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Abstract
In this, paper we estimates the normalized eigenfunctions to the

boundary value problem of the form (1)-(3), in different cases of weight
functions and some properties of our problem are showed.
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1. Introduction

Numerous problems of the theory of fluctuations of the spatially-distributed
systems lead to necessity of research of characteristic constant and eigenfunctions
of differential operators corresponding them, and also to the questions connected
with research of various functions from eigenvalues and eigenfunctions. Interest
to the problem of the spectral analysis has especially increased when it was found
out, that the spectral analysis of the self-adjoint differential operators is the basic
mathematical device at the decision of problems of quantum mechanics. As it is
known, many problems of mathematical physics, mechanics, theory of elasticity,
optimal control lead to the problem of research of a spectrum of differential
operators and series expansion of any function on eigenfunctions of such operator.
Classical results in this direction belong to [3,4, and 7].Aigounov and Tamila [1-
2] , Jwamer ana Aigounov [6] and Jwamer [5] are obtained the estimation of the
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normalized eigenfunction to the T.Regge problem in different cases of weights
functions ,but in our works we are also obtained the estimation of the normalized
eigenfunctions but to the problem of the type described in below.

Let numbers a > 0, m and M (0< m < M) be fixed. Let L* [0, a] denote the
family of all integrable functions p(x) on the closed interval [0, a] that satisfy the
condition m < p(x) <M, equipped with the usual L; metric. In what follows, we
refer to these functions as weight functions.

Consider the spectral problem

—y" +qXy = Pp(x)y 1)
y'(0) =y(a) + y’(f;) =0 (2)
(Jy pOly()I? dx) " =1 (3)
Where 4 spectral parameter.
Theorem 1:

If A is an Eigen value corresponding to the eigenfunction y(x) of the problem
(1)—(3) and p(x) =pand q(x) = q are constants if § # 0 then A is real.

Proof:

Multiply equation (1) by y(x) and integrate the resulting equation from 0 up to a,
as a result we shall get:

- f V() F)dx + f 4y () F()dx = f 2 p()y()F()dx
0 a 0 0
! — a 14 2
VY TR + f ly' (12 + f

' @y@ +y' O3 + [ P+ [ aolycoPax
0 0

a

4Gy 12dx = f 2 p(0)ly () 2dx
0

= [ 2ecalvcoras
0
in view of boundary conditions(2) we have:
y(2)7(@) + 0+ f Iy GOl2dx + f 4Gy (O2dx = f 22 p(9)ly(0) | 2dx
a 0 a 0 a N
y@I2 + [y Gl2dx + [2 gGolyGol2dx = [ 22 p(o)ly(o)2dx (%)

If in equation (1) and in boundary condition (2) to pass to complex interfaced
values we get:

—7" + q()y(x) = 22p(X)y(x)
y'(0)=y(@+y'(a=0
Multiplying differential equation on y(x) and integrate from O up to a
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y@IZ + [y ) dx + [ qlyGol2dx = [2 22p(x) Iy (0] 2dx 5)

Subtracting equations (4) to (5) we obtain:
2 =22) [P (ly()I2dx =0 since ['p()ly()[? dx =1
> (-2)=0->A-D)Rr+x)=0

>(A=2)=0o0r (A+2)=0

But (A + 1) # 0 because § # 0, then (A —1) = 0
Then L =A. Hence A is real.

Theorem 2:
Let p(x) € L*[0,a] and q(x) € L[0, a] then the eigenfunction to the problem

(1) - (3) satisfy the inequality xEMa"Iy(x)I < cl)llz where ¢ not depend on

p and q.
Proof:
Let’s consider the identity

ly()I? = y(x)y(x) = j (s)y' (s) +y(s)y'(s)]ds

J VP(S). [¥(s)y' (s) + y(s)y' (S)]
NIG)

Hence and from inequality p(s) = m follows that

ly (ol <j Vo(s) Iy(S)yﬁ)+y(s)y ),

rU o [57(s).y'(s)| ds + f o) |y(s)y(s)|ds]
STEUO Vo) 17|y ()] ds + fo Vp(s) |y(s)|ly(s)|ds]
2 (% , 2 (@ ,
- = f Vo Iy )] ds < = f o 5y )] ds

