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Abstract

In this paper the algebra of generalized full terms is de-
fined. The well-known connection between hyperidentities of
an algebra and identities satisfied by the clone of this alge-
bra is studied in a restricted setting, that of n;-ary generalized
full hyperidentities and identities of the n;-ary clone of term
operations of an algebra induced by generalized full terms.
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1 Introduction

Let X := {x1,Zs, ...} be a countably infinite set of symbols called variables.
We often refer to these variables as letters, to X as an alphabet, and also refer
to the set X, =: {x1,x9,...,2,} as an n-element alphabet. Let (f;);c; be an
indexed set which is disjoint from X. Each f; is called an n;-ary operation
symbol, where n; > 1 is a natural number. Let 7 be a function which assigns
to every f; the number n; as its arity. The function 7, on the values of 7
written as (n;);es is called a type.

An n-ary term of type 7 is defined inductively as follows :

(i) The variables 1, ..., x,, are n-ary terms of type 7.

LCorresponding author.
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(ii) If ¢y, ..., t,, are n-ary terms of type 7 then f;(t1,...,t,,) is an n-ary term
of type 7.
By W.(X,) we denote the smallest set which contains 1, ..., x, and is closed
under finite application of (ii). Then the set W, (X) := Uy2, W, (X,,) is the
set of all terms of type 7. This set can be used as the universe of an algebra
of type 7. For every i € I, an n;-ary operation f; on W,(X) is defined by
fi : Wa(X)™ — Wo(X) with (t1, ..., tn,) — fi(ty, ... tn,).

The algebra F,(X) := (W-(X); (fi)icr) is called the absolutely free algebra
of type 7 over the set X. The term algebra F,(X) is generated by set X
and has the property called absolute freeness means that for every algebra
A = (4;(fM)ier) € Alg(r) and every mapping f : X — A there exists a
unique homomorphism f : Fr(X) — A which extends the mapping f such
that f o = f where ¢ : X — F,(X) is the embedding of X into F,(X).

Then for any m > 1; m € IV, we define S™ : W, (X)""! — W_(X)
inductively by the following steps:

for any term t € W, (X),

(i) if t =x;,1 <j<m, then S™(xj, t1,...,tn) =1
(i) if t =z;,m < j € IN, then S™(z;,t1,...,tm) := x5,

(111) if t = fi(sh c. 7$ni)a then
Sm<t,t1, e ,tm) = fi(Sm(Sl,tl, ce ,tm), Ce ,Sm(sni,tl, e 7tm>>

Let P,, be the set of all permutations on {1,2,...,n;}. Generalized full
terms of type 7 are inductively defined as in the following definition.

Definition 1.1 Let 7 = (n;);e; and let f; be an n;-ary operation symbol,

(i) if s : {1,...,n;} — {1,...,n;} is a permutation, then f;j(z a1y, ..., Tsn,)) 18
a generalized full term of type 7;

(ii) if 71, j2, ..., jn, are natural numbers and greater than n;, then
fi(xsein, s, ) is a generalized full term of type 7 where s is a
s (j1) s (ny)
permutation on {Ji, ..., jn, };

(iii) if ¢q,...,t,, are generalized full terms of type 7, then f;(ty,...,t,,) is a
generalized full term of type 7.

Let WEF(X) be the set of all n;-ary generalized full terms of type 7. By
Definition 1.1 the set WS (X) is closed under the operation f;. Therefore
(WEF(X); (fi)ier) is a subalgebra of F,(X). Then we define a superposition
operation S™ on WS (X) by the following steps:
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Definition 1.2 Let s € Py, t1,...,tn,, p1, -y o, € WEF(X), 51,00y Jin, are
natural numbers and greater than n; and s’ is a permutation on {Ji, ey Jna b

Sni WEE(X)n L — WEF(X) is defined by
(1) Snl(fl(xs(l)a ey xs(ni))atb 7tnz) = fi(ts(l)a 7ts(nl)>7
(11) Snl(fz(xsl(jl), ceey :L‘S/(jni))), tl, ceey tnz) = fi('rs’(jl)a (L) xS/(]nz))’

(111) Snl(fz(pb "'7pni)7t17 "'7tni) = fi(sni(plytla "'atni)7 L) Sni(pnmtl? atnl))

Then the algebra clonegpt := (WEF; S") of type 7 = (n;+1) with Fge, =
{fi<xs(1)7 "'7‘738(”1)) ‘ el s e Pﬂz} U {fi(xs'(jly "‘st/(jni)) ‘ T ooy Jmg > Ny s
is a permutation on {ji, ..., jn, } } as a generating system is called the clone of
generalized full terms of type 7.

