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Abstract

The object of this paper is to obtain a common fixed point theorem for continuous
random operators defined on a non-empty closed subset of a separable Hilbert space.
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1 Introduction

In recent years, the study of random fixed points have attracted much attention,
some of the recent literatures in random fixed point may be noted in [1,3,4,6]. In this
paper we construct a sequence of measurable functions and consider its convergence
to the common random fixed point of two continuous random operators defined on a
non empty closed subset of a separable Hilbert space. For the purpose of obtaining
the random fixed point of the two continuous random operators. We have used a
rational inequality [from 5] and the parallelogram law.

Throughout this paper, (€2, %) denotes a measurable space consisting of a set )
and sigma algebra > of subsets (2, H stands for a separable Hilbert space, and C' is
a nonempty closed subset of H.
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Definition 2.1 A function f : 2 — (' is said to be measurable if
f~YBNC) e for every Borel subset B of H.

Definition 2.2 A function F': 2 x C'— (' is said to be a random operator if
F(.,x):Q — C is measurable for every z € C.

Definition 2.3 A measurable function g : 2 — (' is said to be a random fixed point
of the random operator F': Q x C' — C'if F(t,g(t)) = g(t) for all t € Q.

Definition 2.4 A random operator F': 2 x C' — (' is said to be continuous if for
fixed t € Q, F(t,.): C — C is continuous.

Condition A) Two mappings S,T : C — C, where C is a non-empty subset of a
Hilbert space H, is said to satisfy condition (A) if

al |z—Se|Plla—ylP+Ily-TyPlla—yl?]+blz— Sz |*|ly—Ty|?

| Sz —Ty|]* <
=Sz [P+ ly=Ty [+ [|z—y]?
N eyl
=Sz |+ [ly=Ty P+ z—y]?
flusright

(2.1) foreachz,y € C, x #y and || x — Sz [|* + || y — Ty ||*# 0 where a,b,c > 0
and 2 < 2a+0b+c < 3.

(2.2)

3 Main Result

Theorem 3.1 Let C' be a non-empty closed subset of a separable Hilbert space H.
Let S and T be two continuous random operators defined on C' such that for ¢ € (),
S(t,.), T(t,.): C — C satisty condition (A). Then S and 7" have a common random
fixed point in C.

Proof: We construct a sequence of functions {g,} as go : Q@ — C is arbitrary
measurable function. For t € Q, and n =10,1,2,3,...

gon+1(t) = S(t, g92n(t);  gansa(t) = T(t, g2n41(1))

If gon(t) = gony1(t) = gonio(t) for t € Q, for some n then we see that go,(t) is
a random fixed point of S and T. Therefore we suppose that no two consecutive
terms of sequence {g,} are equal.
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Now consider for fixed t € Q2

I g2 (t) = G201 (t) I* =l T(t, g2n—1(t)) — S(t, g2n (1)) |I”
=l S(t, g2a(t)) = T(t, g2n-1(1)) |I*

a |:H92n(t)*s(tvg2n(t))”2”9271(1‘/)*92”—1(1‘/)||2+H92n—1 (6) =T (t.g2n—1 (1)) [1[lg2n () —g2n -1 (1)|?
= llg2n (£)=S (8920 ()2 +ll92n—1 () =T (t,92n—1 () I*+[lg2n () —g2n—1 (1)

b || gon(t) = S(t, gon(®) I* | gon—1(t) = T(t, g2n-1(t)) [I* + ¢ || g2n(t) — gon—1(2) |I*
| gan(t) = S(t, g2n () 12 4 || gon—1(t) = T(t, g2n-1(t)) 12 + 1| g2n(t) = g2n-1(t) |12

=1 g2n(6) = gon1 (8) 1P [ ] gon() = g2ns1(8) 2 +2 1| gon(t) = g20-1(2) 12

< (2a+b+0) || gon(t)=g2n-1(8) 2 max { || gon(t)=gons1(8) % | g20()=g20-1(0) 1> }
=l g2n(t) — gon1(t) "< (2a+ b+ c = 2) || g2u(t) — gon—a(t) |I°
I 92n(8) = gona(®) 2, | g2n(t) = gona(8) [

Case 1
= g2n(t) = gons1(t) I'< (2a + b+ c = 2) || gan(t) — g2n—1(t) ||
= g2n(t) = gons1(t) 1< 2a+b+c—2)7 || gou(t) — gons(t) |

= 920(t) = g2na (1) [I< K [] g2n(t) = gan—a(2) || (3:2)

where ky = (2a+b+c—2)i [by 2.2]
Case 11
| g2n(t) = g2nt1(t) 'S (2a+b+c—2) || g2n(t) = gon—1(t) [I* || g2 (t) = gG2ns1(t) II?
= gan(t) = gons1(t) 1< (2a + b+ = 2)7 || gon1(t) — g2n(t) |

= 920(t) = g2n12(8) [I< Rz || g2n(t) = gan—a(t) || (3:3)

N

where ky = (2a +b+c—2)2 <1 [by 2.2
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Again consider

| gon(t) = g2nr(8) [IP=Il T(t, g2n-1(£)) = S(t, gon—2(t)) |I*
=l S(t, gan—2(t)) = T'(t, g2n-1 (1)) |I?

llg2n—2()=S(t,g2n—2 (D) I2[lg2n—2(t)—g2n—1 ()12 +lg2n—1 (&) =T (t,92n—1 ()| * lg2n—2(t) —g2n—1(t) |2
lg2n—2(t)—=S(t,92n—2()) 12 +lg2n—1 () =T (t,92n—1 (D)) 12+l g2n—2(t) —g2n—1(t)||?

