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Abstract

Using the technique of differential subordination, we, here,
find the best dominant having parabolic image for an operator
which is a combined form of starlike and convex operators. As
special cases of our main results, we obtain the sufficient con-
ditions for parabolic starlike and uniformly convex functions.
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1 Introduction
Let A denote the class of all functions f analytic in E = {z : |2| < 1},

normalized by the conditions f(0) = f’(0) — 1 = 0. Therefore, Taylor’s series
expansion of f € A, is given by

f(z)=z+ Zakzk.
k=2

Let the functions f and g be analytic in E. We say that f is subordinate to
g written as f < ¢ in E, if there exists a Schwarz function ¢ in E (i.e. ¢ is
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regular in |z| < 1,¢(0) = 0 and |¢(z)| < |z| < 1) such that

f(2) = g(o(2)), |z| <1.

Let ® : C? x E — C be an analytic function, p an analytic function in E, with
(p(2),2p'(2);2) € C* x E for all z € E and h be univalent in E. Then the
function p is said to satisfy first order differential subordination if

O(p(2), 2p'(2); 2) < h(2), @(p(0),0;0) = h(0). (1)

A univalent function ¢ is called a dominant of the differential subordination
(1) if p(0) = ¢(0) and p < ¢ for all p satisfying (1). A dominant ¢ that satisfies
G < q for all dominants ¢ of (1), is said to be the best dominant of (1). The
best dominant is unique up to a rotation of E.

A function f € A is said to be parabolic starlike in E, if

SUAGAR |
f(2)

The class of parabolic starlike functions is denoted by Sp. A function f € A

is said to be uniformly convex in E, if

2f"(z)

Zf”(Z))
R (1 + >
f'(2) f'(2)
Let UCV denote the class of all such functions. Define the parabolic domain
) as under:

Q={u+iv:u>+(u—1)2+ 02}
Note that the conditions (2) and (3) are equivalent to the condition that

2f"(2)
f'(2)
Ronning [1] and Ma and Minda [6] showed that the function defined by

«a=1+%(m{}fj9)2 (@)

maps the unit disk E onto the parabolic domain €2. Therefore, the condition
(2) is equivalent to
(20

f(2)

,z € E. (2)

,z € E. (3)

2f'(2)
f(2)

and 1+

take values in the parabolic domain € respectively.

) < q(z),z €, (5)

and condition (3) is same as

Zf”(Z)
R <1+ 70) ) < q(2),z € E, (6)
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where q(z) is given by (4).
Irmak et al. [2] studied the class T)(«) consisting of functions f € A satisfying
the following condition

2f'(2) + A2 f"(2)
(1 =N f(2) + Xzf'(2)

and obtained certain conditions for f € A to be a member of class T)(«) and
consequently, they get some sufficient conditions for starlike and convex func-
tions. The work of Irmak et al. ([2], [3], [4]) is the main source of motivation
for the present paper.

<1+(1—-a)z,0<a<l,z€E,

2 Preliminaries

To prove our main results, we shall use the following lemma of Miller and
Mocanu ([5], p.132, Theorem 3.4h).

Lemma 2.1 Let ¢ be a univalent in E and let © and ® be analytic in
a domain D containing q(E), with ®(w) # 0, when w € ¢(E). Set Q(z) =
2¢'(2)®lq(2)], h(z) =Olq(2)] + Q(z) and suppose that either
(i) h is convez, or
(ii) Q is starlike.
In addition, assume that

oo p2h(2) _ 1 [€a()] | 2Q(2)
(4#) _éR Q(z) ?R ®q(2)] * 002) > 0.
If p is analytic in E, with p(0) = q(0), p(E) C D and

Olp(2)] + 20 (2)®[p(2)] < Olq(2)] + 2¢'(2)®[q(2)] = h(2),

then p < q, and q s the best dominant.

3 Main results

Theorem 3.1 If f € A, satisfies the differential subordination

2f(2) + A2 () 2f(2) + A2 ()
(EBESYIe) {5 ((1 NI+ Asz<z>) ot

N { (L4 2X)zf"(z) + f'(2) + A22f"(2) 2f'(z) + X2 f"(2) }]

f'(2) +Azf"(2) (1 =Nf(z) +Azf"(2)

sl 2 e ()Y e fon 2 (e (225)))
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dan/z | (1+\/E)7 7)

w2(1 - z) °8 1—+/z
wherea,ﬁ'y,)\ERsuchthata#O >0,2>0,0<A<1 then

O 2 (e (1)) e

Proof. Let us define the function # and ¢ as follows:
O(w) = Bw? + yw
and
o) = a.