If A= (A;(f)ier) is an algebra of type 7, then for every generalized full
term ¢ of type 7 induces a term operation t* on A via the following steps :

Definition 1.3 Let s € P,, and s’ be a permutation on {j1, -, Jn,} where
J1s---, Jn, are natural numbers and greater than n,. Then an n;-ary term oper-
ation t* induced by a generalized full term ¢ is defined as follows:

(i) Ift= fi(fbs(l), ...,:L"S(ni)) then
th = [fi(zsqy, "'7$3(ni))]A = fz‘A(xﬁl)’ "'7xﬁni)) = (f7)s:

(11) If t - fi(IS/(jl), ”"xsl(jni)) then

= iz gy o T W= @0 Gl ) = () where
x4 = 4 is the n,;-ary constant operation on A with value a;, and
s (Jk) Uk

each element from A is uniquely induced by an element from X\ X,,,, i.e.
A A A — A
fi (xs/(jl),...,l'sl(jni)) = f,L (as/(j1)7...,asl(jni)).

(il)) If ¢ = fi(ts, ..., tp,) then ¢4 = [fi(tr, ..., tn)]* == A, ... t7) where
t ...,té are n;-ary term operations which are induced by generalized
full terms ty, ..., t,, € W (X).

Here the right hand side of the equation in (iii) means the n;-ary operation
defined by fAtY, .61 ) (ar, ..., an,) = fA{t{ a1, ..., an,), .t (aq, ... ap,)) for
every (ay, ..., an,) € A™. Let 7gr(A) be the set of all these term operations. On
the set 7gr(A) we defined inductively an (n; + 1)-ary superposition operation
Sni4 by the following steps:

Definition 1.4 Let s € P,,, tf,...,t’é,pf,...,pﬁi € Tar(A) and s be a
permutation on {ji, ..., o, } Where ji, ..., j,, are natural numbers and greater
than n;, S"4 : Top(A)" — Tgr(A) is defined by
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(i) Sni’A(fZ?A(Is(l), ...,:L'S(ni)),t{l, ...,t;i) = f{“(t;‘%l), ...,t:’;}ni));

(ii) S"“A(f;“(a:s/(jl),...,xsr(jni)),t“f‘,...,t;fi) = fA(:L‘:}(jl),...,xﬁ(jni));

(iii) S”“A(f;“(pl,- ,pn) ) = fASA (]
tA), L SAA A,

This gives the algebra Tgr(A) := (Tgr(A); S™4) called an n;-ary generalized
full (term) clone of an n;-ary algebra A. Let 7 be a type. An equation of
type 7 is a pair (s,t) from W, (X); such pair is commonly written as s ~ t.
An equation s & t is an identity of an algebra A, denoted by A |= s ~ t if
sA = tA The equation means that for every mapping f : X — A; we have
f(s) = f(t), where f is the uniquely determined extension of f.

2 Main Results

Using the new set of variables X = (Y;)ic; indexed by an indexed set I,
and an (n; + 1)-ary operation symbol S™ we define a new language of type
7 = (n; + 1) and consider equations formulated in this new language.

Proposition 2.1 The algebra clonegp7 satisfies the so-called superasso-
ciative law (C')

S (Xo, S (Y1, X1, oy Xny) s ooy S (Vi X1, oy X))
S (S (Xo, Y, o, Vo), X1,y o, X)),

Q

where S™ is (n; + 1)-ary operation symbol and X;, Y, are variables.
Proof. We give a proof by induction on the complexity of a generalized full
term ¢ which is substituted for Xj.
Substituting for X a generalized full term t = f;(z4q1), ..., Ts(n,)) for all s € P,,,
then S™ (fi(Ts(1)s s Ts(na))s S™ (t1, 5155 5py) 5 ooy O™ ( m,sl, )
== fz( ni(l’s (1), Sni(tl, STy eny Sni), cevy Sm(tm, 81y .eny Sni))7 cevey
S (Xs(mg)s S (L1581, oo 8y )5 ooy S gy S15 -0 Sny)))