—T(t, gon1(t)) [I> + ¢ || gan—2(t) — gan—1(2) |I*

bl gon—2a(t) = S(t, gon—2(t)) |I* || g2n-1(t)
= T(t, gan-1(t) [I* + [| g2n—2(t) — g2n—1(t) |I?

T o2 (t) — SCE, g2n2(8) [P+ 1 gons ()

_ a || gon—2(t) = gan1(t) |P[| gon—2(t) = g2n—1(t) |”

| 92n—2(t) = g2n—1(t) [I* + [| g20—1(t) = g2n(t) > + || g2n—2(t) — gan-1(2) |2
N a || gon-1(t) = gon(®) [Pl gon—2(t) — gan—1(t) |I?

| 920—2(t) — g2n—1(t) [I* + [| g2n-1(t) — g2u(t) > + || g20—2(t) — g2n-1(t)
" b Il g2n—2(t) = gan—1(t) [I* | g20-1(t) = g2n(t) [I* + ¢ || g2n—2(t) = gan—a1(t) ||*

| 92n—2(t) = g2n—1(t) [I* + [| g2n—1(t) = g2n(®) > + || g2n—2(t) — g2n-1(t) |2

I

1*< (2a+b+c—2) || gan2(t) — gan—1(t) |I?

= g20(t) — gon-1(%)
12

aX{ | gan(t) = g2n—1(t) %, I g2n—1(t) — gan—2(t)

Case I:
= g2n(t) = gon—1(t) I*< (2a + b+ ¢ = 2) || gan-2(t) — g2n-a(t) ||I*

= g2n(t) — gon—1(t) |< 2a +b+c— 2)% | gan—1(t) — gan—2(t) ||

= g2n(t) — gon—1(t) | < ks || g2n—1(t) — gan—2(t) || (3.4)

N

where k3 = (2a+b+c—2)1 <1 [by 2.2

Case 1I:

I 920 (t) = g2n-1(t) [I*< (2a+b+c=2) || gon—-1(t) = gon—2(t) [I* | g2n(t) = g2nr (t) ||

= g2n(t) = gan-1(8) I (20 + b+ = 2)2 || gon1(t) = gan-2(?) |

= 92n(t) = gon—1(t) 1< ka [ g2n-1(t) = g2n—2(?) || (3-5)
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where ky = (2a+b+c—2)2 <1 [by 2.2]

By (3.2),(3.3),(3.4) and (3.5) we have

I 9n() = gnir () IS K[l gna () =g () || for m=1,2,3....

where k = max{k, ko, k3, k4} < 1
= || gn(t) = gnr1(t) IS K" [ go(t) =1 (@) || for all t €

Now we shall prove that for ¢t € Q, {g,(t)} is a Cauchy sequence. For this for
every positive integer p we have, for ¢ € (2

| 9n(t) = gnip() I| =l g (t) = gni1(t) + Gnr1(t) — ... 4 Gnip-1(t) — gnip(t) ||
< gn(t) = gngr () | + 1| g1 (t) = G2 (@) | + o4 || Gnip-1(t) — Gnip(t) ||

<[+ ) — (o) |

- k"[1+k+k2+...+k”*1} | go(t) — g1 (2) |l

< g ) =) |

As n — 00, || gn(t) — gnip(t) ||— 0, it follows that for t € Q, {g,(¢)} is a Cauchy
sequence and hence is convergent in Hilbert space H.
For t € Q, let

{gn(t)} — g(t) as n — 0

Since C' is closed, ¢ is a function from C' to C.

