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Abstract 

                    The differential subordinations method is one of the newest methods 

used in the geometric theory of analytic functions. In this paper, 

differential subordination and superordination results are obtained for 

analytic functions in the open unit disk which are associated with the 

operator 
 ,,

, pz  defined in terms of Saigo fractional derivative. These 

results are obtained by investigating appropriate classes of admissible 

functions. Sandwich-type results are also obtained and we derive certain 

other related results. Some of the results established would provide 

extensions of those given in earlier works. 
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1    Introduction and Preliminaries 
 
         To state our results, we need the following preliminaries.  

Let  U  be the class of functions analytic in  1:  zCzU  and  na,  be 

the subclass of  U  consisting of functions of the form 
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denotes the class of all analytic functions of the form 
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The subordination now plays an important role in complex analysis. We recall 

here the definition of subordination (Aouf and Seoudy [3], Miller and Mocanu 

( [9], [10] ) and Salim [15] ) as follows. 

Let f  and F  be members of analytic function. The function  zf  is said to be 

subordinate to  zF , or  zF  is said to be superordinate to  zf , if there exists a 

function  zw  analytic in U  with   00 w  and   1zw ,  Uz , such that 

    zwFzf  . In such a case we write    zFzf  . 

In particular, if F  is univalent, then    zFzf   if and only if    00 Ff   and 

   UFUf  . 

 

Let CUC  3:  and let h  be univalent in U . If p  is analytic in U  and 

satisfies the second order differential subordination 

 

                         zhzzpzzpzzp ;,, 2             Uz                         (1.1) 

 

then p  is called a solution of the differential subordination. 

The univalent function q  is called a dominant if qp   for all p  satisfying (1.1). 

A dominant q~  that satisfies qq ~  for all dominants q  of (1.1) is said to be the 

best dominant of (1.1). 

 

Similarly, let CUC  3:  and let h  be univalent in U . If p  is analytic in U  

and satisfies the second order differential superordination 

 

                       zzpzzpzzpzh ;,, 2             Uz                           (1.2) 

 

then p  is called a solution of the differential superordination. 

The univalent function q  is called a subordinant if pq   for all p  satisfying 

(1.2). A subordinant q~  that satisfies qq ~  for all subordinant q  of (1.2) is said 

to be the best subordinant. ( see the monograph by Miller and Mocanu [9] ). 

 

We use here the Saigo type fractional derivative operator introduced and studied 

by Saigo ( [13], [14] ), see, also Raina and Choi [12], Choi [7] and Owa [11]. 

 

Let 10    and R, . Then the generalized fractional derivative operator 
νμ,λ,

z0,  of a function f  is defined by 
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In terms of Gamma functions, we have (Srivastava, Saigo and Owa [16] ) 
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Under the hypotheses of above definition, the fractional derivative operator 
mmm

z

  ,,

,0  of a function  zf  is defined by ( Choi [7] ) 
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Using the Saigo Derivative operator  ,,

,0 z  of order   of a function f , we 

can define a modification of the fractional derivative operator  ,,

, pz  by ( Choi 

[7] ) 
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for    pzf   and 1 p . 

 

It is observed that  ,,

, pz  also maps  p  onto itself as follows :   
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It is easily verified ( Choi [7] ) from (1.7) that 
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Before obtaining our main result, we need to introduce a class of analytic 

functions defined on the unit disk that has some nice boundary properties. 

Denote by   the set of all functions  zq  that are analytic and injective on 

 qU   where  

                             


zqUq
z 

 lim: , 

and are such that   0 q  for  qU  . Further, let the subclass of    for 

which   aq 0  be denoted by     00,  a  and   11  . 

 

In the recent publications of Miller and Mocanu [9] and Aouf and Seoudy ([3],[4]) 

the class of admissible functions  qn ,  was defined as follows. 

 

Definition 1.1. Let   be a set in qC,  and n be a positive integer. 

The class of admissible functions  qn , , consists of those functions 

CUC  3:  that satisfy the admissibility condition : 

                                                                ztsr ;,,  

whenever  
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where  qUUz  ,  and nk  . We write  q,1   as  q, . 

 

Also, other more class of admissible functions such as  qn ,  has been used in 

the study of superordination. For instant, see the papers by Miller and Mocanu 

[10] and Aouf and Seoudy [3]. 

