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1 Introduction

This volume constitutes the proceedings of the second international Meeting on
Optimization Modelization and Approximation (MOMA’09). The conference
held at the Hassania School Public works (Ecole Hassania des Travaux Publics)
in Casablanca, Morocco during November 19-20-21, 2009.

The scope of this meeting covers a range of major topics in Numerical
Analysis, Optimization, also in Approximation and Engineering and related
disciplines, ranging from theoretical developments to industrial applications
and modeling of problems. It is intended that MOMA’2009 will provide a fo-
rum for moroccan and their foreigner colleagues, to discuss and exchange ideas,
methods and results in contemporary topics in mathematics and engineering.
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Abstract

The awareness on the supply chain management has never
been more essential, especially in such conjuncture as the eco-
nomic crisis. The companies have started hunting waste, and
optimizing their costs throughout all the process. Different
approaches are avatlable, but the centralized one is more in-
teresting.

The cost of coordination of operations is generally difficult to
quantify. Companies should test different options in terms of
transport costs and gains and classify according on the com-
plexity of coordination required. A manager can then make
the decision appropriate: it must then consider the close rela-
tionship between the storage and transportation. Indeed, it is
to find a satisfactory compromise between allowing stocks to
savings in transport or stocks generating low losses in terms of
transport relative to the quantities shipped. Under this thesis,
we focus the problem of optimization of the combined costs
stock and transport in a multi-product multi-level (multiple
levels of storage). The studies on the subject are often limited
to a level (a producer / supplier / retailer) and a deterministic
demand. For this research, we assume that there are several
items on each level of the chain and the demand for each of
them is probabilistic.

At first step, we are looking for optimize the cost stock in a
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multi-product one-level supply chain under a probabilistic de-
mand. For that, we choose to model the problem under the
Stochastic Model Predictive Control :

:L't+1 = A:L‘t +BUt +dt

with:

x;: the state function at time t

ug: control at time t

di: the disturbance at time t

The aim is to minimize the cost function under constraints on
a Finite horizon, assuming that the control is quadratic.

1 Introduction

With over 2000 industrial installations, model predictive control (MPC) is cur-
rently the most widely implemented advanced process control technology for
process plants (Qin and Badgwell, 1996). As is frequently the case, the idea of
MPC appears to have been proposed long before MPC came to the forefront
(Propoi, 1963; Rafal and Stevens, 1968; Nour-Eldin, 1971). Not unlike many
technical inventions, MPC was first implemented in industry under various
guises and names (see figure 1) long before a thorough understanding of its
theoretical properties was available. Academic interest in MPC started grow-
ing in the mid eighties, particularly after two workshops organized by Shell
(Prett and Morari, 1987; Prett et al., 1990). The understanding of MPC prop-
erties generated by pivotal academic investigations (Morari and Garcia, 1982;
Rawlings and Muske, 1993) has now built a strong conceptual and practical
framework for both practitioners and theoreticians. [3]

Company Product name Description
Aspen Tech DMC Dynamic Matrix Control
Adersa IDCOM Identification and Command
HIECON Hierarchical Constraint Control
PFC Predictive Functional Control
Honeywell Profimatics RMPCT Robust Model Predictive Control Technology
PCT Predictive Control Technology
Setpoint Inc. SMCA Setpoint Multivariable Control Architecture
IDCOM-M Multivariable
Treiber Controls OPC Optimum Predictive Control
Shell Global SMOC-II Shell Multivariable Optimizing Control
ABB 3dMPC
Pavillion Technologies Inc. PP Process Perfecter
Simulation Sciences Connoisseur Control and Identification Package

Figure 1: Industrial Technology
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Model Predictive Control (MPC) is recognized as the methodology of choice
for optimizing closed loop performance in the presence of constraints and/or
nonlinearity of multi-variable dynamical systems, and it is unique in providing
computationally tractable optimal control laws by solving constrained receding
horizon control problems online. Which why, MPC is widely used in (some)
industries, typically for systems with slow dynamics (chemical process plant,
supply chain, revenue management)

MPC applied MPC not yet applied

1]
}
)
\

Pulp & Paper

Number of MPC applications

Process nonlinearity

Figure 2: Industrial applications of model predictive control

The MPC is usually used in supply chain management, under constraints
like buffer limits and shipping capacities limits, based on approximations which
make the future values of disturbance exactly as predicted, thus no recourse
is available in the future. However, most real life applications are not only
subject to constraints but also involve multiplicative and /or additive stochastic
uncertainty. Earlier work tended to ignore information on the distribution of
model uncertainty, and as a result addressed control problems suboptimally
using robust MPC strategies that employ only information on bounds on the
uncertainty. Increasing demands for optimality in the presence of uncertainty
motivate the development and application of MPC that takes explicit account
of both omnipresent constraints and ubiquitous stochastic uncertainty [6] :
which is the main idea of the Stochastic Model Predictive Control.

In this paper, we study the application of the Stochastic Model Predic-
tive Control on a multi-product one-level Supply Chain to determine explicit
control policies. Our assumptions are that the system works in discrete time
under linear quadratic stochastic control.
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2 Optimal policy by Stochastic Model Predic-
tive Control

In general, we consider in a Stochastic Model Predictive Control, the linear
dynamical system, over finite time horizon as:

fL‘t+1:Al't+But+dt t:O,,T—l (1)

with :

xy € R, is the state of the system at time ¢,

u; € Ry, is the input at time ¢ (the control)

d; is the process noise (or exogenous input) at time t

In our case Supply chain management with stochastic demand- we con-
sider:

Figure 3: Example of a one-level Supply Chain

n nodes (warehouses/buffers); in the example at figure 3 n =5

m unidirectional links between nodes, external world; in the example m =9
x;(t) is amount of commodity at node i, in period ¢

u;(t) is amount of commodity transported along link j

d;(t) is amount of commodity demanded at node 7, in period ¢

We express the incoming and outgoing node incidence matrices on this

form: : )
in(outy | 1 ;link j enters (exits) node ¢
B o { 0 : otherwise (2)

Thus, the dynamics for this system could be expressed like:

ot +1) = 2(t) + B™u(t) — B u(t) + d(t) t=0,....,T—1 (3)
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Let be X; the state history up to time t, X; = (xo, ..., 1)
Then the expression of the causal state-feedback control:

Uy = q)t(Xt)
= ¢t(l'0,do,...,dt_1) tZO,,T—l
The function ®, : RETU" — R™ is the control policy at time t. It gives

the policy to use at the time ¢ to reach to the next state of the system: x;.4
Under these considerations , let now express the objective function:

T-1
J=E> l(r,u) + lr(zr) (4)
t=0
With:
ly - R,xR,, == R, t=0,...,T7 —1: is the convex stage cost functions at
time ¢

I : R, — R: convex terminal cost function. It’s normal that this function
depend only on the final state function, because at time 7" it will be no control.

For the constraints: v, € U, t =0,...,T — 1, we consider the convex input
constraint sets Uy, ... ,Upr_;

Thus the stochastic control problem is to choose control policies
dy, ..., Dy_; to minimize J, subject to the constraints

In our case, we explicit the stage cost functions like:

b, ue) = S(u(t) + W(x(t)) (5)

S(u(t)) : Shipping/transportation cost (can also include sales revenue or
manufacturing cost); wick depends of w(t) the amount of commodity trans-
ported
W (z(t)) : Warehousing/storage cost ; depending on the x(t) amount of com-
modity at warehouses

Regarding the constraints:
The buffer limits: 0 < x;(t) < Ty (could allow z;(¢) < 0, to represent back-
order)
The link capacities:0 < u;(t) < Umax
And A°*u(t) < z(t) (can not ship out what is not on hand)

We consider the problem as linear quadratic stochastic control: And we
assume: U; = R,

Zo, do,- . . ,dpr_1 are independent, with (to simplify the expressions)

Ezy=0, Ed; =0, Exgzl =3, Edidl = D,
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Then, we express the cost functions in their convex quadratic form :

lt(flft, 'U/t> = LU?QtI’t + U?Rtut, U)'lth@t Z 0, Rt >0 (6)
lr(xr) = 27Qrer, withQr >0 (7)

Let Vi(z;) be the optimal value of our objective (quadratic):
Vi(x,) = ol Py + qu t=0,...,T (8)
Using Bellman recursion: Pr = Qr,qr =0; fort =T —1,...,0, we get

Vi(z) = ir&f Qi+ v R+ E((Az 4+ Bv +dy) Py (Az + Bv +dy) + qi41)
(9)

And it works out to [7]
P,=A"P A— A"P,\B(B"P.y 1B+ R,) 'BTP A+ Q (10)

and
¢t = @1+ Tr(DiPriyy) (11)

which define all the variables to express Vi(z;)
And for the optimal policy, we found it as a linear state feedback:

P} = (z1) = Ky (12)

with :
K,=—(B"P, B+ R)'B"P A (13)

Finally, the expression of the optimal cost is :

J* = EVy(xo) (14)
= Tr(XR) +q (15)
= Tr(ZP) + S Tr(DPy 1) (16)

3 Conclusion

We proposed the Stochastic Model Predictive Control to optimize the costs of
storage and transportation in a multi-product, one-level supply chain under
uncertainty of the demand. This model is very sufficient in cases of control with
constraints and multi-variable dynamical systems, which could be interesting
on dealing with multi-level supply chain, as the constraints will be more, to
take into account the relation between every product on each level. We saw
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how the aim of the stochastic control problem is to choose the control policies
to minimize the objective function J, subject to the constraints of shippement
and storage limits. We also consider, the convex quadratic form to express the
cost functions.

The non-linearity of the problem will be expressed when the levels of the supply
chain will become multiples, which need more work on it.
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Abstract

Following C.B. Morrey we say that a function
f:R™ — RU{+o0} is quasi-convex if

| s De@)do> | 74y do = (meas(@) (4)
Q Q

for any bounded open subset Q) of R"™, for any A € R™ and for
any ¢ € Wol’k (Q,R™). In this paper, we study some properties
of the convex cone of the quasi-convex functions. FEspecially
we give definition and properties of reasonable tensorial prod-
ucts of two quasi-convex functions.

Keywords: Quasi-convexity, Young measure, Tensorial products.

1 Quasi-convexity, convexity, multiconvexity
and Legendre-Hadamard (L.-H.) condition.

1.1 Quasi-convexity.

Notations : Let n,p € N* .
L
If peR™ weset: p= : :

HYoph

Let © be a bounded open subset of R™. For ¢ = (¢!, ...,¢?) € (D(Q))P, we
set:
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Dyt (t) Dy'(t)
Vi = (t1,....,tn) € QCR™,  Dy(t) = : : 5
DyP(t) DypP(2)
where i
Vi€ (1,...,n),Vk € (1,....p) , D;o"(t) = w
j

Definition 1.1 Let n,p € N* and f € C°(R"). We will say that f is a
quasi-conver function, if :
for any (regular) bounded open subset Q) of R™, for any ¢ € (D(Q2))? and for
any p € R™ |

[t Dotna - [ syt =0 1)
Q Q
It can be easily proved that (1) is equivalent to
Ve € RY, / flp+eDg(t))dt — / f(p)dt > 0. (2)
Q Q

Now, let us suppose that f € C3*(R™) and that Q is a “regular” open set.
Then:
Ve e R, Vo € (D(R2))P, Vi € R™ and Vt € Q, we have