Define the functions Q and h as follows:

Q(2) = 24'(2)9(q(2)) = azq'(2)
and
h(z) = 0(a(2)) + Q(2) = Be*(2) +a(2) + azd (2).
2f'(2) + A2 f"(2)
(1= f(2) + Azf'(2)’
1+ % (log (H‘[)) we obtain (7) reduces to

Further, select the functions p(z) = feAand q(z) =

1-z
Bp*(2) + 7p(2) + azp(2) < B¢°(2) +74(2) + azq'(2) = h(2). (8)
Now, /i Y
_ day/z o 14+ +/2
o) = Lo (12)

and

2Q'(2) _ 1+z N vz

Q(2) 2(1 = 2) (1—2)log Gi‘;)

2Q'(2)
Q(z)

It can easily be verified that R > 0 in E and hence Q is starlike in [E.

Also we have

-l 2 (2R} {2 (e ()]

s ()
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and

h(z) 142 vz 20 1+v2\\| ~
e B L (2
Using given conditions, we have Q/(;) 0

The proof, now, follows from (8) by the use of Lemma 2.1.
Theorem 3.2 If f € A, satisfies the differential subordination

S(EE ARG N (A6 + ) F ARG )+ AR )
"‘j(( NI () ))+{

(2) + Azf"(2) (1 =N f(2) +Azf'(2) )

f
: 4522 log ( 1
<ﬂ{1+;<1og<1+g>>}u;@gﬁ |

)
where « ﬁ,)\ERsuchthata#O > 0,0 < <1 then

3 () o

+ Az f'(z

%

zeE, (9)

%%

g

Proof. Let us define the function # and ¢ as follows:

O(w) = pw
and o
p(w) = o

Obviously, the function 6 and ¢ are analytic in domain D = C \ {0} and
¢(w) # 0 in D. Define the functions Q and h as follows:

and

h(z) = 0(q(2)) + Q(z) = Bq(z) +

2f'(z) + A2 f"(2)
(1 =A)f(2) +Azf'(2)’

1+ 2% (10g (}fﬁ)) , we obtain (9) reduces to

Further, select the functions p(z) = ,f€Aand q(z) =

9(e) + S < gty + 2 s, (10)
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Now,
dan/z 1+/z
7r2(1\£;) log <1—£>
Q) = 2 14v2) )2
1+2 (log (1_ﬁ>>
and
4/z 1+vz
2Q'(2) 14z vz T2(1—2) log (1—\/£>
— — < 5
QA2 - (1BE) 14 2 (1og (124))
2Q'(2)

It can easily be verified that R > 0 in E and hence Q is starlike in E.

Q(z)

Also we have

a V2 1++/2
2 1+v2\\’ i—[zlog(l_ﬁ)
hz) =531+ 5 (1os (T2 + e
2 ()
and
N 14z
zh (2) 1+ 2 Vz 2(1—2) log (1—\/2>

() > 0.

Q(z)
The proof, now, follows from (10) by the use of Lemma 2.1.

Using given conditions, we have R

4 Conditions for Parabolic Starlikeness

Setting A = 0 in Theorem 3.1 and Theorem 3.2, we respectively get the fol-
lowing results:

Corollary 4.1 If f € A, satisfies the differential subordination

=) <Zf/<Z))2+(a+v)Zf/(z)+O‘22f”(z) < {1 + % (109; <M>>2}2

f(2) fz)  f(7) -z

() () e
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where a, 3,7 € R such that a # 0,2 > 0,2 > 0 then

o (07

ZJ{(/S) - 1+% (log Gté))zz € E.

Corollary 4.2 If f € A, satisfies the differential subordination

(6~ a) (z}f(g)) +a (1+%) < 5{1+% (log Gf\\/f;)y}

ZJJ:(lg) - 1+% (log GJ_F:Z)Y’Z e E.

5 Conditions for Uniform Convexity

Setting A = 1 in Theorem 3.1 and Theorem 3.2, we respectively get the fol-
lowing results for uniform convexity:

Corollary 5.1 If f € A, satisfies the differential subordination

=0 (10 75) + (15 e (- T

2
2 1+v2\\ 2 1+v2) )’
1+— (1 1+ —= (1
o E (e () ] o (e (1
—4a\/5 log L+ vz ,z € E,
(1 — 2) 1—+/z
where o, 3,7 € R such that o # 0,§ > 0,2 >0 then
) L2 AN
1 1+ — (1 E.
+f’(z)< +7r2 og 1=z S
Corollary 5.2 If f € A, satisfies the differential subordination

) )

+

@-a) (14
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da VZ 1+/z
2 1+ /2 ? Fl—zlog<1f\/5)

< p 1+§ log 1=z + X 5,2 € K,
1+ % (log (Jé))

where a, B € R such that o # 0,2 > 0 then

«

1+ ZJ{ZS) < 1+% (1og<i\/f§>)2,ze]ﬂ

6 Open Problem

The sufficient conditions for parabolic starlikeness and uniform convexity of
normalized analytic functions have been obtained in terms of the combination
of starlike and convex operators. One may also investigate other combinations
of these differential operators for uniformly starlikeness and convexity of nor-
malized analytic functions.
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