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Abstract

In this paper, we use the Riemann-Liouville fractional inte-
gral operator to generate some new fractional results related to
Feng Qi inequality. Our results have some relationships with
[W. Liu, Q.A. Ngo and V.N. Huy, Journal of Math. Inequal.
Vol. 10, Iss. 2, (2009), 201-212]. Some interested inequali-
ties ( Theorems 7,8 ) of this reference can be deduced as some
spectial cases.
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1 Introduction

In [11], the following interesting integral inequality is proved: Let n € N and
suppose f(z) has a continuous derivative of the n'® order on the interval [a, b]
such that f®(a) >0 for 0 <i<n— 1. If f™(x) > n!, then

vamﬂmz([ﬂﬂmfﬂ. (1

In [10], T.K. Pogany established the following result:
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where f € C([a, b)), f(a) >0 and f'(7) > (8 —2)(7 —a)?~3,7 € [a,b].
In [6], W.J. Liu, G.S. Cheng and C.C. Li established the following inequality:

b b
[1rmnar = [0 oy f(ryr, 3)

a

where where f is a positive continuous function on [a, b] satisfying

b b
/x [f(T))°dr > / (1 — a)°dr;min(1, 3) :== 6,z € [a,b].

T

They also presented some results of type:

[ @ir > [ o) r)ar, (@)

where f and g are positive functions on [a, b].

Many researchers have given considerable attention to (2),(3) and (4) and
a number of extensions, generalizations and variants have appeared in the
literature, see [1, 2, 3, 4, 6, 8, 9, 12].

The purpose of this paper is to generalize some classical integral inequalities
of [7] using the Riemann-Liouville interal operator. For our results, some
interested inequalities of [7],( Theorem 7 and Theorem 8), can be deduced as
some special cases on [0,¢],¢ > 0.

2 Basic Definitions of Fractional Integration

Definition 2.1: A real valued function f(t),t > 0 is said to be in the space
C,, it € R if there exists a real number p > p such that f(t) = ¥ f,(t), where

fi(t) € C([0, 00]).

Definition 2.2: A function f(¢), > 0 is said to be in the space C}}, u € R, if
fm e,

Definition 2.3: The Riemann-Liouville fractional integral operator of order
a >0, for a function f € C,, (x> —1) is defined as

Jf(t) = ﬁ 5t =) f(r)dr; a>0,t>0, (5)
JUf(t) = f(t),

where T'(a) := [5° e “u"du.

For the convenience of establishing the results, we give the semigroup property:

JOJPf(t) = JTPf(t), a2 0,8 20, (6)
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which implies the commutative property
JOTPf(t) = JPJf(t). (7)

For more details, one can consult [5].

3 Main Results

Theorem 3.1 Let f, g and h be positive and continuous functions on [0, ool,
such that

(97) - 9(0)) (22— LY 5 o7 p e 0,81, > 0. ®)

Then we have

Ta(h(®)) = Fo(gh(D))’ ®)
for any a > 0,t > 0.

Proof. Suppose that f, g and h are positive and continuous functions on
[0, 00[. Using (8), we can write

g<r>£ﬁl’j§ n g<p>£§3 - g<p>£§/’j§ - gmhg; >0, (10)
for all 7,p € [0,¢],¢ > 0.

That is

9(r)f(p)h(7) + g(p) f(T)h(p) — g(p) f(L)M(T) — g(T)f(T)h(p) = 0,  (11)

for all 7,p € [0,¢],¢ > 0.
Now, multiplying both sides of (11) by

(t—7)>—1
INGY)
inequality with respect to 7 over (0,t), we get

f(p)J%gh(t) + g(p)h(p) J*f(t) — g(p)f(p)J*h(t) — h(p)J%gf(t) > 0. (12)

Therefore,

, then integrating the resulting

JF(t) T gh(t) — J*h(1)J*g (1) > 0. (13)

Theorem 3.1 is thus proved.
Remark 1: It is clear that on [0,¢], Theorem 7 of [7] would follow as a special
case of Theorem 3.1 when o = 1.

