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Abstract

In this paper, we correct some mathematical mistakes of the
paper titled “Mathematical properties of DNA structure in 3-

dimensional space” Int. J. Open Problems Compt. Math., Vol. 1,
No. 3, December 2008.

In addition, we calculate the circle of
curvature or osculating circle and the axis curvature.
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We have the vector position (path) of strand - helix is given by [Stump et al., 2000]:

R(t) = (rcost)i+(rsint) j+(cos S)tk = (r cost, rsint, (cos S)t).

where x = r cost and y =r sint describe a circle of radius r , but z =(cot g)t increases
(or decreases) indirect tot .

Therefore, the tangent vector field of the strand — helix is

R'(t)=(-rsint,rcost,cot 3).

Hence, the length of tangent vector field is

IR'(t)| = Jrsin?t+r? cos’t +cot? 3
= \/rz (sin®t+cos’t)+cot’ 3
= Jr?+cot? S.

(i) Then the arc-length function is
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s = [[R (W
s(t) =j r’ +cot’ g du

=ty/r? +cot’ 4.

(i) The reparametrization of the strand in terms of s is given by:

S . S S
R(s) = IR —= | cotpB| —————
©) [rco{alrﬁcotzﬂ J rsm(«/rﬂcotzﬂJ 0 ﬂ{«/r%cotzﬁj}

(iii) The curvature of the strand is a constant (not depend on t or s) and given by:

r

IR'@)xR"(t)| _
r’+cot? g’

IR'®

[R*s)] =

Now, the proof of x will be done clearly. From

R(t) = (r cost, rsint, (cot p)t)
R'(t) = (-rsint,r cost,cot )
R"(t) = (-rcost,—rsint,0)

we have
i j k
R'(t)xR"(t) =det| —rsint rcost cospg
—rcost -—rsint 0

= (rsintcot B)i—(rcostcot 8) j+(r’sin®t+r?cos’t)k.

Hence, we get

IR'®)=R"®)] _ \/rz sintcot® B+r?cos’tcot’ B+r’

PRYE 3
[R'® (r’sin*t+r?cos’t+cot’® j)?
_Jricot? g+rt
- 3
(r? +cot® B)2
1
Cr(cot’ p+r?)2

(7 + cot? ,B)g r’+cot’



179

The proof of x will be done clearly with respect to the arc-length parametrization of the
strand.

R'(s) =| —rsin > ! ,T COS > ! ,cot B ;
\/r2+cot2ﬂ \/’r2+cot2ﬂ \/r2+cot2ﬂ \/r2+cot2ﬂ Jr?+cot’ B
wey | S 1 o S 1
R (s)—( rCOS[Jr2+cot2ﬂJr2+Cot2ﬂ' rsm[\/r2+cot2ﬁ}r2+cotzﬂ'oJ
1

n _ 2 2 S 1 2 -2 S 2
<=IR (s)||_Jr o [\/r2+cot2ﬁ J(r2+cot2,3)2 e [\/rzntcotzﬂl(r%cot2 B)? +0)

~\(r? +cot? B)?

r
Crltcot? B
The radius of curvature is given by:

1 r?+cot?
K r

(iv) The unit tangent vector to the curve of strand is given by:

_R@M® _ 1

R ,\/rz +cot? B

{(=rsint)i+(rcost) j+(cot S)k}

I OR

1 . S S
_ _ Crsinf ——S3 | rcos| ——S5 | cotp|.
IR*(s)| Jr2+cot2ﬂ[ rsm[«/r%cotzﬂJ rco{«/r2+C0t2ﬂ] ” ﬁ}

The proof of the unit tangent vector T will be done clearly. From

R'(t) = (-rsint,rcost,cot 3)
we have

|R*(t)|=r?sin®t+r?cos?t +cot? 4
= Jr? +cot? .