= (S H(ts(1)s 81 oo Sng )y ooes S (Ls(my)s 515 -5 5ny))
= ( ( 5(1)7"'7 ))7517”'78112')
= S"(S"™(fi(ws ...,a:s(m)),tl,...,tni),sl,...,sni).
If we substitute for X, a generalized full term ¢t = f;(z 31)’ e xS/(jn_)) where

Jis---, Jn, are natural numbers and greater than n, and s is a permutation on
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{jl, "‘7jni}7 then
S™(filTy s ...,:Esz(jni)),S”i(tl, STy eeey Sy )y ooy S Ty S1y ooy Sy )

— fl.(g;-sl(jl), ...,xsz(jm))

= SUil@y gy o B ()2 515 oo Si)

=SS @ Gyt st e S @G s b)) 51 50,)
_ Sm(Sni<fi(xg’(j1)7 - xsl(jni))’ By oyt )y S1yeeny Sny )-

If we substitute for Xy a generalized full term ¢ = f;(r1,...,r,,) and assume
that (C) is satisfied for rq, ..., 7,,, then
S™M(fi(r1y ey Ty )y S™(E1, 1y eey Sy )y eey ST (Enyy S1y vy Smy )

= fi(S™(r1, S (t1, 51, ooy Sny )y o ooy S sy S1y ooy Sny) )y eeens

S (s y S™(t1, 81, ooy S )y ooy S™ (s 81500y Sy )))
= S"(fi(S™M(r1,t1y e tny)y ey ST Ty sty ooy By ) ) STy ooy Smy)
= S™M(S™M(filre, s Tny)) sty ooy by )y S1y ey Sny)-

Proposition 2.2 The algebra 7;r(A) satisfies the superassociative law
().
Proof. We give a proof by induction on the complexity of a term oper-
ation t* on A which is substituted for X,. Substituting for X, an n;-ary
term operation ¢4 of the form ¢4 = fi(zs1), s Ts(n ))]A for all s € P,,, then

7

S”“A(f;“(xs(l), ey Ts(ng) ) S”“A(t{‘, 3“14, s sﬁi), . S”“A(tﬁi, 5“14, ) 3“4))

<9 On;

— fl.““(S”i’A(xs(l),S"“A(tf‘,s“f‘,. SA),...,Sni’A(t;i,Sl,... 3“4)),....,

S S,
S”“A(xs(ni), S""’A(t“f‘, 3“14, ey sfl_), ey S”“A(tfi, S1yeees sfl)))

= f;“(S""’A(t;‘tl), sP sé), ey S”“A(t;‘%ni), sP s;i_))
= Sn“A(f;A(t';tlﬁ tf}ni)%s.fl’ SA)

ceey bg sy Ony

= Sni’A(Sni’A(fiA(xs(l),...,:L’s(ni)),tf,...,t;i_),s“fl,... SA).

) On,;
If we substitute for X, an n;--ary term operation ¢ of the form
th = [fi(:vsx(jl), ...,xsf(jni))]““ where ji, ..., jn, are natural numbers and greater
than n; and s  is a permutation on {ji, ..., j,. }, then
S"“A(f;“(:csf(jl),...,xsx(jni)),S”i’A(t“f‘,5“14,. S ), STRAA s L st))

©y Oy P r¥]

— Al A A
= fz (I’S/(jl), ,.ZUS/(J%))
")

= SRR Gy s T o) 5T 5,
=SS A (g gy b ) S

- Sni7A(Sni’A(fA(xs/(jl), ceey Is/(jni)), tf, ceey tA)7 8147 ceey Sé)

,.tf,...,tm)),sl, 5“4)

©9 On,

i n;
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If we substitute for X, an n-ary term operation ¢* of the form

= [fi<7n1> rni)]A
and assume that (C) is satisfied for r{, ..., r7}, then

t (C
Sni,A(sz(rle' rfl) Sn“ ( 8147' ) n) th ( 8147"‘ SA))

) On,

= fASmA G S"i’A(tf,sf,...,sé),...,S”i’A(té,sf, o)
Gri-A (rni,S”“ (tf,sf,...,sfi),...,S’”’A(A s sﬁ)))
SAFAS A Y ), ST Y ), T s