Our second result is the following.
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Theorem 3.2 Let f,g and h be be positive and continuous functions on
[0, 00, such that

(9() = () (f(p) - ‘]’;Eg) >0y, p€[0,4],t > 0. (14)

Then for all « > 0,w,t > 0, we have
JUf(E) < (gh(t)) + J<(f(£)J*(gh(t))
Jo(h(t))J<(gf (1)) + J<(h(t))J*(gf (1))

Proof. Suppose that f, g and h are positive and continuous functions on
[0, 00|. From (12), we can write

> 1. (15)

(t;([g;_l(f (p)Jgh(t) + g(p)h(p) JF(£) — g(p) () J>h(t) — h(p) g f (1)) = .
(16)
Consequently

@) I (gh(t) + T (f (1)) T (gh(t)) = J*(h(t))J* (g f (1)) + Jw(h(t))J‘E(g{(t))‘
17
Hence, we obtain (15).
Remark 2: (i) Applying Theorem 3.3 for & = w, we obtain Theorem 3.1.
(ii) Applying Theorem 3.3 for &« = w = 1, we obtain Theorem 7 of [7] on [0, ¢].

We further have

Theorem 3.3 Let f and h be two positive continuous functions and f < h
on [0, col. [f% is decreasing and f is increasing on [0,00], then for any p >
1,a > 0,t >0, the inequality

) L I)

J(h(D) = (e (r) )
18 valid.
Proof. Taking g := fP~!, then by Theorem 3.1, we get
JUf®) o JSNE)
T (D) = T (D) )
Now, since f < h on [0, oo[, then
(=)t =
(o) hfP= (1) < Wh (1),7 €]0,t],t > 0. (20)
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Integrating both sides of (20) with respect to 7 over (0, ), yields
JURfPH(E) < J(RP()). (21)
Consequently

F(F)  To()
To(h i) = T (D) 22)

Using (19) and (22), we obtain (18).

Remark 3: Applying Theorem 3.5 for o = 1, we obtain Theorem 8 of [7]
on [0,¢].

Another generalization is the following

Theorem 3.4 Let f and h be two positive continuous functions and f < h
on [0, col. ]f% is decreasing and f is increasing on [0,00], then for any p >
l,a>0,w>0,t >0, we have

JUf (@) I (7 (1) + J<(f () J* (hP (1))
J(h(t)J<(f7(t) + J (X)) J(f7 (1))

Proof. Taking g := fP~!, then by Theorem 3.3, yields

SO (0) T (hfP~H ) + J(f (1) J* (S~ (1))

> 1. (23)

T (h(O)J(F(0) + () To(fei) = 2y
Using the fact that f < h on [0, 00|, we can write
P iy < C D g pe e o (25)

I'(w) I'(w)
Integrating both sides of (25) with respect to p over (0,t), we obtain
JE(hfr=H(1) < J2(hP(L)- (26)

Using (21) and (26), we can write

TS T (1) + T2 (O T (RfPHE)) < T F() T (RP (1) + J<f ()T (h* (1))

(27)
Now, using (24) and (27), we deduce (23).
Remark 4: (i) Applying Theorem 3.7, for « = w, we obtain Theorem 3.5.
(ii) Applying Theorem 3.7 for & = w = 1, we obtain Theorem 8 of [7] on [0, ¢].
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4 Open Problems

In this paper, we have investigated some inequalities of Qi type for fractional
integral based on [7]. We will continue exploring other inequalities of this type.
At the end, we pose the following problems:

Open Problem 1. Under what conditions does the inequality

JA)) (A1)
() = T () (28)

hold for a, 3,7, 6, u?
Open Problem 2. Under what conditions, the inequality

(6% (6% v
JEP() = (J# (1)) (29)
hold for a, 3,7,67
Open Problem 3. Under what conditions does the inequality

T

() | ()
T () = (o (1))

(30)

hold for o, 3,7, 0,7, s?
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