Flu+=De(0) - Flw) = e[Z 85;%]@1@]

+ 5393(907 1, t)

g? 0% f (1) l
— ————D,;" (t)Dr™ (t

As ¢! € D(), we get:

Of(n) _
/ﬂz o D, (t) dt = 0.

j’l

Let us denote by <;l the extension of Ac/pl from € to the whole space R™ obtained
by setting ¢!(t) = 0 if ¢t ¢ Q. Then ¢! € S(R").
For any 6 € S(R"), we denote by 6 its Fourier transform. We can prove easily

that:
/

> MDJSOZ(ODWW@)] dt =

l m
j.k,lm 8“]' oLt

e ——
—~— ——~—

/Rn [Z %mm)(%m) 90’(()90’”(()] e

J
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Let us suppose that f is quasi-convex. Then Yy € (D(Q))P , Vu € R™ |
Ve e Ry,

/Q S 2(f(u+ eDip(t)) — f(w)dt > 0

So, we deduce that : Vp € (D(Q))?,Vu € R™, Ve € R,

Q

Let :

k,l,m

/ [Z 54 Ouf aﬂk ()Dksom(t)]

Let us suppose that there exist ¢ € (D(Q2))? and p € R™ such that: F(p,u) <0,
Then there exists ¢ € R* such that F(p,u) +¢ Jo 03 (¢, w,t) dt < 0 which is
impossible.

Therefore, we deduce that Vo € (D(2))? and Vi € R | F(p,u) = 0 and
then :

Vo € (D(Q))? and Yu € R,

L[5 ot a0 o

Consequently
Vi € S(RY), VpeR™ /R LZ la mcgc Wi wm(c)] d¢ >0

Proposition 1.1 Ifp =1 orn =1, then any quasi-convex function is convex.

Proof If p =1, then ¢ = ¢ and

Vi € (D(Q)) and Yy €R", /[Z 5 M (1) Dot )] it > 0,

which is equivalent to

vy e S(R"), VueR", / [Z

2
S s G 1) ] a0,
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So, we deduce that:

V¢ = (G G Z

As f € C3(R"), D*f is a positive semi-definite matrix and f is convex on R".
If n =1, then D; = D and

auj 8/,(/]{; g] Ck =

dt > 0.

Ve @@y o vuer, [ [Z S D D" (1)

Which is equivalent to

Yy = (..., 0P) € (S(RM))P, VYueRP, / [ZW@H ()II]

Using a convenient 1, we conclude that f is convex, as done above. B

Proposition 1.2 Any quasi-convez function is multiconvex.

Proof (With above hypotheses and notations).
let us suppose that f is quasi-convex and that Vm, ™ = ¢!,
So, it can be proved easily that

"=t e®, Sl G 6

We deduce that f is convex for its first variable. By iteration we can prove
the above property for others variables. W

Proposition 1.3 A quasi-convez function is of Legendre-Hadamard (L-H)
type.

Proof (With above hypotheses and notations), let us suppose that :
Vi e {l,..,p}, V¢ eR™ () = plp(¢) where p € S(R") and p! € R. Then

82f<U) I m 9
=G G oo™ [p(Q)7] d¢ =0
/n L;m 3#3 ouy, F

We deduce (as f € C3(R™) ) that

2
V<Z(C17-~‘)CH)ERH7vQ:(le'-‘7Qp)€Rp7 Zaalfé ?mCJCk =
JkLm

So, f is of L-H type. ®
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2 Quasi-convexity and Young measure

2.1 Definition

Let U (resp. V ) be an open subset of a Banach space (E,||-||) (resp. (F, []).
Let ¢ be a mapping from Vinto U, ¢ € U” and f a mapping from U into a
vectorial space G.

Set p* = fop: VU =G

As:

Vfl,fz,f GU,\VO\ER,
O (fi + f2) = (i + f)op=(fi + f)lp)= (1)) +( f2)lp) =" (fi) +¢"( f2)
and " (Af) = (Af)op=(Af)e)=Af(p) =X ¢"(f)

*

©* is a linear mapping from G'Yinto GV.

m

2.2 Duality

We set: E= GV  and F=G"; E and F are linear spaces.
Let us denote by: Ef (resp. F? ) the algebraic dual of E (resp. F ) and (-, -)
(resp. (-,-)) the duality bracket between E and Ef (resp. F and F%). Then :

V! € FF . (fop,w?) = (¢ o f,u?) = (f1e" (W),

where p*(w") € Ef (as ¢7 is a linear mapping from E into F).

2.3 Examples

Example 2.1 Young measure
Let p be a positive measure onto V .
The mapping which associates to any v € F the scalar [, (y) du(y) is linear.

Hence, we can set: [, ¥(y) du(y) = (¢, 1) .
With the same notations as above, we have:

(o) = / (f o o)(y) duly) = / F(a) dv(z;0) = (£ " ().

where v is such that, for any measurable space B, v(B, 1) = p (Zol(B))

Example 2.2 Quasi-convex functions
Let n,p, k € N*, Q be a bounded open subset of R"™ and f a mapping from R™
nto R.
If u € (Wy*(Q))?, then: Du € (L*(Q))™ with: Du = (D;u)1<;j<n1<k<p-

If 0 € D(Q) and w € ), we denote by py the mapping which, at any t € €
associates w + DO(t) € R™ .
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(i) Let us suppose that f € CO(R™). Then:

vt € Q, [(eo(t)) = f(w+ D)) = ([, o)) »

where (-, -) is the duality bracket between C°(R™) and its topological dual,
0o s the Dirac measure at the point o € R,
Hence, we can identify 'o* and dw+po(r) and we can write:

/Q f(w+DO®)) dut) = (fop.p)=(g" o fop)
= (fle"(w) = f(@) dv(z; pp)

Rn®P

ii) Let Hi "P)) be the set of all hilbertian subspaces o "p),

ii) Let Hilb (C° (R be th f all hilb b fC% (R
(H, (-,-)) € Hilb(C°(R™)) and H the hilbertian kernel of (H,{,-)).
Then :

VEeQ, [flp,(t) = flw+ DO@E) = (f [ H(- w + DO(1))) -

So, we can identify '¢* and H(-,w + DO(t)).