Existence of random fixed point:
Consider for t € €,

I 9(t) =T, 9)) [IP=Il 9(t) — g2n+1(t) + gons1(t) = T(t, 9()) |*
<2 g(t) = gonta () 7 42 || g2nir = Tt 9(1)) |I°

(by parallelogram law || z +y [|P< 2 || = ||> +2 || v |[*)
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2 g(8) — gonin(8) [ +2 || S(tgen(8)) — Tt 9(0)) |
: 20 || gonlt) — S, gon(t)) 1] gon(t) — g8) |
< 2190 = 92O a5 o) B+ 1 900) — T 90) B+ | 920 @) — 900 TP
2 || g(t) = T(t, 9(t)) 2] gault) — gt) |
[ 9on () — 50t gou0)) F+ T 98) — T g0 T + | gon®) — 90 |2
2 | gon(t) — S(t, gon(0)) 12| 9(8) — Tt 9(0) | +2¢ || gonlt) — a(t) |1
[ 92u(®) — 5 gan (D) 2+ | 90 — T2, 9(0) 2+ 1] dan(0) — 9(0) I
20 || goult) — g (8) 1] g (1) — 9(0) |
21190 = gans () I ey = P 1 9(0) — T 9(2) P+ 1 gn@) — 90 TP
2 || g(t) = T(t, 9(t)) 2I] gau(t) — g(t) |
T 9o (®) — Gmes () 1P+ 1 98) — T 9(0)) [ + [ g2 ®) — 900) P
2 | go(®) — g (8) 2 1 9(6) — T(t.9(8)) I +2¢ | gonlt) — 9(2) |1
[ 920 (®) — Ganes () 1P+ 1 908 — T, 900)) [E 1 1 g2 8) — 9(0) P

) =
As {gan(t)}, {g2ns1(t)} are subsequences of {g,(t)}, as n — oo, {g2n(t)} — g(¥)
and {gon1(t)} — g(t) for all t € Q

+

+

Therefore,

, , {Hg(t)——g(t)n24—ug<t>——71t,g<t>>n2} la()-a(0)?
Ig(®) =Tt 9(®) IP< 2 9(t) — () I +sm=smrmo-Temrrm—or

+%Hﬁ0—ﬂﬂWHﬂ) T(t g(t
I g(t) —g@) |I> + || g(t) — T(t, g(

=l g(t) = T(t,9(1)) I’< 0
= g(t) = T(t, g(t)) [*= 0

= T(t,g(t)) = g(t) for all t € Q (3.7)

) 1I* +2¢ | 9(t) — g(t) |I*
)+ 1 g(t) —g@) |12

Again consider

I 9(t) = S(t, 9(t)) [P=Il 9(t) — gons2(t) + g2nr2(t) — S(t, (1)) |I?
<2 g(t) = gans2(t) |I* +2 | T'(, gonsa (1) — S(2, @DW
=2 g(t) = gansa(t) I* +2 || S(t,9(1)) = T (L, gan41(1)) [I*

, 20 [Hg(t)—S(t,g(t))||2+H92n+1(t)—T(t,g2n+1(t))ll2] lg(t)—g2n+1(®)II?
<2 g(t) = gona(t) [I° + lg(®) =St g(ENIP+l92n+1 () =T (t,92n-+1 () [ +lg(t) —g2n+1 (£) ||
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2 || 9(t) = S(t (1)) I | gonsa(t) = T(t gauar () [ e | 9(6) — ga (8) |1
90— Sg0) IE + T gonsa () — 70 gonsr @) E 1 1 90 = gomra D) |2
: 2a | g(t) — S(t.9(0) |21 9(t) — ganen(t) |
2190 = 92O ey =50 0 0) P+ T s () — a8 12 + 1] 908) — Gomra) TP
20 || gonia(t) — gamsa(t) |2 98) — gonent) |

90 = 50.900) I2 + 1 Fanra(0) — znsa@ TP + 1 900) — donsa (D) TP
2 1 9(t) — (2, 9(0) 12 | gonir(t) — gzmselt) [ e | 90) — gonen(t) |

190 — ST 900) 1P+ 1| gamra®) — Gomsal®) P+ 1 906) — gomea (D) I

As {gons1(t)}, and {g2,12(t)} are subsequences of {g,(t)},as n — oo,

{goni1(t)} — g(t) and {goni2(t)} — g(t) for all t € Q

Therefore,

) , [ng)—sa,g(t))||2+ug<t>—g<t>||2] la()—g(0)|?
lg() =5t 9(t) IP< 21 9(t) — 9() I” +sm=sasmmrso—sorso—sor

2b || g(t) = St g(1) [I* Il 9(t) — g(t) I* +c |l 9(t) — 9(0) |
19(t) =St 9)) I + || 9(t) = g() 1> + [ 9(t) = g(t) [
Ig(t) = S(t,9(1)) [P< 0

=| g(t) = S(t,9(t)) [’=0

= S(t,g(t)) =g(t) for all t € (3.8)

Again, if A : Q x (C' — (C'is a continuous random operator on a non-empty subset
C of a separable Hilbert space H, then for any measurable function f : 2 — C', the
function h(t) = A(t, f(t)) is also measurable .

It follows from the construction of {g,} (by (3.1)) and the above consideration
that {g,} is a sequence of measurable functions. From (3.6), it follows that g is also
a measurable function. This fact along with (3.7) and (3.8) shows that g : Q@ — C
is a common random fixed point of S and 7.

This completes the proof of the theorem (3.1).

4 open problem:
Are the above mentioned theorem true in a polish space?
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