 
Definition 1.2. Let   be a set in    nazqC ,,   with   0 zq . The class of 

admissible functions  qn , , consists of those functions CUC  3:  that 

satisfy the admissibility condition :  

                                                            ;,, tsr  

whenever   
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where  UUz  ,  and 1 nm . In particular, we write  q,1   as 

 q, . 
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In order to prove our subordination results, we make use of the following two 

lemmas, which were investigated by Miller and Mocanu ( [9], [10] ) and were 

used in the paper of Aouf and Seoudy [3]. 

 
Lemma 1.3. Let  qn ,  with   aq 0 . If the analytic function  

 

  ... 



1

1

n

n

n

n zazaazg  satisfies         zzgzzgzzg ;,, 2
, 

 

then    zqzg  . 

 

Lemma 1.4. Let  qn ,  with   aq 0 . If    azg   and  

 

      zzgzzgzzg ;,, 2   is univalent in U , then  

 

       Uzzzgzzgzzg  :;,, 2
 implies    zgzq  . 

 

The differential subordinations method is one of the newest methods used in the 

geometric theory of analytic functions. The basics of this theory were introduced 

and studied by Miller and Mocanu ([9],[10]) and similar problems were studied 

by Kim and Srivastava [8], Aouf and Seoudy [3], Aghalary et al. [1], Ali et al. [2], 

Aouf [6] and Aouf et al. [5]. In this paper, differential subordination and 

superordination results are obtained for analytic functions in the open unit disk, 

which are associated with the derivative operator  ,,

, pz . These results are 

obtained by investigating appropriate classes of admissible functions. Sandwich-

type results are also obtained and we obtain certain other related results. Further, 

we generalize classical results of the theory of differential subordination and 

superordination, that is the differential subordination and superordination results 

of Aouf and Seoudy [3] is extended for functions associated with the derivative 

operator 
 ,,

, pz . Some of the results established in this paper would provide 

extensions of those given in earlier works. 

 

 

2   Subordination Results Involving the Derivative 

Operator  ,,

, pz   
 

First, the following class of admissible functions is required in our first 

result. 
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Definition 2.1. Let   be a set in    pzqC ,0, 0   . The class of admissible 

functions  q, , consists of those functions CUC  3:  that satisfy the 

admissibility condition : 

                                               zwxu ;,,  

whenever 
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where        ppqUUz ,,,   and pk  . 

 

Next, by appealing to Lemma 1.3, we prove the following Theorem. 

 

Theorem 2.2. Let  q,  . If    pzf   satisfies  

 

          Uzzzfzfzf pzpzpz :;,, 2,2,2

,

1,1,1

,

,,

,


,  (2.1) 

 

then    zqzfpz  ,,

, .        pUzpp ,,1,,10  . 

 

Proof. Define the analytic function  zg  in U  by  

 

   zfzg pz

 ,,

,     pUzpp ,,1,,10   .                           (2.2)       

 

In view of the relation (1.9), then from (2.2) we get 
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Further computations show that 
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Define the transformation from 3C  to C  by 
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Let 

   zwxuztsr ;,,;,, 
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Using equations (2.2),( 2.3) and (2.4), then from (2.6), we obtain  

 

             zzfzfzfzzgzzgzzg pzpzpz ;,,;,, 2,2,2

,

1,1,1

,

,,

,

2   
.(2.7) 

 

Hence (2.1) becomes          zzgzzgzzg ;,, 2
. 

 

The proof is completed, if it can be shown that the admissibility condition for 

 q,   is equivalent to the admissibility condition for  as given in 

Definition 1.1. Note that  
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and hence  qp , . By Lemma 1.3,    zqzg   or    zqzfpz  ,,

, .           

□ 

 

If C  is a simply connected domain ,then  Uh  for some conformal 

mapping  zh  of U onto  . In this case, the class   qUh ,  is written as 

 qh, . The following result is immediate consequence of Theorem 2.2. 

 
Theorem 2.3. Let  qh, . If    pzf   satisfies  

 

        zhzzfzfzf pzpzpz ;,, 2,2,2

,

1,1,1

,

,,

,

  
,                     (2.8)   

 

then    zqzfpz  ,,

, .        pUzpp ,,1,,10  . 