3 Quasi-convexity and duality

3.1 Duality.
3.1.1 Definition

Let €2 be an open subset of R", n € N*.
Let us denote by (- | -) the canonical euclidean scalar product of R".
Let 6 € C'(Q) and the function 6, such that:

05(t) = (¢ | D O(t)) — 0(t)  where =D 0(t), te.

We shall say that 6f, is dual of 6 relatively to (2.
Below, we shall write §* instead of 65, .

Remark 3.1 (i) We point out that 0* is parametrically defined. More ex-

plicitly, we have:

a0
tt o= (,...,t,) , t;=D; 0(t) whereDjQZ%jzl,...,n
j

0 (1) = itj.z)j () — O(t), t = (t1, ..., t) € Q.
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(ii) In the definition of 6%, we could use, in place of the scalar product (- | -),
any duality bracket between R™ and its algebraic dual.
Now, let us suppose that: 6 € C*(2).

We set:
D.(6) 0% and D?* = (Dj)
7w ot; oty Rl
So :
dt* = (D*0(t))dt, or more explicitly :
dt; Dy0(t) ... Dy,0(t) dt,
dtr, Dp10(t) ... Dyn,0(t) dt.,

and :

(dtt AL ANdtE) = det ((D*0(t))(dt, A ... Adt,)
(dt}...dt;) = |det ((D?0(t))| (dty...dt,).

3.1.2 When Df is a diffeomorphism

Let us suppose that: 8 € C?(Q) and that the mapping from €2 into R” which as-
sociates to any t € Q, DO(t) be a Cl-diffeomorphism which maps the bounded
open subset 2 of R™ onto the open subset 0* of R".

Then: Vt € Q, D?0(t) is a square non singular matrix. But:

I B

' 1,... — = . = D0
KAREEEI RN AT =T
It can be proved easily that:
9 0
5 on t o 5
— = : = (D%(t) : = (D%0(t)
8tnj 815:”-
So,
00*(t*) ¢ [ 1 00*(tY)
= D

Dy 0(t) + (375, tj-Djn 0(t)) — Dy 0(t)
= ["(D*m)] s
Dy, 0(t) + (371 t5. Dy 0(t)) — Dy, 0(2)

= ["(D*)] " [ (D%0(t)] ¢
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Then: t; = D;0*(t*) where D} = 2,7 € {l,....,n}. We deduce, with
J
straightforward notations, that:

Vi € {1,....n}, dt;=> .[D;07(6°(t")] dt;  hence:
k=1

(At A Adty) = (i.m;k 0" (t*)] dt;;) Al A (an.[p;;k (0 ()] dt;;)

— det: [ 1 (D267(t)] (dt; A ... A dt;;):
det [ (D*0*(t*))] (dtj A ... Adt})

And we deduce that: det [ D*26*(t*)] = (det [ D?0(¢)]) "

3.2 Young measure and duality

With the same hypotheses as above, let f € C°(R™) and g € C°(R").

We set: @p = DO and ¢ o f = f o y; ¢y is a mapping from € into 2*

We know that ¢} is a linear mapping from R®" into R and that ¢} is a linear
mapping from the dual of R® into the dual of R®". Then:

/Q (fo wo)(t)-glt) dt = / (050 1)(8)-g(t) dt = (g5(F),g) = (. gig)

But,
/Q(f(DQ(t))(t)-g(t) dt = . F(t7) |det| (D™20"(t")).g((DO)~(67)) dt*
= | F(#) |det] (D260 (£)). [((DO))*g)(t*)] dt*

So,
toh = |det| (D*26%(£")).((DB)™1)F  where (D))" = (p)"

3.3 An application. The general case

We suppose, as above, that €2 is a bounded open subset of R".
Let 6 be a C?>mapping from Q into RP, which associates to any t € £,
(01(t),...,0°(t)) € RP.
Then:
DO = (D;6")1<jcn 1<hep,

) )

Let us suppose that for any [ € {1,...,p}, D@ is a C'-diffeomorphism which
maps {2 onto 2] . Then:

vieQ ,Vie{l,...,p}, (D3 6')(t)isanon singular (nxn) matrix
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Let (6)* be the dual function of #' such that

Yt o= (t,.. ) €Q, = DO (09)7(8) = (t| DO'(L)) — 0'(1)
where t] = (t{,...,t,) €R", 1€ {l,...,p}.

From the above hypotheses, we deduce that

Vi € {1,...,p},t=D*((6")*(t;) or more explicitly :
Vi e {1,....p} \Vje{l,....n}, t; = Di((¢")*(t;) and
Vi e {1,....p},(dtjy Ao ndt,) = [det (D?0'(t)] (dty A ... Adty)

So:

Vi€ {1,...,p}, (At A Adt,) = [det (D20(1)] 7 (dtfy AL AdE,)
— [det (D*2<el)*(t7)] (5 A A, )

We remark that:

Vkie {L...p}, VteQ, t=(D(%))(t}) = (D*(8)")(t)),
ty € Qp, ty €8

Hence: t; = (D*(6%)*)~1.(D*(6")*)(t;) = ¢ (t7). Moreover, we have:

* *
t].]. ... tlTL

VieQ, DO(t)= =t

ot
Hence, for any [ € {1,...,p}, there exists a matrix M; such that:
t* = M; (t]).