Estimating last integral on Cauchy inequality we shall get

a /2 a 1/2
2 2 2 2 2
e STEUO p(5).Iy(5) ds] U )| ds]

Let’s increase now equation (1) in our problem y(x) and integrate from o up to a
We get the following:
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/ 2
ly@I2 + [y’ (] dx + [ g ly()[2dx = [§ 22 p(x) ly(x)|?dx (6)
And if in equation (1) and boundary condition (2) to pass to complex interfaced
values and multiply differential equation by y(x) and integrating from 0 up to a
We shall get:

' 2 —
ly@I2 + [y G| “dx + [ qGOly()12dx = [T 2Zp(x) [y (x)|2dx (7)
If to increase equation (6) on 2 and equation (7) on A we get:

(2 +2) lly(a)l2 +f |y’(x)|2dx+f q(x)|y(x)|2dxl
0 a 0
= @+ | 909 Iy PPax
0

@2 + j Iy GO dx + j 4y ()[2dx = 212 fo p() Iy (0 2dx
0 0

(since X + 1 #0)
Joly' @O12dx = [A12 [ p() ly®)[2dx — f5 g()1y()|2dx — ly(a)|?

And
/27 ra 1,
|y<x)|2<—U o (s). |y<s>|2ds] U |y’<s>|2ds]
0
1, a
GOl :ﬁUo p(5).1y(S)| ds] [w fo p() Iy GO 2dx
a 1,
- [ a@lyeorax - |y(a)|2]
0
Then

Y,
, @l ‘ , l J; a@Iy(O2dx + ly(a)I?
P <2 f Py s 1= (2re
2|1

@I _ 2 [1 B (f:q(x)|y<x)|2dx+ Iy(a)lz)ll/z
Jy @ y@Pds ~ Vm |\ I2E [ pGolyGolPdx

414
@)l < 12l j; > L liSly (@ < CIAL
(J; p(s). Iy (s)2ds) 2

\/_
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Where C = 4\% not depends p and q

Theorem 3:

Let p(x) and q(x) are constants of the problem (1) - (3) and if y(x) is an
eigenfunction of the problem (1) - (3), then 0 < M; <, (%ily ()| < M,.
Where M, and M, are constants.

Proof:

From equ. (1), we have y" + A%py — qy = 0 this second order linear differential
equation with constant coefficients,then general solution is

y(x) = C,eVPP=ax 4 (,e~WA?p-ax

Clearly, that y'(0) = 0 we get C; = C,, then we have

y(x) = Cy(eNFPax 4 g~ Ep=ax)
Then

y'(6) = iCW2p — q (eNFPmax — e=WBp=ax)
From the second boundary condition we obtain

iClm (eima — e‘i‘/’lzp—_qa) + Cl(ei‘/’lzp—_qa + e‘ima) =0

Dividing both sides of this equation by C; we obtain
\/Azp—qH: — eZi\/ma ®)
The resulting equation is an equation for determining eigen values of our problem.
To determine the coefficientC;, we use the normalization condition (3)

a 2
j plCi|? |eVHPmax 4 e—ivﬂzp-qx| dx =1
0

a
P|C1|2-f
0

We introduce the notation & +ioc = i\/A?p —q (where § and o are real
numbers). Then,

or

. , 2
eWAp—ax 4 e“V’lzp‘q"| dx =1

a
P|C1|2-f |e(6+i0)x + e—(6+ia)x|2 dx =1
0

Since |e(8+i0)x 4 o=@+i)x|* = 2(cosh26x + cos2ox), then above equation can
write as 2p|61|2(f0a cosh26x dx + foa cos2ox dx) =1

Or
plCi1? [COS:;M]S + Coziax]g] = 1 (under the assumption, that 5.0 # 0)
Or
2p|Cy |2 (smzhs‘sa + Si’;‘m) = 1 (iin the case § = 0, we obtain £22%2 = 24 and
in the case 0=0, we obtain @ = 2a).