 

Our next result is an extension of Theorem 2.2 to the case, where the behavior of 

 zq on U  is not known. 

 
Corollary 2.4.  Let C  and let  zq  be univalent in U ,   00 q . Let  



 

 

 

95                                                            Differential Subordination and … 

 q,   for some  1,0 , where    zqzq    . If    pzf   and  

 

      , , 1, 1, 1 2, 2, 2

, , ,, , ;z p z p z pf z f z f z z                  , 

 

then    zqzfpz  ,,

, .         pUzpp ,,1,,10  . 

 

Proof. Theorem 2.2 yields    zqzfpz 
 ,,

, . The result is now deduced from 

   zqzq  .                                                                                                              

□ 

 
Theorem 2.5.  Let  zh  and  zq  be univalent in U  with   00 q  and set 

   zqzq    and    zhzh   .  

Let CUC  3: satisfy one of the following conditions : 

(1)  qh, , for some  1,0 , or 

(2) there exists  1,00   such that   qh , , for all  1,0  .  

If    pzf   satisfies (2.8), then    zqzfpz  ,,

, . 

   pUzpp ,,1,,10  . 

 

Proof. The proof  is similar to the proof of Miller and Mocanu [9] and therefore 

omitted.                                                                                                                       

□ 

 

The next Theorem yields the best dominant of the differential subordination (2.8). 

 
Theorem 2.6.  Let  zh  be univalent in U . Let CUC  3: . Suppose that the 

differential equation 

                                 zhzzqzzqzzq  ;,, 2
                                          (2.9) 

 

has a solution  zq  with   00 q  and satisfy one of the following conditions : 

(1)    pzq ,00    and  qh, , 

(2)  zq  is univalent in U  and  qh, , for some  1,0 , or 

(3)  zq  is univalent in U  and there exists  1,00   such that   qh , , 

for all  1,0  .  
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If    pzf   satisfies (2.8), then    zqzfpz  ,,

, , 

and  zq is the best dominant.  

 

   pUzpp ,,1,,10  . 

 

Proof. We deduce that  zq  is a dominant from Theorems 2.3 and 2.5. Since  

 zq  satisfies (2.9) it is also a solution of (2.8) and therefore  zq  will be 

dominated by all dominants. Hence  zq  is the best dominant.                                                               

□ 

 

In the particular case   0,  zzq , and in view of the Definition 2.1, the 

class of admissible functions  q, , denoted by   , , is described 

below. 

 
Definition 2.7. Let   be a set in C  and 0 . The class of admissible 

functions   , , consists of those functions CUC  3:  such that 
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                  (2.10) 

 

whenever 

      kkeLRUz i 1,,   for all real    ppp ,1,,  and 

pk  . 

 

From above definition and Theorem 2.2, we have the following corollary 

 
Corollary 2.8. Let    , . If    pzf   satisfies 

 

         zzfzfzf pzpzpz ;,, 2,2,2

,

1,1,1

,

,,

,


,   

 

then    zfpz

 ,,

, .        pUzpp ,,1,,10  . 

 

In the special case     wwUq : , the class   ,  is simply 

denoted by   , then Corollary 2.8 takes the following form. 

 
Corollary 2.9. Let    . If    pzf   satisfies 
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         zzfzfzf pzpzpz ;,, 2,2,2

,

1,1,1
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then    zfpz

 ,,

, .        pUzpp ,,1,,10  . 

 

If   



 ie
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 ;,, , from Corollary 2.9, we obtain the next 

corollary. 

 
Corollary 2.10. If pk   and    pzf   satisfies  

 

    zfpz

1,1,1

,


, then    zfpz

 ,,

, . 

   pUzpp ,,1,,10  . 

Now, we introduce a new class of admissible functions  q,1,  . 

 

Definition 2.11. Let   be a set in   00,  zqC . The class of admissible 

functions  q,1,  , consists of those functions CUC  3:   

 

that satisfy the admissibility condition : 

                                                                     zwxu ;,,  

whenever 
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where    ppqUUz ,,,   and 1k . 

 

By making use of Lemma 1.3, we prove the following subordination result. 