Now, let @ € R™ and f : R — R = RU {+00} .
We set, when the following integral is defined:

I(f;G;Q):/f(aJrD@(t)) dt:/f(a1+D91(t),...,ap+D9p(t)) ity .. dt,
Q Q
Then:

10536, = | fla+ M (1)) [det (D@ (&) dti, .. dt,,

Ql
_ /Qf(al+<1(t7),...,ap+gp<t7)) [det (D70 ()] ati, .,
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4 The cone Ff?b’p and its dual

4.1 Definition

Let k,n,p € N*. We shall say that f € C°(R™) is a quasi-convex function of
order k, if:

For any bounded subset €2 of R" . for any pu € R" and for any ¢ € (Wol’k)l’,
[+ Do) = )t > 0

We shall denote by ng, the set of all quasi-convex functions of order £ .

k

np 18 a convex cone contained in CO(R™) .

Proposition 4.1 T’

4.2 The cone G,’j’p dual of Ffl)p

Let BV(R") be the linear space of real functions on R™ with (normalized)
bounded variation. BV (R") is the topological dual of C° (R"?).

Let (-,-) the duality bracket between C° (R") and BV (R"™).

Then f € Fflyp if and only if:

For any bounded subset 2 of R", for any p € R" and for any ¢ € (T/VO1 ’k)p ,

/Q<f7 5M+Dap(t) - 6,LL> dt = 0,

where 4, is the Dirac measure at w ; 9, € BV (R").
Now, let us suppose that

/ <f’ OptDep(t) — 5u> dt = <f>/(5u+Ds0(t) — 6p) dt>
Q Q

We set:
Gy = {/Q((S“Dw(t) —3,) dt; n €R™, Q € Oy(R™), ¢ € (W&”“)P}

where O,(R") is the set of all bounded open subset of R™ .
Definition 4.1 Let A € C° (R"?). The set:
A’ ={p € BV(R™) ;Vaec A, (a,B) >0}

is called the polar of A relatively to the duality between C°(R™) and BV(R™)
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From this definition, we deduce that
k. _ k o
Fn,p - (Gn,p ) .

If B € BV(R™), we denote by B°® the polar of B relatively to the duality
between C°(R") and BV(R™) such that

B°={ae C"(R™);VB€B, (a,8) = 0}.

Then
k \o k 00 — vk
(Inp)” = (Gh, )" =7c0(Gy ),

where ¢o denotes the weakly (and strongly ) closed convex hull in BV(R").

4.3 A special case
Let (H, (- | -)) € Hilb(C°(R™)) and H its hilbertian kernel. We set

ek k
e =I,,NH
Then: f € l:fz; if and only if
VQ € O,R") ,VueR™ VYpe (Wyky

/Q (f | H(.p+ Do(t)) — H(-pm)) dt >0
We set
Cho = {/sz(H("” + De(t) — H(, ) dt} L Q€ OYR™),p € R™, o € (W)

With the same above hypotheses and notations, we have

—_— —~~—0 —_—

[hp=(Gry) et (T5,) = (Gy,) =ca(Gy,),

where ¢o denotes the weakly (and strongly ) closed convex envelop in the
topological dual of (H, (- | -)) that we shall identify to (H, (- | -)) .

5 Tensorial products of quasi-convex
functions

5.1 Introduction.

If © is a bounded open subset of R, n € N*, we shall denote by C°( Q) the
linear space of continuous function on €.
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Let ni, € N* and 2, be an open subset of R™, k=1, 2.

In the theory of topological tensorial products (T.T.P.), it is proved that if &
is the inductive tensorial norm, the completion of C°(Q;) ® C°(€),), embedded
with the norm e can be identified to the linear space C°(Qy x ).

If A is a subset of R", n € N* we denote, in the following, by F(A), any locally
convex space of functions on A .

Let Aj be a subset of R™ | k =1,2.

We suppose that there exists a reasonable tensorial norm v on E(A4;) ® E(A,)
such that the completion of F(A;) ® E(As) embedded with the norm ~ and
denoted by E(A;) 7 E(As) can be identified to F(A; X Ay). Then

Vhe B(A1x Ay), h=>Y (fi®g) , ;€ E(A) , g; € BE(Ay),

where

Z(fj ® g;) is convergent to h in E(A;) 7 E(A2),

J

and

Vs€ Ay, Vte Ay | h(s,t) =Y (fi(s).g;(t)).

J

Now, let k,l,p,q € N*, U (resp. V) an open subset of R? (resp. R?) , and x
(resp. y) a mapping from U into R* (resp. V into R!) .

If e E@U))7EYyV) =EwxU)xyV))
h € Z(fj ®g;) where f; € E(x(U)) , g; € E(y(V))

Then
vj, / / @)l u0) dsdt = / / (B g5(ute) ds
— / (f;(x(s)) ds).( /V 4;(y(1)) db)

when the above integrals are defined.

We deduce that

//vah (z(s),y(t)) detZZ(/U(fj(x(s)) ds).(/vgj(y(t)) dt)

J

We set, below

// h (z(s),y(t)) dsdt = I(h ;z,y ;U V)
UxV
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5.2 Tensorial products
5.2.1 Definition
Let k,l,p,q € N*, U (resp. V) an open subset of R? (resp. R?) ,
r € CY(U;RP) and yecCYV ;R
Then : Dz eC’(U;R") and Dy CV ; RY)
Let:
f €CYR*) and g e C°(RY)
It can be proved easily that:
Ya e R | V3 e R4,
I(f®g; a+ Dz, B+Dy ; UV)2 I(f®g; a,p; UYV)
More generally, let
h € Y (fi®g) with f;€C'(R")and g; € C°(R")
J
such that h € C°(R*) & C°( RY) = C°(R* x RY)
If for any j, f; and g; are quasi-convex and positive, we have:

VaeR"™ | VBERY | [(h; a+Dx,B+Dy ; UV)> I(h; a,B; UV)

Then, we shall say, that h is tensorially convex (positive) function on U x V.
Let E; be a locally convex space, EJh its topological dual and (-, -) i the duality

bracket between E; and E]u-, Jj=1,2.