Therefore, we obtain
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1

(sinh26a+sin20'a) ’
p S5 [

|C1| =

We conclude, that
ei Azp—qx+e—i A2p-qx

Jo(EmERt i)

Where C, arbitrary complex number with module is one (i.e |Cy| = 1).
If A satisfies the equation (8) (i.e A eigenvalue), then equation (9) gives
eigenfunction our problem (corresponding to the eigenvalue A ).

The case § = o = 0 leads to A2p — g = 0, which is not considered .

Now we determine Max,| y(x)| and its behavior depends on ,6and o . In
deriving equation (3) found that

|e(0+io)x e‘(‘”i")"|2 = 2(cosh26x + cos2ox)

y(x) =Cy 9)

Therefore

| (x)l =|c €i\//12p_qx+e_i‘//12p_qx _ ei\/ﬂp_qx+e_i\]/12p_qx _ |2(cosh26x+cos2ox)

Y - sinh28a  sin2oa - sinh28a sinzoa - (sinh25a+sin20a)
p(E ) p(F ) 5 o

Then

\/ 2(cosh26x — 1) <1yl < \/ 2(cosh26x + 1)

sinh28a = sin2oa sinh28a . sin2oa
(=5 + (=5 +=5%)
) o 1) o

Let Max, | y(x)| be achieved at the point of x,, then

2(cosh28xy + 1) 2(cosh26a + 1)
Maxxl y(x)l = |y(x0)| = \/P (sinhZ(Sa sinZGa) <\/ (sinh26a sinZUa)

o) t o 1) T o

Since cosh28x is monotonic increasing on[0, a], on the other hand

2(cosh26a — 1)
|Y(x0)| = Maxxl y(x)l 2 | y(a)l = sinh28a sin2oa
p (5 + )

) a

Therefore

\/ 2(cosh26a — 1) maxiy )] < \/ 2(cosh26a + 1)

(sinh26a n sin20a) = XE [0,a] (sinh26a n sinZUa)
) o 1) o
or
cosh28a—1 cosh26a+1
2(———) 6 2(—/———1) 6
sinh28a max sinh28a
lyGol <
(1 n 6.sin20a) = xe [0,a] (1 S.SinZUa)
P g.sinh2éa p g.sinh28a

We note, that
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d.sin2oa 2a.96.sin2oa sm20a 2a.6
o.sinh28a 2acrsmh25a 2a.0 sinh28a

And since

—=|<1,=—<1 forx#0, then‘ssmzaa <1,if 624+ 0% %0.

And the continuity of the functions 2% and —2— it follow that |2, —2 |
sinhy smhy

continuous function on a pair of arguments(x, y), as well as the obvious
lim oz [ sinx | = 0, then for any sufficiently small w> 0 there exist

x ' sinhy
A> 0 such that

% —| <1-—w,if /x2+y2>A . It follow that outside a
certain range of 62 + 02 > A, the inequalities
é6.sin2ca
w< 1+ inhasa = 2 —w And therefore

cosh2é6a—1 cosh2éa+1
\/2( sinh28a )6 < maxly(x)l < jz( sinh28a )6

p(Z—W) = x€[0,a] p.Ww

Since cosh2da and “inhasg € even function, then the last inequality can be
considered for § = 0. Obviously % monotonic increases from 0 to 1,
when & increases from 0 to 400, and % monotonic decreasing from +oo
to 1, when & increases from 0 to 4o and therefore, if |5] > |5,] > 0, then
JZ(“;‘Z’ZZ;EOT)M max Jz(“:ﬁifgg‘:l)w

TR < by (0] < I (10)

If § = 0, then we obtain the inequality

< reloly@I < |5z (12)
In the resulting estimates (10) used parameter & , which is clearly not part of
equation (1) and boundary conditions (2) and normalized condition (3). Therefore
We express § and o through, p and q.