= SrASMAFAG, L rA)),t“f‘,...,tA) sP s,

»'ng TN

Let V.F'C be the variety of type 7 = (n;+ 1) generated by the identity (C).
Both algebras belong to this variety. Now let Fycrc({Y; | [ € J}) be the free
algebra with respect to V.9FC | freely generated by an alphabet {Y; | [ € J}
where J = {(i,s) | i € [ ,s € P, }. The operation of Fyerc({Y; |l € J}) is
denoted by S™. Then we have:

Theorem 2.3 The algebra clonegr7 is isomorphic to Fyerc({Y; | [ € J})
and therefore free with respect to the variety V.4, and freely generated by
the set {fi(zs1), s Tsny)) |1 € 1,5 € Py, } U {fi(xs/(jl), ...,CL‘S/(jni)) | J1seees Jing >
n;,s is a permutation on {ji, ..., jn, } }

Proof. We define the mapping ¢ : W& (X) — Fyerc({Y; | | € J}) induc-
tively as follows:

(i) @(fz’(xsu), ---,l’s(m)) = Y(i,s)s

(i) @(fi(ts1)s -oos tsnn))) = S™ W), 9(t1), -y P(tn,)) 5

(iii) ¢(fi($s'(j1), ey xs’(jni))) = Y(;s) Where s is a permutation on {71, ..., jn, }.
Since ¢ maps the generating system of clonegp7 onto the generating system

of Fyerc({Y; | I € J}), it is surjective. We prove the homomorphism property

@(S™ (to, b1,y tn,)) = S (p(to), ©(t1), .., p(tn,)) by induction on the complex-
ity of the generallzed full term to. If tg = fi(2sn), ns))s then

)
(Sm(fz(xs(l ~( z)) l1, sy m)) (fl( s(l)y-ua sm)))
= S (s o), s L)
= S"(p (fz(fvs(l)w- l’sm))),w( 1), @(tn,)).
Ifto = filxy(ys Ty, )) then o(S™ (fi(zy (- a:sf(jni)),tl,...,tm))

_Qp(fl( 3(31)7"" (]nz)>>
= y(z s')
= Snz
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If to = fi(r1,...,mn;) and assume that
o(S™ (g, b, ..yt l)) S (o(r 1)s@(t1), o o(ty,)) for all 1 < 1 < n;. Then
@(Sni(fi(rla"-vrni)vtla--~>tnz‘))

:g(fi(S”'(rl,tl,... tiy )y oeey S (T t1y ooy t)))

= S (Y@iiay, P(S™ (11, 1, s tny)), oo

gp(S (rm,tl,.. tn,)))
S" (Yiaiay, S (@(r1), o(t1), -y @(tn,)), oo

S (p(rn,) (1), s p(tn,))
= 5™ (S(Y(sia); P11y ces 9(r))s P11), s Pltn,)

_Snz( (fl(rl,"7rni))790(t1)7"'790(757%))'
Thus ¢ is a homomorphism. The mapping ¢ is bijective since {yg s | i €
I, s € P,,} is free independent set. Therefore we have

Y(is1) = Y(jsa) = '(i7 31') = (]7 52)
1= j, S1 = S9

and y(zs ) T y(g 52) = (Z s ) (.]7 Sl2>
S0 fi(@s(1), s Ts(ny)) = Ji(Ts(1)s oo Tosmy) ) and fz(x ‘(1) o) ) fi (x /

Ty (n )). Thus @ is a bijection between the generatmg sets of cloneGFT and
fVch({Y | I € J}) and therefore ¢ is an isomorphism.

Since the free algebra cloneGFT is generated by the set { [i(Tg1y, s Ts(ny)) |
i€ l,s € P,YU{filxy Ty ) | 15y finy > My S 1sapermutat10n

on {j1,..., Jn; } }- Therefore any mapplng n from Fgs, into WEF(X) can be
uniquely extended to an endomorphism 7 of clonegrr. The mappings are
called generalized full clone substitutions. The set of all generalized full clone
substitutions is denoted by Substgrc.