 
Theorem 2.12. Let  q,1,   . If    pzf   satisfies  
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Proof. Define the analytic function  zg  in U  by  
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In view of the relation (1.5), then (2.12) yields 
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Further computations show that  
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Define the transformation from 3C  to C  by 
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Using equations (2.12),( 2.13) and (2.14), then from (2.16), we obtain 
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Hence (2.11) becomes          zzgzzgzzg ;,, 2
. 

 

The proof is completed if it can be shown that the admissibility condition  

for  q,1,    is equivalent to the admissibility condition for  as given in 

Definition 1.1. Note that  
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and hence  q, . By Lemma 1.3,    zqzg   or 
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□ 

 

If C  is a simply connected domain, then  Uh  for some conformal 

mapping  zh  of  U  onto  . In this case, the class   qUh ,1,  is written as 

 qh,1, .  

 

Proceeding similarly as in Theorem 2.3, the following result is an immediate 

consequence of Theorem 2.12. 

 

Theorem 2.13. Let  qh,1, . If    pzf   satisfies 
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In the particular case   0,  zzq , the class of admissible functions 

 q,1,  , denoted by   ,1, , is described below. 

 
Definition 2.14. Let   be a set in C  and 0 . The class of admissible 

functions   ,1, , consists of those functions CUC  3:  such that  
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whenever 

. 

      kkeLRUz i 1,,   for all real    ppp ,1,,  and 1k . 

 

From above Definition and Theorem 2.12, we have the following corollary 

 
Corollary 2.15. Let    ,1, . If    pzf   satisfies  
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In the special case     wwUq : , the class   ,1,  is simply 

denoted by   1, , then Corollary 2.15 takes the following form. 
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we obtain the following corollary. 
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Next, we introduce down a new class of admissible functions  q,2,  . 

 
Definition 2.18. Let   be a set in    1, zqC . The class of admissible 

functions  q,2,  , consists of those functions CUC  3:  that satisfy the 

admissibility condition :  
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where    ppqUUz ,1,,   and 1k .  

 

By making use of Lemma 1.3, we prove the following subordination result. 
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Proof. Define the analytic function  zg  in U  by  
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Using (2.21), we get 
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1
1

1
1,1,1

,

2,2,2

,
zgp

zg

zgz

pzf

zf

pz

pz






.                                (2.23) 
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Define the transformation from 3C  to C  by 
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Using equations (2.21),( 2.23) and (2.24), then (2.26) implies  
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Hence (2.20) becomes          zzgzzgzzg ;,, 2
. 

 

The proof is completed, if it can be shown that the admissibility condition  

for  q,2,    is equivalent to the admissibility condition for  as given in 

definition 1.1. Note that  
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and hence  q, . By Lemma 1.3,    zqzg   or 
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□ 

If C  is a simply connected domain, then  Uh  for some conformal 

mapping  zh of U onto  . In this case, the class   qUh ,2,  is written as 

 qh,2, . Proceeding similarly as in Theorem 2.13, the following result is 

immediate consequence of Theorem 2.19. 
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then 
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In the particular case   0,  zzq , the class of admissible functions 

 q,2,  , denoted by   ,2, , is described below. 

 

Definition 2.21. Let   be a set in C  and 0 . The class of admissible 

functions   ,2, , consists of those functions CUC  3:  such that  
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whenever       kkeLRUz i 1,,   for all real 

   ppp ,2,1,  and 1k . 

 

From above definition and Theorem 2.19, we have the following corollary 

 
Corollary 2.22. Let    ,2,  and   0,,
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In the special case     wwUq : , the class   ,2,  is simply 

denoted by   2, , then Corollary 2.22 takes the following form. 

 
Corollary 2.23. Let    2,  and   0,,

,  zfpz
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3   Superordination of the Derivative Operator  ,,

, pz  
 

           The dual problem of differential subordination, that is, differential  

superordination of the derivative operator  ,,

, pz  is investigated in this 

section. For this purpose, the class of admissible functions is given as the  

following definition. 

 
Definition 3.1. Let   be a set in    pzqC ,0,   with   0 zq  . The class of 

admissible functions  q, , consists of those functions CUC  3:  that 

satisfy the admissibility condition :  
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where  ppUUz ,,,   and pm  . 

 

Theorem 3.2 follows by using the same technique to prove Theorem 2.2 and by 

application of Lemma 1.4. 