Let v be a reasonable tensorial norm.

Let us denote by E; v Es the linear space Fy ® E5 embedded with the norm
~v and by F; 7 Es, its completion.

Let n;,pj, k; €e N* | j =1,2.

Let us suppose that: Ffl’]'.,pj CE;,j=1,2 Then:

Iy @Ik

ni,p1 n,p2

C E1 (%9 E2 and

(heTh @I ) (h= Y (f;®g) where f;eTh = and g el}2,)

j€J finite
ki o Tk k k - %
Let us denote by (It , 7 I72,) the closure of (I';t | @ I72)) in Ey 7 E.

k1
n1,p1

Fﬁllypl ~ Fﬁ?pz is the set of tensorial ~y-products of quasi-convex functions

. . k1 ko
contained in I'? | and T2 .

It can be proved easily that I" ~ F’ffm is a convex cone; then, we say that
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Let us denote by 7% (resp. v*#) the dual (resp. bidual) tensorial norm of 7.

Generally (7)f # 7.

Let (-,-) the canonical duality bracket between E' A% ES and Ey 5 E,.

We denote by (-) (resp. (-); , (-)% ) the polarity relatively to the duality
bracket <'7 '>1 (resp. <'7 '>2 et <'7 >
So we set:

— 0 — 0 ~ 0
k k k ks \O k k
Fnll,pl ,yhh Fn?m - ((Fnll,ZH) ,yh (Fn?pz) ) - (G\;”llplfyIq G”?P2>®
®

Example 5.1 Let np € N* and Qi an open subset of R™, k= 1,2.
Let us suppose that: Ey = C°(Q,),k = 1,2. We can consider:

®)

(Tkv 2T% ) the closure of (T~ @ Tk

n1,p1 n,p2 ni,p1 n,pg)

m CO(Ql) gCO(QQ> = CO(Ql XQQ)
and

k Tk
(T et )

n1,p1

ni,p1

(le E fom) which is contained in BV () &l BV(Qy)
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Abstract

In this paper, we want to estimate the pollution term in
the Petrowski system of incomplete data. For this aim we use
the notion of Sentinels introduced by J.L.Lions, which is a
linear functional sensitive to some parameters we are trying
to evaluate, and insensitive to others which do mnot interest
us. We show that establishing the existence of such sentinels
is reduced to the solution of a null-controllability problem with
constraint on the control.

Keywords: Null-Controllability, Control optimal, Petrowsky system, Dis-
tributed Sentinel.

1 Introduction

Let © be a bounded open in RV with sufficiently smooth boundary I', w is a
nonempty subdomain of Q. For a fixed time T' > 0, we define by Q = Q2 x]0,T7[,
>.=Ix]0,T[,>,=T¢x]0,T[ and >, =Ty x]0,T[ where I'y and I'; are a
non empty open subset of I' with ' N I'; = ¢.
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We consider here the Petrowsky system where initial conditions and some
boundary conditions are not well determined in general ( boundary conditions
are known only on one part of the boundary). This problem can be formulated
as follows:

0? .
S AW =0 Q M
where f: R — R is a nonlinear C'' function.

We add to (1) the initial conditions

y(0) =yo + 1% in Q, (2)
y(0) =y +71y1  in Q,
and the boundary conditions

go+Ago on X,
y=1q g1+T7g on ¥, (3)
0 on E/ (EOUEl),

where 19,91, g0 and ¢, are given, but the terms 7oy, 7191, 291 and \gy are
unknown functions. The parameters A\ and 7 = (79, 71, 72) are reals numbers
chosen sufficiently small.

The term (7oYo, 141, T2g1) design the missing data and Agy the pollution
term. We also use the notation y° for the solution of the problem (1) — (3)
when A=0and 7=0:

4 aZyO )
Gz TAW ) =0 in Q,
y(0) = 5o in Q,
y”(0) = u in €, (4)
9o on 207
Z/O = g1 on X,
\ 0 on E/ (EO U El)

The aim of this work is to obtain information on the pollution term \g,
not affected by missing term.

There are two possible approches to this problem, one is more classical and
uses the least square method (see G.Chavent [02]), but the problem in this
method that the pollution and the missing terms play the same role, so we can
not separate them.

The other is the sentinel method introduced by J.L.Lions [06] which is used
to study systems of incomplete data.

The notion permits to distinguish and to analyse two types of incomplete
data, the pollution term and the missing terms.

So we show that this functional can be associated to our system and allows
to characterize the pollution term.
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2 Problem Formulations

The Lions sentinel is a linear functional sensitive to certain parameters we are
trying to evaluate, and insensitive to others which do not interest us, it lies on
three considerations:
- A state equation represented here by (1) and where the solution
?]()\7 T) = y(% t? )‘7 T) - y(‘ra tu /\7 70, T1, 7—2)7

depends on two parameters A and 7.
- An observation

YA, T) = Yops, on O x10,T], (5)

of the state solution y(\,7) on a non empty open subset O C 2 called obser-
vatory, during the interval |0, 77.