Hence, we get

RO 1

RO P ecot? g

(-rsint,rcost,cot 3).
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The proof of the unit tangent vector T will be done with respect to the arc-length
parametrization of the strand s. From

R'(s)=| —rsin > ! ,F COS > ! ,cot g 1
\/r2+cot2,3 \/r2+cot2,3 \/r2+cot2ﬂ \/r2+cot2ﬂ Jri+cot? 8

. 1 s 1 1
R'(s)|= [r?sin? > +r? cos? +cot’ f—o———
el \/ {\/f2+cot2,ﬁ r’ +cot’ g Jri+cot? g |1 +cot’ g 'Br2+‘30tzﬂ
=1.

we get

- ) cotf| ——m—
_ RY(s) _[ rsm[\/r2+cot2ﬂ]\/r2+cot2ﬂ rcos(\/r%cotZﬂJ\/r%cotzﬁ © ﬁ[\/r%cotzﬂD

TR 1

B 1

. S S
=———| —I'SIN| ———— |, C0S| ——————— |, cot .
N/r2+cot2,3( [,/r%cotzﬂ] (\/r2+cot2ﬂj 'B]
(v) The unit normal vector to the curve of strand is given by:

N :M = (—cost)i+(-sint) j+ (0)k

In fact;

T'(t)= ;(—r cost,—rsint,0)

Jr2+cot? g

T'(t)= 1 r’cos’t+r?sin’t+0
(®) r’ +cot’ B

;
_4/r2+cot2,8
1 .
—_— (- t,— t,0
- @) :m( rcost,—rsint,0)
[T ()] r

«/rz +cot’ g

=(—cost,-sint,0).

The calculation of the unit normal vector with respect to s as follows.
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T(s)=

1 : s >
b rein| 5 | reos| 5| cot
r2+cot2,3£ rS'n[ r2+cot2ﬁ’J fCOS( r2+cot2ﬁ} " ﬂ}
T'(s)= T cos > —————sin : 0
1 cot’ B r2ycot? f| I’ +cot’p r’ +cot B

" _ r ’ 2 S r 2 in? —S
[T (S)H\/(r2+cot2ﬂ] cos (m}{rz+cotzﬂ} o [a/r2+cot2ﬂ }+0

(s
“\ri+cot?p

P o] | sin] ——3 |0
N = T'(s) r2+00t2ﬁ[ COS[«/r%cotzﬂ] SInL/r%coﬁﬁJ
rel r

r’ +cot® B

S . S
— 08| ———|,~sin| -———[,0|.
[ COSL/rZJrcotZﬂJ Sm[«/r%cotzﬂj J

(vi) The binormal vector to the curve of strand is given by:

i j k
B(t) =T (t) x N(t) = det —rsint r cost cot 8
JrP+cot’ B \Jr’+cot’ B \r*+cot’ B
| —cost —sint 0 |
. cotp | cot 3 . sin”t cos’t
= SINt————= |1 | COSt ————= | ] +| or y
N [ m} [ T o

_ | cotgsint - —cot B cost i+ r K
Jr2+cot? 8 Jré+cot® g Jr2+cot? 8 '

The calculation of the unit binormal vector with respect to s as follows.
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i i k
. s s

B(s)=T(s)xN(s)= ———=det| —rsin| ————| rcos| ————| cotf

(8)=T(s)<N(s) 4/r2+cot2ﬂ ( r2+cot2ﬂj [ r2+cot2,BJ

S . S
—C0S| ——ovo— | —Sin| ——— 0
( r2+cot2ﬁ] L r2+cot2ﬂ}

B(S) = ———

. S S .2 S 2 S
= t 3, —————== (COt f3, —_—— —_—
\/r2 +cot’ 8 LS”{\/F +cot2ﬁ]CO p COS[«/rﬁcotzﬂJco b r[sm (a/r2+cot2ﬂ]+cos [«/rz +cot2ﬂJD
s