 
Theorem 3.2. Let  q,  . If    pzf  ,   0
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,  zfpz

  and  
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then  



 

 

 

 

 

 

 

Hanin S. Al-Masri and Tariq O. Salim                                                          106 

        

       Uzzzfzfzf pzpzpz   :;,, 2,2,2

,

1,1,1

,

,,

,


,(3.1) 

 

implies    zfzq pz

 ,,

, .        pUzpp ,,1,,10  . 

 
Proof. From (2.7) and (3.1), we have 

 

                                      Uzzzgzzgzzg  :;,, 2
. 

 

From (2.5), we see that the admissibility condition for  q,   is 

equivalent to the admissibility condition for  as given in Definition 1.2. Hence 

 qp , , and by Lemma 1.4,    zgzq   or    zfzq pz

 ,,

, .                                                         

□ 

 

If C  is a simply connected domain, then  Uh  for some conformal 

mapping  zh of U onto  . In this case, the class   qUh ,  is written as 

 qh, . The following result is immediate consequence of Theorem 3.2. 

 
Theorem 3.3. Let  qh, . If    pzf   ,   0
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, .       pUzpp ,,1,,10  . 

 

Theorems 3.2 and 3.3 can only be used to obtain subordinants of differential 

superordination of the form (3.1) or (3.2). The following Theorem proves the 

existence of the best subordinant of (3.2) for certain . 

 
Theorem 3.4. Let  zh  be univalent in U and CUC  3: . Suppose that the 

differential equation 

                                     zhzzqzzqzzq  ;,, 2
  

 

has a solution    pzq ,0 . If  qh,  ,    pzf  ,   0
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Proof. The proof is similar to the proof of Theorem 2.6 and therefore omitted.        

□ 

 

Combining Theorems 2.3 and 3.3, we obtain the following sandwich-type 

corollary. 

 
Corollary 3.5. Let  zh1  and  zh2  are univalent functions in U  and  
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Now, we introduce down a new class of admissible functions  q,1,  . 

 

Definition 3.6. Let   be a set in C and   0zq  with   0 zq . The 

class of admissible functions  q,1,  , consists of those functions 

CUC  3:  that satisfy the admissibility condition :  
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,where  ppUUz ,,,   and 1m . 

 

Now, we give the dual result of Theorem 2.12 for differential superordination. 

 

Theorem 3.7. Let  q,1,   . If    
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Proof. From (2.17) and (3.3), we have 
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From (2.15), we see that the admissibility condition for  q,1,    is 

equivalent to the admissibility condition for  as given in Definition 1.2.  

Hence  q, , and by Lemma 1.4,    zgzq   or  
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□ 

 

If C  is a simply connected domain, then  Uh  for some conformal 

mapping  zh of U onto  . In this case, the class   qUh ,1,  is written as 

 qh,1, . The following result is immediate consequence of Theorem 3.7. 
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Combining Theorems 2.13 and 3.8, we obtain the following sandwich-type 

corollary. 

 
Corollary 3.9. Let  zh1  and  zh2  are univalent functions in U  and 
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Finally, we introduce down a new class of admissible functions  q,2,  . 

 
Definition 3.10. Let   be a set in     0,0,  zqzqC  and   zq . 

The class of admissible functions  q,2,  , consists of those functions 

CUC  3:  that satisfy the admissibility condition : 
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where   ppUUz ,1,,   and 1m . 

 

Now, we give the dual result of Theorem 2.19 for the differential superordination. 
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Proof. From (2.27) and (3.5), we have 
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From (2.25), we see that the admissibility condition for  q,2,    is 

equivalent to the admissibility condition for  as given in Definition 1.2. 

Hence  q, , and by Lemma 1.4,    zgzq   or  
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□ 

 

If C  is a simply connected domain, then  Uh  for some conformal 

mapping  zh of U onto  . In this case, the class   qUh ,2,  is written as 

 qh,2, . The following result is immediate consequence of Theorem 3.11.  
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Combining Theorems 2.20 and 3.12, we obtain the following sandwich-type 

corollary. 

 
Corollary 3.13. Let  zh1  and  zh2  are univalent functions in U , 
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implies  
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4      Open Problem 
 

One can define another class by using another fractional calculus operator or a 

multiplier operator the samae way as in this paper and hence new results can be 

obtained. 
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