- A function S associated to the function

h e L*(0 x 10, TY), (6)
and to a control function
u € L*(w x]0,T) (7)
is defined by
S\, 1) = / hy(z,t, A\, 7)dxdt + / uy(x, t, \, 7)dzdt, (8)
0x]0,T7 wx]0,T[
we can write
SO = [ (g + wn)y(h 7, (9)
Qx]0,77

where x, and Y, are the characteristic functions for the open sets O and w
respectively such that ON w # ¢ [11]. We given now some definitions

Definition 2.1 S is said insensitive respect to the data T if the following
condition is satisfied:

N I (10)
or A=0,7=0
e 03 oS as
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Definition 2.2 S is said a sentinel defined by h if S satisfies to definition
1 and the control u € L*(w x |0,T[) satisfies:

el 20y = mi o] (11)

=0;.
A=0,7=0

Remark 2.3 Condition (10) express insensitivity of S with respect to small
variations of T and assume the existence of the derivative.

T

where U = {w € L*(w x ]0,T[), such that Z—S(/\,T)

3 The equivalent controllability problem

Here it will be show that the existence of such control function satisfying (10)
and (11), is equivalent to the null controllability property for a system with
constrained control.

We write the derivatives of y at (0,0) with respect to 7 as:

0
U =g Y((A, T)r=0,7=0 With 7 = (79,7, 72) and ¢ =0, 1,2 (12)
Ti

where ¥, is the solution of

aQyTO 2 1(,,0 :
W—l—ﬁym—l-f(y)ym:() in @,
Yr(0) =0 in €, (13)
Y, (0) = 0 in 0,
Yr, =0 on Y,
Y-, is the solution of
0%y, .
8721 + A2y71 + f’(yo)yﬁ =0 in Q,
yrn(0) =0 in £, (14)
y;'l (0) = @\1 n Q?
yTl = 0 on Zv
and y,, is the solution of
( 0%y, .
W + A2y7'2 + f/(yo)yrz =0 in Q7
Y (0) =0 in Q,
2, (0) = 0 in Q, (15)
Yy = { gion >,
’ Oon >3/>

\

where f’(y°) is the derivative of the function f at the solution y°.
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Remark 3.1 It is important to observe that if f has smooth reqularity,
insensitivity condition (10) becomes:

(hxo + uxw)y-dzdt = 0. (16)
Qx]0,7[

In order to transform the equation (16), we introduce now the classical
adjoint state.

Theorem 3.2 Let g be the solution to the following backward problem:

o? .

a—tg + AN%q+ f'(y%)qg = (hxo +ux.) in Q,

o(T) = ¢(T) =0 in 9, (17)
=0 in oy,

Then the existence of a distributed sentinel insensitive to the missing data is
equivalent to the null-controllability problem with:

dq
/ . _ . —
q(O)—q(O)—OmQ,a—Oon E ) (18)
: : : Jdq . o :
where v is the unit extertor normal to I, Em is the derivative of q with respect
v

to the normal v.

Proof Multiplying both members of the differential equation in (17) by v,
and integrating by parts over ), we obtain:

- [ @0+ d o) o+ [ (G -5 ) as

= / (hxo + uxw)y-dzdt.
Qx]0,7[

for more detail,
for 7 = 719, we obtain

/ {(W)(0)odz =0, iy —> ¢(0) =0
Q

for 7 = 71, we obtain

[aw©mde=0. vii — 40 =0
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for 7 = 1, we obtain

oq . N 0
—q91d21 =0, Vg1 = Y _ o on ]
ov ov

1

Thus, condition (10) holds if and only if we have (18) which is a null control-
lability problem. ®

4 Characterization of optimal control

The existence of the sentinel insensitive to the missing terms is equivalent to

the null controllability which is equivalent to the existence of a unique pair

(w, q) such that we have (17) and (18), so, we are interested in the problem of
optimal control:

min ||w 19

Jmin ol (19)

with

M = {(w, q) such that we have (17) and (18)}.
Let us introduce p by

0%p 2 1(,0 :
@4'& p+f(W)p=hx, inQ,
p(T) =p/(T) =0 in 0, (20)
p=0 on Y,
and let us define z = z(u) the solution of
2
% + A%+ f'(y°)z2 =uy, in Q,
AT) = 2(T) =0 in Q, (21)
z2=0 on Y.,
Then
g=p+z=p+z(u).
We want to find u such that
z2(0;u) = —p(0),
Z(0;u) = —p'(0),
0z dp (22)
—=-—--—ony,.

ov ov
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We define p as the solution of

Pp s .
@‘FAPJFJC(?/) =0 in@, ’s
p0)=p", pO)=p' i Q (23)
p=0 on »,
where {p°, p'} is not determined. Let z is the solution of the system
82
%‘FAQZ‘FJU( y))z=px, in Q,
AT)= #(T)=0 in Q,, (24)
z2=0 on Y. .
We introduce a linear operator A and ¥ by
AP o'y = {=2(0), 2(0)}, (25)
h = {-p'(0), p(0)},
we obtain
Mp%, p'} = —Wh. (26)
Multiplying (24) by {p", p'} and integrating by parts, we obtain
(Mp% 0" A0 0') = / pddt. (27)
Qx]0,7
Let as now set
1/2
[ o= | [ odear| (28)

Qx10,T[

We define in this way a norm on the space of the functions {p°, p'}, where
the Hilbert space F' is the completion of smooth functions for the norm (28).
Then if F’ denotes the dual of F, we have

A : F — F’ is an isomorphism,

and
(Uh,{p° p'}) = / h.pdxdt. (29)
Qx]0,T7

Then the equation (26) has an unique solution given by

{0} = —AT0h, (30)
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we get
u=p,, =VAVh, (31)

then the sentinel is given by

S(\T) = / (h — WA~ Uh)y(z,t, \, 7)dxdt

Qx]0,7

4.1 Estimation of the pollution term

To show how the sentinel defined above permits to estimate the pollution
term, we consider y,,s be the measured state of the system on the observatory
O during the interval [0,7T], then the measured sentinel associate to y,ps is
given by :