. S
t S —cot _—
) co ,Bsm( r2+cot2,b’J . co ﬁcos{ r2+cot2ﬂ] j{ r Jk

\/r2+cot2ﬂ " Jr2+cot2ﬂ Jr2+cot2ﬂ

(vii) The torsion (twisting) of the strand will affect a rotation of the crosssectional pattern.
In fact the unit normal vector N turns toward the binormal vector B at the rate Tw , and the
fact that N and B are rigidly fixed at right angles, imply that B turns towaed — N at the
same rate. If this happened, the unit tangent vector T would be forced by rigidity into
turning in the direction —B, but T turns only in the direction N. Thus, the torsion of the
strand is given by (using dot product):

dB

ds

Tm=—N9§=i
ds

cot g
Trl4cot? g

The proof of Tw will be done.We know that

. S S
t e — t e
co ,Bsm[ — J co ,Bcos[ — J r

\/r2+cot2ﬂ ’ \/r2+cot2ﬁ ’\/r2+cot2,B

B(s)=

Therefore, we get
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cot S cos > ! cot #sin > !
dB \/r2+cot2ﬂ \/r2+cot2ﬂ \/r2+cot2ﬂ \/r2+cot2ﬂ 0

ds Jr2+cot? Jr+cot? B

S . S
t —— t —_—
) co ,Bcos( r2+cot2ﬂj co ﬂsm[ r2+cot2ﬂj O

r? +cot’ ’ r? +cot’ '
Since the normal vector field is

S : S
N =| —cos| ———=—— |, —sin| —————|,0
{ COS[«/r%cotzﬁJ Sm{«/r%cotzﬂl J

we have

S . S
—-N = —_ |, —|,0[.
[Co{dr%cotzﬂJ sm{«/r%cotzﬂj J

Therefore, we obtain

S : S
cot fcos?| ———=—— | cotBsin’| ———
- \ 9B L/rﬂcotzﬂ} Jr2+cot?
w=-N.—= +

"ds r? +cot’ S r? +cot® §
_cotp
r?+cot’ §

Furthermore, we calculate the circle of curvature (osculating circle) and the axis
curvature as follows.

(viii) Let m be the center of osculating circle of the strand [2]. We obtain
m=R(t)+p(t)N(t)

2 2
=(rcost, rsint,(cotﬂ)t)+w(—cost,—sint,o)

2 2 2 2
= {(r _ﬂJcost’(r_szint,cotﬁtj
r r

= [(—cortz ﬁjcost,[_cortz 'Bjsint,(cotﬁ)t}
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(ix) Let d, be the axis curvature of osculating circle of the strand. We obtain
dt(,u):m+,uB(t) , uelR

2 2 H
. nt - r
=(_cot B ost. - % ﬂsmt,(cotﬂ)t},u cot fsint_ —cot fcost
r r Jri+cot? B \Jrt+cot? B Jr?+cot? B

sint cot S cost

r
, —u——=E (cot Bt e |.
r \/r2+cot2ﬁ r w/errcotz,B ( ) «/r2+cot2ﬁ]

=(—C0t2'gcost+y cotfsint  cot’ f .

(x) Let 7/(«9) be the equation of osculating circle of the strand. We obtain

7(6)=R(t)+ p(t)N (t)+p(t)cos%(—N (t))+p(t)sin%T (t)
r’ +cot’ g

2 2
y OO0 S s - 0r2 (cost,sint,0)
r r-+cot” g

r’+cot’ ) . 0 1 .
J TS g — (—rsint,rcost,cot 3)
r re+cot” S ) \Jr? +cot® g

cot’ B [ r*+cot’ B
- + cos cost —[r? +cot’ A sin
[ r ( r r’ +cot? ,B g

2 2 2
[_cot ﬂ{r +cot? B cos j]

r r 2 4 cot?

’ 2 2
cotﬁ[t+ I +col ﬂ]sin( or ]
r

r’+cot’ g

y(8)=(rcost, rsint,(cotﬂ)t)+( j(—cost,—sint,o)

sint,
r’ +cot’ ﬁj

sint+4/r’ +cot” fsin| ———— |cost, |.
r’ +cot? ,B

That is
[ _cot?B (r*+cot’ g ~ .
7/(6’)—[( - +[ ; j (r oot Dcost «/r +cot? ﬂsm(r ool ﬂjsmt]l
_cot’ B (r’+cot’ B :
+[( . +[ j , +cot2 ]smtﬂ/r +cot? ﬁ’sm[r g ﬁ]cost]J

r
Jk
24+ cot’ B

J{cotﬁ(u “2 +rCOt2 P }s
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