Int. J. Open Problems Compt. Math., Vol. 4, No. 3, September 2011
ISSN 1998-6262; Copyright © ICSRS Publication, 2011
WWW.I-CSrs.org

A General Class of Polynomials Involving a

Generalized Mittag-Leffler Function

Tarig O. Salim and Ahmad W. Faraj
Department of Mathematics, Al-Azhar University-Gaza
Gaza, P.O.Box 1277, Gaza, Palestine
Email: trsalim@yahoo.com, t.salim@alazhar.edu.ps

Abstract
This paper is devoted for the study of a general class of polynomials defined

as Aok ) =X T E 750 (P00} 0" X TE L5, (P 0] |, where

f=x? (S +xD ) is the differential operator and E Q,‘;}?p(z )is the generalized

Mittag-Leffler type function defined as
0 (7/ VA n
790 (7Y — an _
Baipl) nZ::; L(an+p) (0)p
Several families of generating relations and finite summation formulae for the

general class of polynomials have been stated and proved. Also several special
cases have been discussed.
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1. Introduction

In 1903, the Swidish mathematician Mittag—Leffler [2] introduced the
function g _(z) defined as
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0 Zn
E a(Z)_nZ(; T@n+)) (1.1)

where z is a complex variable and I'(s) is the Gamma function; «>0.
Generalizations of Mittag-Leffler type function occurred in the last century and
recently like E , 4(z)defined by Wiman [12], E/, 4(z) defined by Prabhakar [3],
E 2%(z) defined by Shukla and Prajapati [7] and E %(z) defined by Salim [4]
where

E.2)= Z F(an+ﬂ) (1.2)
(7), z“
Ep2)= Z Fansd) (1.3)
@)= Z r(an +ﬂ) nt (L.4)
and
z 15
)= Z F(an+ﬂ) ©), (13)

Recently a new generalization of Mittag-Leffler function investigated by Salim
and Faraj [5] which is defined as

n

75q

Bap)” ZF(om+ﬂ) (O (16)
where
2,0, 8,7,5 <C ; min {Re (), Re (), Re (), Re ()} >0and p,q >0 )

In this paper, a general class of polynomials associated with generalized Mittag —
Leffler function defined in (1.6) is introduced as

MG ak,s) =S ——E 50 {P )} 0" [ X TE L5 {-P ()} | (1.8)

where §=x*(s+xD ) and " zxa“'i:[l(xD+s+ja) :
j=0

We have also derived several families of generating relations and finite summation
formulae by employing operational techniques. At the end, several special cases have
been obtained.

Throughout this paper , we need the following well-known facts and rules.
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. elnsxa"ri‘_[l(xD+l+ja) (1.9)
j=0
n - n n-m m
e 0 (XUV):X;[m]H V) oru) (1.10)
o e?(x7f (x))= X7 —f X (1.11)
(1—taxa)(a] (1—taxa)5
. e“"(x"):x"(l—taxa)_(aaj (1.12)
o+S 1
o e“(xf (x))=x0(1+at)*l*(7] f [x (l+at)aj (1.13)
. T P& (0P (at)"
(1-at)s -(1-at) mz%( - jm 2! (1.14)
e The Stirling number of second kind [9]
1o k=i (K )n
S(n.k)=—>(-1) (jj (1.15)
k1< j
so that S(n,0)= L n=0
(n.0)= 0 neN (1.16)
and  S(n1)=S(nn)=1, S(n,n—l):@j (1.17)
e Srivastava [9] proved that:
Let the sequence {8n+k(x)}::0 be generated by
= (n+k K _n
Z[ ) jamk(x)t =fxnfgn) " g {hxn} (1.18)
k =0

where f, g and h are functions of x and t, then in terms of Stirling number S(n ,k)
defined on (1.15) the following family of generating function

Z 8n+k ))(g(xz,—z)] ={f (X'_Z)}ilik!S(n,k)gk(x).zk (1.19)

holds provided that each number of equation (1.26) exists.

8
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2. Some Special Cases

By using general class of polynomials defined by (1.8), we can deduce
special cases as follows:

e Putting =1, p=1 in (1.8), then it reduces to

—o—an

B R COter e ()] 1)

which is the general class of polynomial defined by Shukla & Prajapati [6]

X

APl xak,s) =

e Setting a=p=y=q=1, s=0and replacing ¢ by «, a by k , k byr and
P, (x)=px" in (2.1), we get
ANk, r,0) =G (oxir, p.k) (2.2)
where G (“)(x;r,p,k) is the general class of polynomials studied by Srivastava and
Singhal [11]
e Setting o= =y=q=1 and replacing o by « in (2.1) gives
ALy a k,s)=x "V E:Z)(x :a,k,s) (2.3)
where V ff)(x;a,k,s) is the general sequence of function introduced by
Srivastava and Singh [10]
e Also by putting s=0, a=a=£=y=q =1, replacing o by aand p,(x)=px"in
(2.1), we get
Aﬁ"l’“kx;—l,r,O):(_nL,)J&1>(x;r,p,0) , (24)
where J(x;r,p,0) is a particular case of the general class of polynomials

studied by Singhal and Joshi [8]

e Setting a=p=y=q=1, replacing o by a, a=k, s=7, p,(x)=4x" in
(2.1) gives

—a—kn

Al(ql,l,l,a)(x K1) = X exp(ﬂX r )[x K (7+xD )Jn [X “ exp(—ﬂx r )J

= 2@ k,m) neN,

n!