The set Substgrc with a binary operation ® defined by 17, ® 19 := 17 01
where o is the usual composition of functions and together with idg,, , the
identity mapping on Fgg, we conclude that (Substgre; ©, id_’FGST) is a monoid.
Next, we give the definition of a generalized full hypersubstitution and a gener-
alized full hyperidentity and introduce some properties about generalized full
hyperidentities and generalized full hypersubstitutions.

Definition 2.4 A generalized full hypersubstitution of type 7 is mapping
o from the set {f; | i € I'} of n;-ary operation symbols of the type 7 to the set
WEF(X) of all n-ary generalized full terms of type 7.

Any generalized full hypersubstitution ¢ induces a mapping ¢ defined on the
set WEF(X) of all n-ary generalized full terms of type 7, as follows.

Definition 2.5 Let o be a generalized full hypersubstitution of type 7 and
s € P,, and s is a permutation on {ji, weeyJn;} - Then o induces a mapping
6 : WO (X) — WEF(X) by setting
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(1) olfi(2s(), oo Tsm)] = (0(fi))s,
(i) &[fi<xs/(j1)7 ---a%’(jni))] = (a(fi))y

(i) 6LFi(t1, o tn)] i= S™ (0 (£)), 6[t1], ... 6[t])-

Let Hyper(7) be the set of all generalized full hypersubstitutions of type
7. We define a binary operation ogr on Hypgr(T) by 01 ogp 02 := 67 ©
0y where o denotes the usual composition of functions. Together with the
hypersubstitution ;4 defined by o,4(f;) := fi(z1,...,2,,), one has a monoid
(Hypar(7T); oar, 0id)-

Let M be any submonoid of Hypgr(T). If A = (4;(fA)icr) is an ng-
ary algebra, then an identity s ~ ¢ in A is said to be an M- strong full
hyperidentity in A if 6[s] ~ &[t] is an identity in A for every generalized full
hypersubstitution o € M. In the special case that M is all of Hypgr(T),
an M- strong full hyperidentity is usually called a strong full hyperidentity.
An identity is an M- strong full hyperidentity of a variety V if it is an M-
strong full hyperidentity of every algebra in V. A variety in which each of its
identities holds as an M- strong full hyperidentity is called an M- full strongly
solid variety, or a G F- strongly solid variety in the special case M = Hypgr(T).

Proposition 2.6 The monoids (Substgr; ®,id) and (Hyper(T); oGr, 0id)
are isomorphic.
Proof. Firstly, we define a mapping ¢ : Substqr — Hypgr(T) by ¥(n) :=
noo;q. Then noo;, is a generalized full hypersubstitution, so ¢ is a well-defined
mapping between Substgr and Hypar(7). The mapping v is surjective, since
any generalized full hypersubstitution o can be obtained as 1(n) for n = goo™!.
The mapping ¢ is also injective, since ¥ (n;) = ¥(12) = M 00y = N 00y —>
171 = 12 since o,y is a bijection.
Next, to show that 1) is a homomorphism, we first verify the following addition

property:
(n o ia) " [t] = 7(t) (%)

when 7 is the unique extension of 7.
For a generalized full term ¢t = f;(x4q), ..., Ts(n,)) Where s € P,,, we have
(77 © Uid) i [fi(l’s(l), “eey 5Us(m))] = (77 o Uid(fi )s
= 1([fi(Zs2)s -+ Tsni)))
= N(fi(Zs(1) -+ Ts(n)))- /
For a generalized full term ¢t = fi(ms/(jl), o "Es’(jni)) where s is a permutation
on {Jji, ..., Jn, }» we have
(no i) [fi(zy Gy Ty o))l = (0 0ialfi)) ¢
= 0(fi(Ty Gy T o)

ey T
= (g (j1ys 0 T ()
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For a generalized full term t = f;(t4, ..., t,,,) and assume that (noo;q)"[t;] = 7(t;)
forall 1 <1< mn;andty,..,t m € WEF(X), we have
(nooia)” [filts, s tn,)]
= S"((nooi)(fi), (nooia) [ti], ..., (n o o) " [tn,])
= S"(n(fi(z1, s Tny), 77( 1); - ﬁ(tm))
= Sm(ﬁ(fz(xl, ey Ty ), T(E ) ]
= n(S™(fi(xq, ...,xnl) ti,
= n(fi(t1, ... nz)) .
For the homomorphism property of w we have
Y(m) ogr ¥(n2) = (M © 0id) oGF (N2 © Tia)
= (7]1 © Uz‘d) "o (772 o Uz’d)

