ P.(a) !
Where F is defined by (25). This gives for every complex number a.

H Pn+1(z) _ ., h
Lim ol vp(a)exp @ F (t)dt} (28)

N—o0

Thus uniformly for compacts subsets of 2
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Lim P(2) _ ¢'(2) (29)
> nP,(z)  ¢(2)
Proof. We can put

Thus we get
a—¢& LL (t)dt
P(z)=P (a)—2exp(n+1)| ——~—~
Sl e XY
Which leads to prove (27) if we taking into account that
Lol (t)dt 2L (t)dt j L ()t
expl (N+2)] — 2 —(n+1)| — i [ exp | — .
I R = s R 7
In order to complete proving the rest. By (27) with help of (26) we deduce (28).
We can state for each z = a

o(a)

Differentiating both sides of this equation yields to (29).
3.3  Polar modified BPODC by affine transforms in variable
Next we denote by R, (z) the sequence of the monic polynomial of degree n

polar of 1 (z).i-e

exp U F(t)dtJ = @

(z-&)R (2)=(n+ 1)} I, (t)t n=012.... (30)

Theorem 3.5.For each v

(z-&)R,(2)-(v-&R,(v)=a " *[(az+b-&)P, (az+b)—(av+b—&)P,(av+b)|

Hence
~R,0)-(v-¢R,(v)=a"*[(b-¢)P,(b)-(av+b—¢)P,(av +b)]
Moreover
(2-&R:(2)+R,(2)=a"|(az +b—&)P;(az +b)+P,(az +b)]
In addition

—&*R(0)-(v=&)R, (V) =a"[(b-£)P,(b)-(av +b- )P, (av + )]+
a"¢[(b-¢)R(b)+ P, (b))

Therefore for z = &
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a"(az+b-&)P (az+b)=

a(z-¢)R,(2)-(v-¢)R,(v))+a"(@av +b-¢)R,(av +b) (31)
Proof. When | is replaced by a™L,(at +b) in equation (30) we get
az+b

(28R, ()= (=R, (v)=a""(n+1) [L, (tht

av+b
Hence the first above assertion is proved. Replacing z =0 in it we readily conclu-
-de that the second assertion. Differentiation of (z—&)R,(z) yields to the third as-
-sertion. Taking z =0 in it and use the first assertion we get the fourth one. Than-
-ks to the first assertion we readily conclude that (31).
Proposition 3.6.We have uniformly for compacts subsets of Q — {&}

G(z) = (1+ % a(z)jaF (az +b) (32)

Where G(z) = In'lT nRRnn((Zz)) and o(z)= IH_LTT(Z)

-bsets of Q.—{&}.
If o(z)=0.Then uniformly for compacts subsets of Q—{£}

uniformly for compacts su-

_a2az+b)
G@z)=a plaz +b) -
Proof. Notice that
L@ (D) = Lim @
2=ele@ =t ) (=@ =L
Hence
ALz (2
F(az+b) = IH_LT a"(az+b— )P (az+b) B L‘LT a"(az+b-&)P (az+b)
Therefore

o 1, (2)
) T e ER ) ra el 1) 0Pz 1)

Let remark now

(ag+b-&)P,(&)=2a"(n +1)aT;-" L, (t)dt =a"(n +1)a§j+b 1, (%jdt

_am(n +1)jbl”(t)dt _ _am[f_—b_ijn [5_4’)

a a

a

We arrive at the representation
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F(az+b):ln_irl1 I";Z_)b FpY
a(z—f)Rn(Z)—a(a—ijn(aj
Hence
1,(2)
F(az +b) = Lim Ru(2) .
" e )

We readily conclude that (32).Thus (33) is confirmed.
Corollary 3.7. (Asymptotic formulas)

P (az +b)P (z) _ a o(2) | (34)
e a'L (2)R,(z) (az+b-¢&)¢'(2)
Uniformly for compacts subsets of Q.

Hence uniformly for compacts subsets of Q.

Lim 275 _ (az+b—)2@2 D) (35)
n>= P (az +b) plaz +b)
Analogously to this equation we derive
a'R,(2) _ (az+b—§)_ (36)

L P(az+b) a(z-¢&)

Uniformly for compacts subsets of Q.
Proof. In order to prove (34).Applying the first assertion of theorem 3.5 to (9).
With help of (24) and taking into account that

Limm =(az+b—-¢&)
= P (az +b)

¢'(az+b)
plaz+b)’

It follows that
G(z) Lim 1.(z) P(z) .. a™"L,((az+b) P,(az+b)P,(2)

F(z) =R (z)L,(z) ™= P (az+b)R (z) L.(2)

Thus
G(z) plaz+b) _ a P (az+b)P (z)
(az+b-&)F(2) p'(az+b) =R (z) L, (2)
Applying (33) we get
a o2 _.
(az+b-¢)o'(z) o R.(z2) L,(2)
P.(z) G(2) _ . F(az +b) . o(z) o'laz+ b)_

a™ P (az+b)P (z)

n

S RG FO T FD e o)
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Taking into account that
@+b-8)p2) |, 2'L(@) R,@)

a p(z) =P (az+b)P,(z)
Becomes to (35).Thus (36) is established.

4 Open Problem

Let G be a bounded simply-connected domain in the complex plane C, whose bo-
-undary E = 6G is a Jordan curve. Let ¢ be a positive finite area measure defined
on the Borel set B (C) G with compact supportG . The L, extremal polynomial-
-S (Ln'm )nzoyllz__._associated to the measure ¢ and the support G are defined as the s-
-olutions of the extremal problems in the space L"(E,do). Let u, (o) (n1=0,1,2
3,4.......) denotes the extremal constants associated with 6 and G. g, (o) satisfy

(o) Qn = 2" +0,2"" +q,2"° +..qn}

Ham (O-) = _min {|Qn

G1.92,--Un

Where

2,

1
e ={I|Ln(z)mdaz} |
G

For a fixed complex number & we are going to define (Pn’m(z));’f:0 as a monic po-
-lynomials such that

(2- )P, (2) = (0 +1)[ L, (e

How it is possible to characterize the asymptotic formulas of (anm (z));":0 in terms
of the asymptotic properties of the corresponding extremal polynomials.
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