(2.5)

where 7()x;r k) is the class of polynomials studied by Chen et al. [1].
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3. Generating Relations
A considerably large number of special functions are known to possess
generating relations, we use #=x%(s+xD) and 6, =x%(1+xD) , D =dd—x to obtain

such generating relations in the following formulae.

()
ZAqﬁgnfﬁa)(x;a,k,s)tn:(1—at)‘(GT+SJE <P ()} E aﬂp{ P (x (1_at))_a1} (3.1)

Proof: From (1.8), we have

—o—an

a.p.y.8.0),, . _ ~ X
ZxanAqn pny (x,a,k,s)t” _Zxan ni

n=0

E 2% (P 0O}0" [ x T E 15% (P 0Ot
=X 7B 5% (P 001X TE 5% (R ()} ]
=X TE L% (R 0O} (L-ax’t )[U;] E L {—Pk [ (Haxa)al}
and replacing t by tx 2 yields ,
Zx A7 0Gak )"

Scvesgh m e wa (e e (xeea) |
Hence,

o+s N -1
S aGk sk ~e i e o)) (e a xaa ).

(n
1
Z( j 3 AGET (ko) e S AR - [aks (Ej (32)
n=0 =0 m! n=0 ’ pk a
Proof:

Setting a=p=q=p=y=0=1 in (3.1), we get
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0 o+ -1
ZA%MU)(X ak,s)t" =(1-at )_(TJE P O} E ﬁ&{—Pk [x (1-at)a ]}
n=0

o+S -1

=(1-at ){Tj exp[{pk (x)}—{ka (1—at)aH

Taking P, (x)= p.x* and t:“g , then we get

© o+S

Z(Ugjn A1) (x;a,k ,5) == (1-u )‘(Tj exp{pk x {1—(1—u )_:H . (3.3)

n=0

Replacing o by o+km and multiplying both side of (3.3) by % yields

© n m o+km+s = i
Z(%j A ﬁljﬁ,l,lmkm) (x;a,k ,s)tm—! =(1-u )_(T] exp{pk x K {1—(1—u )aHt_

|
n=0 m!

and now summing up over m =0 to «o, yields

o+S

i(%}n iAnljﬁ‘l‘l"”km)(x;zsl,k,s)tm—m'=et (1—u)‘( 2 ]exp{(pkxk —t){l_(1_u)_akH _

m=0

=e! (1—U)7(GT+S] exp{pk- {x K —ﬁ}{l—(l—u)_akﬂ (34

and from (3.3) and (3.4), we get

0

1
Z u iAgl,#l,l,owkm)(x;a,k,S)ﬂ :etiAﬁl’ﬁ’m'a) x K bk Ak s uy
n=0 a m=0 Y m! ’ a

n=0

(1)

iA&ﬁ;ﬁ!""‘"”) (x;ak,s)t" =(1+at ){T)’l E Z‘;,qp {Pk (x )} E gi;f‘p {—Pk {x (1+at );J} (3.5
n=0

Proof:

DAL pak " =x e R (et x e L% P ()} .
n=0
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“ o+S 1
:x*"’Eg"%’qp{Pk (x )}x“(1+at)[ ] Ez%qp{ (1+at)a}

O SN S A ISR

which ends the proof.

(V)

Z[n;m] A ik St

m=0

o+s (3.6)
1-at) " Ua JELSUIP 1
:( a)‘ ( ]Ea,ﬂ,p{ l;(x)} Agz:,gr,]y,s,a){x (l—at)a;a,k,s}
E g;‘;?p(Pk {x (1-at )a}j

Proof:

Writing equation (1.8) as

en[ UEaﬂp{ P (x )}]

& (a.B.7.8.0),, .
Eysﬂqp{ ( )} Aq”ypny (x;a,k,s),

and applying the operator e'’ to both sides, then we get

o+an a (a,B.7.6,0)(y -
ew[gn( JEiqu{ Pk (X)})}n!etglx é;r:;zn{ ((XX),}a,k,s) ]’
a.f.p

o tm 9m+n

Z m! n! [ GEZ‘bﬁqp{ Pk(x)}}

m=0

o+S

g+aﬂ (l ax? )_”_(a] A(a'ﬁ,y,g,g)lx (l—ax ay )_al Ak ,5] . (37)