=110 (12 0 0ia) by property (x)

= (M o n2) © i by associativity

= (m ©n2) 00 by the definition of ®

= h(m © n2).
Let A be any n;-ary algebra. We define a mapping g : {fi(Zs1): .-, Ts(ny)) |
iel,se P, yU{fi(xy "G1)7 0 TS () ) | 1,y G, > iy 8 is 2 permutatlon on

[ts g}t — U 1 € I} by letting
(f1($5(1)7" xS(ni))) = (ff)é:‘ y y 4
(fZ( (1) ms'(jni)) = fz (Isl(jl)""’xsl(jni)) = (fz )s/
T, A

where x;‘}(jk) = ¢q," is the n; — ary constant operation on A with value ay,

and each element from A is uniquely induced by an element from X\ X, , i.e.
f{“(x:}(jl), o x;‘}(jni)) =: f;“(asf(jl), o as’(jni))'

Since clonegpt is free with respect to the variety V.9F¢ and since Zgr(A) is
an element of this variety, this mapping ¢ has unique extension to a surjective
homomorphism g. It is clear that the mapping g assigns to each generalized
full term ¢t € WEF(X) the induced generalized full term operation t4. We
denote by Id“F(A) the set of all identities s ~ t in A with s,t € WEF(X).
Such identities are called generalized full identities. Then we have

Theorem 2.7 Let A be an algebra of type 7 and let s ~ t € [d°F(A).
Then s ~ t is a generalized full hyperidentities in A iff s & ¢ is an identities in
Ter(A).

Proof. Firstly, we assume that s &~ t is a generalized full hyperidentity of A.
This means that for every o € Hypgr(T) we have 6[s] ~ 6[t] € Id°F(A); i.e.
o[s]4 = 6[t]* and thus §(&[s]) = g(6[t]). To show that s ~ t holds in Zgr(A),
we will show that v(s) = o(t) for every valuation v : {f,,(xs W Ts(ny)) | 1€
I,s € P,,} U {fi(xsr(jl),...,xsf(jni)) | G1yeerdn, > Niys IS a permutatlon on
{j1s s Jn; }} — Zar(A). Since g is surjective, there exists a generalized full
clone substitution 7, such that v = g o n,, using the axiom of choice. Then
7y © 0;q is a generalized full hypersubstitution, which we shall denote by o,.
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Then we have

0(s) = (gon)(s) = (go (nooia) )(s) = g(ouls]).
Similarly, we have v = g(&,[t]). By our assumption we have g(,[s]) = g(d,[t]),
we get v(s) = v(t) as required.
Conversely, let s ~ t € Id7gr(A), so that s,t € WY (X) and for every valu-
ation mapping v we have 0(s) = 0(t). Let 0 € Hypgr(T). By the surjectivity
from Proposition 2.6 there is a generalized full clone substitution 7, such that
N, 0 0,9 = 0. We take v to be the valuation g o 7,. Then

o[s]* = g(61[s]) = (50 (s 0 0ia) ")(5) = (g o 715)(5) = V(s).
Similarly, we have 6[t]* = v(t), and from our assumption that v(s) = v(t), we
get the desired equality.

Let £(7) be the lattice of all varieties of type 7. For a variety V' of type 7 we
can form the variety S GF{:(V) of type 7, determined by all n;-ary generalized
full identities of V.

Corollary 2.8 Let A be an algebra of type 7. Then the variety SGF(V (A))
is GF-strongly solid iff 75r(A) is free with respect to itself, freely generated
by the set {f4 | i € I}, meaning that every mapping from {f4 | i € I} to
7Tcr(A) can be extended to an endomorphism of Zgp(A).