Suppose arg 2 = ¢ , then A% = |A|%(cos2¢ + isin2¢)

A2p — q = p|A|?cos2¢ — q + ip|A|?sin2¢

Onthe other hand —(A%p — q) = (6 + i0)? = 6% — 2 + 2id0
Hence

5% —a? = — p|A|®cos2¢ + q 8% — a2 = — pl|A|?cos2¢ + q
280 = —p|A|%sin2¢ ory  46%02% = p?|A|*sin?2¢

Solving these two last system of equations , we obtain
— plAl2cos2¢ + q + / (plAI2cos2¢p — q)? + p2|A|*sin?2¢
2

5% =
and
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p?|A|*sin?2¢
2[—p|l|26052(p +q ++/(plA|2cos2¢ — q)% + p2|A|*sin?2¢|

(Since 62 = 0 , then chosen non negative root ). Separating out the factor p|A|?
from the last relations, we obtain

2:

q 2
—Ccos2¢ + |/1|2 + Jl -2 PIE cos2¢ + ( I/’llz)

2

8% = pla|?

p?|A|*sin?2¢

- 2
2| — —
2 plAl < cos2¢ + I/1|2 Jl 2 I7L|2c052<p+( MIZ) )
And the condition || = |8,| from inequality (10) takes the form

p q q q \?
=. |—cos2¢ + + [1-2 cos?2 +( ) Al = 16,
ﬁ e j PP 7 T\l ’

or

P | _ _ q 2 2
. I cos2¢p + |/,L|2+\/1 2pw20052<p+ I/1I2 l |42 > |6,

or

q q \2 28,° — q
1-2 coSs2p + ( ) > coS2¢0 + ————
j plal? = T o VI

If cos2¢ + wzq < 0, then this inequality obviously holds, if not, then it is

equivalent to the following inequality

2 2 2
q ( q )2 260"~ q 260" —q 2
1-2 2 > 2 2 2
P2 P T \ape —< AP ) T TpE cosae T eostae
or
2
cos?2¢ + = I/'llz c052<p [1 _ 2 Latdy) (2&;60 )]
Then

28,° 4q6,° 28,° 4q6,°
- - 1+ < cos2¢p < — + |1+
PIRE / p2[A|* LPYPIE p2[A[*

For sufficiently large || it is obvious

28,2 4q6,° —268,2
—~ °2+/1+Z°4s" o
plAl p2lAl Pl

And since
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2602 4-q502

- - 1+ <-1,
plAI? p2|Al*
Then we finally get
2602 4q802
< —
cos2¢p < I/1|2+ /1+ TR
- _ 2602 4q602

Inequality e T 1+ f 2 |/1|2 equwalent to

4q8,° q
—0 >_2
\Jl + 2I/1|4 — plal?

2
Hence, if ,q < 0, then suffices 1 + 4‘21'/10'4 >0 or —% < |Al* if g = 0, then

4q8,°

1+ pEIAI* lel“

Or |A|* > qp%‘s" i.e in any case, it suffices
|/’{|4 > q +4q60
2
Consequently, the condition |§| = |8, | satisfied, if

2 2
|/1|4- > q +4qz|50|
p

4q602 2602
< —
coszp = |1+ 20m ~ onp

Inequality (10) is rewritten as

2 ch2|6gla—-1
( sh2|6,la ) tp q + 1

q q \?
—|—cos2¢p + -2 cos2¢ + ( ) Nay)
4 plAl? plAl? ¢ plA|? 1l

p(2—w) 2

< eloBy ol <

(ch2|80|a+1
sh2|60|a

pw

2
[ cos2¢ + I/1I2 \/1 -2 I/llz cosZ<p+( IAIZ) l |A]

This completes the proof of theorem 3.

Conclusion

In this work, we concluded that if change the boundary condition which
defined in [1, 4] from our boundary condition, the eigenvalues also changed from
pure imaginary into real, but the estimation of the eigenfunctions remain as [1,4].

Open Problem

In the states theorems 2 and 3 , we proved them only in general we don’t says

if p(a) =1orp(a) # 1 means irregular and regular as appear in paper [1],
if we takes these case what happen in the estimation of normalized eiegnfuntions?
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