Eo,ﬂp x(l axt)

But by replacing n by m + nin (1.8) , we have

(I”I +m)!x o+a(n+m)

e e BT Ak

substituting the last equation in (3.7), we obtain
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o m o+a(n+m)
5 t"(n+m)! qu Agﬁff”mm (caks)
~ min! Eaﬂp{ (x)}

_ g+an(]_ ax ) 371 .Ag::gﬁyﬁva{x (]__axat)al;a,k,S]
E Q‘Z;?p{Pk Ex (l—ax a )? J}

Now replacing t by tx 2, then we have

) AR PR

m=0

_(-a)” (GLSJEQ‘Z%{P (x)) A(aﬁmv{x (1_a1)al;a,k,s}
E” {Pk(x(l at)a } |

which ends the proof.

V)
(" Al ekt
" (3.8)
1+at 1+[ ) g“ (x) 1 |
:( ) E 'Bp “ﬂ”“ (1+at)a;a,k,s}
qm pm
Eg']‘;?p{Pk x ( 1+at)a }
Proof:

Multiplying (3.5) by a/Ey‘;qp{ (x)} , then operating by @™ for both sides yields

S+o0 1
T e ey IOl Y ety
AT E bl

-0 aﬁ’p{P (x)p e

:(1+at)_1+[67+Sj o" { E g, p{ Pl (X (1+at)1]H

Replacing n by m in equation (1.8), we get

Z { 7.6, i _A(aﬂygaan(x a,k S)t}

(3.9)
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o+am

m! x
ey A7 0Ga k)= 0" | x B L (R (X)) |, 3.10
Eg(qu{ (x)} qm.p [ ,ﬂ,p{ k )}} ( )
and replacing m by m+n in (3.10) implies
(m+n) Xa+am+an

E 5% (P ()}
—@m+n |:X °E Z‘;qp {_Pk (X )}:I =" |:0n (X E géﬂqp {_Pk (X )}):|

A(“M‘s" (x;a,k,s)

g(m+n),p(m+n)

_ m x 7 (a.B.7.6.0),, . (3.11)
=" | —————= A (xak,s) |
[Egtqu{ P ( )} e ]

and replacing o by o—an in (3.11), yields

(m+n)! x o+am e r5i0en)
nt o ELGLR()) Ag(min),p(mn) X2 K.S)
’ ! a,f,p k
(3.12)
_pm x o-an+an (aﬂ o)
Substituting the result in (3.9), then we have
= (m+n) x o+am P
nz= n! Ey&q {Pk (X)} ) Aq(m+n) m+n) (x;a,k S)t
o+S 1 .
=(1+at)_1+{Tj o" { "Eyi“p{ ka(1+at)aH
Now making use of (3.10) implies
S (n+m (e.B.7.6,0-an) N
;[ n ]Aq(mm)p m-+n) (x;a,k,s)t
14 o+S 5
= (1+at) ( J E g,ﬂ,qp{Pk (x )} A(a,ﬂ.y.s,g){x (1+at)§ ;a,k,s}

7,64 : amem
Eaﬁp (l+aI)a

which proves the relation.

Now using (1.15) — (1.19) we can also obtain the following generating relations
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(V1)
Zm A“ME” (x:a,k,s)z™ (l_az)( )ngqu{ (X)}
m+n m+n ;1
E 2‘,2%{ x(1-az)a } (3.13)
aﬁ 5,0) _—1 z "
meIS (n,m) qm p; {x(l—az)a,a,k,s}(l_azj
Proof:

Comparing (3.6) and (1.18), we get

f =) (e o) e 53 [ xtaea) s

g(xt)=(-at) , h(x,t)=x(1-at)a and g,() >ALL9Nx;ak s),

hence equation (1.19) yields

-1

(a.B.y.6.0) — . z "
Zm A m+};1 m+n)|: (1+aZ)a ’a’k’s}(l_*_az)

o LR K102 )e
:(1+az)[aj ﬂEj‘;“p{ (<)} }

Replacing z I—)ﬁ , X H% , then the last equation implies
- (1-az )a

mels(n m)AZP70)xa K 5)2 ™

gm,pm

o+S 0,4
Zm A ik s)z" a5 BB ) _
Ez%qp{ (1_32)6}

0 -1 m
me! S(n,m) Agﬁ'%"s‘”){x (1-az)a;ak s}[z—] )

~ 1-az

(Vi)
a2 e 2R, ()

Zm A“ﬁﬁaam(xaks)z ;
Eg‘;qp{ (1+az)a}

m+n m+n
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1 m
Zm' S(n,m) q‘r’n’;g‘s"am){x (1+az)a;a,k,s}( : ] (3.14)

l+az

Proof:
Comparing (3.8) and (1.18), we get

f ) =(ea e R () /B2 P x o)t

gxt)=(Lrat) . h(t)=x(Leat)s and €.0) AP oak,s).