Proof. For the converse direction we use Theorem 2.7 and we will show that
SGFL(V(A)) is GF-strongly solid iff every identity s ~ ¢t € IdSGF(V(A))
is also identity in Zgp(A). Suppose that Tgr(A) is free with respect to itself,
freely generated by the set {f# | i € I}. Let s = t € IdSGF2(V(A)). Then
g(s) = g(t). To show that s = ¢ is an identity in Zgr(A), we will show that
v(s) = v(t) for any valuation mapping v : Fgs, — Zgr(A). For any valuation
mapping v, we define a mapping v, : {f* | i € I} — Tgr(A) by

ao((f7)s) = v(fi(@s1), -+ Tsny)) and

av((f{‘t)s/) = U(fi(xs'(j1)7 '--l’s’(jni)))-
Since (f4), = (f), =i = |

— fi(xs(l), ces $s(ni)) = fl(xs(l)7 ceey {BS(M))

= (filTs); - Tsni)) = 0(fil@s), o Tsn)

= a,((f)s) = a((fi)s)
and (f)y = (ffY)y = i=1

= [Ty T, >) = fl@y gy T )

= 0@y Gy T (g)) = VUG (1) o T )

— an((FA)) = (£,
the mapping «, is well defined. Since the set Fgs, generates the algebra
clonegpT, the mapping v can be uniquely extended to ¥ on the set W& (X).
Then we have g(s) = g(t) = a,(g(s)) = a,(g(t)) = v(s) = v(t). Thus s ~
t € IdTzp(A). Assume that SGF2(V(A)) is GF-strongly solid. We will show
that any mapping a : {f*4|i € I} — Tgr(A) can be extended to an endomor-
phism of 7gr(A). We consider the mapping & = aog: WE(X) — Tgr(A)
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with a(t4) = @o g(t), which is a valuation of terms. Then for any terms s,t €
WEF (X)), it follows from s# = t4 that g(s) = g(¢) and thus a(s*) = a(g(s)) =
a(g(t)) = a(t*), since @ o g is a valuation and every identity of SGFA(V(A))
is a clonegpr-identity. This shows that & is well defined. It is also an
endomorphism since o‘z(S”i At L) = a(@(S™i(s, t, . tn,))) = (@0
GS™ (8, L1, s ty,)) = S (@0g(s), a0g(tr), ..., aog(ty,)) = S™A(a(sh), a(tf),
,d(tﬁi)) usmg the fact that @ o g is the homomorphism extending the val-
uation cvog define on the generating set of the free algebra clonegp7. Finally, &
extends a since a((f4),) = m(fz<$s(l), oy Ty(n))) = (@0g) (fi(Zs1), s Ts(na)))
= a(g(fi(Tsa)s s Ts(ni)))) = )s)
and a((fi)y) = @0 g(firy ) o o o)) @0 9 (filyg gy oo Ty ) =
a(g(fi(xs/(h)’ ""xs/(jn ))) ((fz ) ) for each ¢ € I.

3 Open Problem

Problem: Let V be a variety of type 7 and Id“*'V := WEF(X)2 N Id V be
the set of all identities of V' consisting of n;-ary generalized full terms. Prove
that Id“T'V is a congruence on clonegpt.

ACKNOWLEDGEMENTS. This work was supported by the Higher
Education Commission, and the authors were supported by CHE Ph. D. Schol-
arship, the Graduate School and the Faculty of Science of Chiang Mai Univer-
sity, Thailand. The corresponding author is also (partially) supported by the

Centre of Excellence in Mathematics, the Commission on Higher Education,
Thailand.

References

[1] K. Denecke, S.L. Wismath, Hyperidentities and Clones, Gordon and
Breach Scientific Publishers, (2000).

[2] K. Denecke, P. Jampachon, S.L. Wismath, Clones of n-ary algebras,
Journal of Applied Algebra and Discrete Structures, Vol.1, No.2, (2003),
pp-141-150.

[3] S. Leeratanavalee, Submonoids of Generalized Hypersubstitutions,
Demonstratio Mathematica, Vol.XL, No.1, (2007), pp.13-22.

[4] S. Leeratanavalee, K. Denecke, Generalized Hypersubstitutions and
Strongly Solid Varieties, General Algebra and Applications, Proc. of the
“59 th Workshop on General Algebra”, “15 th Conference for Young Al-
gebraists Potsdam 2000”, Shaker Verlag, (2000), pp.135-145.



THE ALGEBRA OF GENERALIZED FULL TERMS 65

[5] S. Phuapong, S. Leeratanavalee, The Depth of Generalized Full Terms
and Generalized Full Hypersubstitutions, preprint 2010.