gn,pn

Now equation (1.19) yields

1 m
Zm Aan;ﬁ'+};]56m+n)|: (1—az)a;a,k,s}[ﬁj

1

7.0 X (1-az )a
(a2 +1m("+sanﬁp{ * ) } imls AZPT80) - a K g)z ™

_( - ) a Ey(;qp{ (X)} ~ (n m) gm,pm 1

Replacing o by o—am and for z

1
X > x (1+az )a, the result becomes
l+az

(1+az )—1+m+("*a: +s) . gbﬁqr) {pk (X )}

1
E Z;f}f‘p{Pk x (L+az )a}

Zm A“ﬁy‘sgam(xaks)z

m+n m+n

1

m
Zm's n,m) “ﬂ””’am)x(uaz)g;a,k,s z )
Aqnom 1taz

Hence,
(1+az)+( ]Ez‘é“p{ ()}
Eg‘;qp{ (1+az)a}

1 m
Zm's (n,m) qﬁﬂp;”_"’m){x(1+az)a;a,k,s}[ z j

l+az

Zm A“M‘)“am (x:a,k,s)z™

m+n m+n
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4. Finite Summation Formulae

Now we obtained two finite summation formulae for equation (1.8) as
follows

0
qﬁgnygc(x ak,s)= Z_a ( j anﬁr;;éo (X ak,s) (41)

Proof:

Afﬁ ﬁ(” (x;a,k S):nix_a TE LR P (x)fe" [X XTE LGP (x )}]

e LR () 3 1o E L [ () (k)

n! ~=\m
1 oo V6 NNt Xa(n—m) n-m-1 .
=X E 255 {P (X)}mzzo—m' T i1:0[(S+XD+|a)

B (P () X [(L4XD)(14245D ). L (m D) XD ) [x 7

=nl_ xTE LGP <X)}ZOW!—”‘)! 42)

x ,1;[ (S +xD +ia)xE g”‘;’qp{—Pk (x )} .am (%jm x°t
Now putting o=0 and replacing nby (n-m) in equation (1.8), we get

a, 1 n-m )
A ik s) = xR ()} 0 T E L (A ()

thus, we have

a(n-m)

1 X a,B.7.8,0)
o mEg,ﬁ,q P (x - ( nﬁj; (X a,k S)

the above equation can be written as
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1 n-m-1 )
(n=m) H (s +|a+xD)[E g*";:f‘p{—Pk (x )}]
© =0
: 4.3)
1 (aﬂy(so
—55a 75 o1 Aain-m)p(n-m)X:ia:K.S)
TELG (R (x)) Al

Using equations (4.2) and (4.3), we get the result

Al@LrIo) - K s)

gn,pn
1 o e, - n! 1 0 Br5.0) .
:mx 1E£,%?p{Px (X )} Z}mxmx A(( 7) (X a, k S) a [aj X 1
m= a,pB,p m
Hence

qﬁfn”“(x a,k,s)= Z ( j “nﬁé“n (x;ak,s)

which completes the proof.

(I

A locak s>=2%[°"§j A iaks)

n=l

(4.4)

Proof:

Zx ALl (x e,k )t =xTE L% {Pc (x)}e" [XUEZ;,(;}%{—Pk (x )}J

=(l—ax ) (CHS] E Lo P (OXE LSS {_Pk X (l—axat)al}

:(1—axat)(?ji(0;§jm (axr:t!)m E L% P (x)) Eaﬁp{ P, X (1—axat)al}

m=0

:i(o 5) (e t-) KRR (e S0 1 ()]

=0

Also from the proof of equation (3.1), we have

Zxa”x Lo P ()} 0" [XTE L5 (P ()]t

—o—an

so that
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z x@ A@PTIO) g K s)t"

an,pn

ZZ( 55 ; t) <nx—_fn>.E3”ﬂ“p{ (o [ E LGS (P GOt

n=0m=0

:ii(a—fj (ax ) (nx—;)!'t E L P ()} 0" m[xgEgiﬁp{_Pk (X)}]

Now equating coefficient of t" implies

a”A(“M‘S"(x;a,k,s)

qn,pn
am am _ nem ,
35, S e e [ 0]
hence
A7 xak,s)
© _ m —&-a(n-m)
S35 o B R e [CE L A ()]

Using (1.8) , we get
q‘r’,‘é”n”"(xaks) Z[ j go((nﬁ;agn (x:ak,s)

which completes the proof of (4.4).

Open Problem : one can try to obtain results of bilateral generating

function relations and other related results by using the general class of

X
o ak,s) =

polynomials Lo Pk} O" [X TE LGPy )ﬂ |
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