Sobs (A, T) = / (hxo + ux,)Yobs(z, t, A, T)dzdt. (32)
Qx0T

Theorem 4.1 The pollution term is identified as follows:

@(h)AOdZO = Sops (A, 7) — 5 (0,0). (33)
PO 6V
Proof We have
oS
Sops (A, 7) =5(0,0) + A—— (\, 73) +0(\7); (34)
a>\ A=0,7=0
with
oS
) A\, 7) = / (hyo + Wy, )yrdadt (35)
Qx1[0,7]
where y, is the solution of
( aZy/\ 2 1.0 :
BT + A%y + f'(y°)ya =0 in Q,
ya(0) = 0 in Q,
¥,(0) = 0 in Q, (36)
Y = { go on Y,
\ 0 on Z/Zo
and
oS
A— (A7) = Sops (A, 7) — 5 (0,0). (37)
a)\ A=0,7=0
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Let ¢ be the solution of (17), multiplying (15) par ¢, it follows that

a5 dg,
o (0,0) = g a—z(h)godZo (38)
hence
aq, .
/ a(h) 0dX0 = Sops (A, 7) — S (0,0). m
3o
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Abstract

Nanofluids are considered to offer important advantages
over conventional heat transfer fluids. A model is developed
to analyze the behaviour of nanofluids taking into account the
solid fraction x. The Nawvier-Stokes equations are solved nu-
merically with ADI method. Copper-water nanofluid is used
with Pr = 6.2 and solid volume fraction x is varied as 0.0%, 5%, 10%, 15%
and 20%.

Keywords: numerical study, Nanofluids, solid volume fraction, convective
heat transfer.

1 Introduction

Buoyancy induced flow and heat transfer is an important phenomenon in en-
gineering systems due to its wide applications in electronic cooling, heat ex-
changers, double pane windows etc. Enhancement of heat transfer in these
systems is an essential topic from an energy saving perspective. The low ther-
mal conductivity of convectional heat transfer fluids such as water and oils
is a primary limitation in enhancing the performance and the compactness of
such systems. Nanotechnology has been widely used in industry since materi-
als with sizes of nanometers possess unique physical and chemical properties.
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C specific heat at constant pressure p dynamic viscosity
f gravitational acceleration vector v kinematic viscosity
Gr Grashof number, % w vorticity

H cavity height p density

k thermal conductivity Y stream function

L cavity width X solid volume fraction
Nu average Nusselt number Subscripts

Pr Prandt] number, Z—’; c cold

t time eff effective

T temperature f fluid

U,V velocity components h hot

T,y cartesian coordinates nf nanofluid

Greek symbols s solid

Q thermal diffusivity Superscripts

6] thermal expansion coefficient * dimensional term

Table 1: Nomenclature

Nano-scale particle added fluids are called as nanofluid. Yang and al.[1] con-
clude experimentally that the type of nanoparticles, particle loading, base fluid
chemistry, and process temperature are all important factors to be considered
while developing nanofluids for high heat transfer coefficients. Experimental
work by Wen and al.[2] investigate into convective heat transfer of nanofluids
at the entrance region under laminar flow conditions. Some numerical studies
on nanofluids include thermal conductivity[3]. Studies on natural convection
using nanofluids are very limited and they are related with differentially heated
enclosures. Khanafer and al.[4] tested different models for nanofluid density,
viscosity and thermal expansion coefficients.

In the present work, we simulate the flow features of nanofluids for a range of
solid volume fraction Y.

2 Problem Formulations

The problem considered is a two-dimensional heat transfer in a square cavity
(fig.1). The vertical walls are differentially heated, the left is maintained at
hot condition (7}) when the right one is cold (7;.). The horizontal walls are
assumed to be insulated, non conducting and impermeable to mass transfer.
The nanofluid in the enclosure is Newtonian, incompressible and laminar. The
nanoparticles are assumed to have a uniform shape and size.

Moreover, it is assumed that both the fluid phase and nanoparticles are
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in thermal equilibrium state and they flow at the same velocity. The ther-
mophysical properties (Tablel) of the nanofluid are assumed to be constant
except for the density variation in the buoyancy force, which is based on the
Boussinesq approximation.

N lg

Tu | H Tc

A
A 4

v X

Figure 1: Schematic for the physical model.

Property Fluid phase(water) Solid phase(copper)
C,(JkgK) 4179 383

p(kg/m?)  997.1 8954

k(W/mK) 2.1 x10™* 1.67 x 107°

Table 2: Thermophysical properties of different phases

Under the assumption of constant thermal properties, the Navier-Stokes
equation for an unsteady, incompressible, two-dimensional flow are:

e Continuity equation:

ou*  ov*
+ =0, 1
ox* oy* 1)
e r-momentum equation:
ou* ou* ou* 1 Op* orr  OPut Ot
+u” +Ut— =— b Heff s tom) (2
ot* ox* oy* Pnfo Ox* Pnfo OT* oy~
e y-momentum equation:
o ov* ov* 1 Ip*  pepp 0% 0%t
- + v =— = + +
o Vo T dy* Puf0 OY*  pupo 02 " dy*? )
Xps08s + (1= x)proBrlg(T — Te) (3)

Pnf,0
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e Energy equation:

ort | T T (62T* +82T*) n
ot are U gy T M\ T gy

where
g = el
(Pcp)nfﬂ

The effective viscosity of fluid containing a dilute suspension of small rigid
spherical particles is given by Brinkman[5] as

My
hopy = — (5)
ST
The effective density of the nanofluid at reference temperature is

pugo = (1= X)pso + Xpso (6)

and the heat capacitance of nanofluid is

(PCp)ngo = (1 = X)(pCp)s0 + x(PCp)s0 (7)

The effective thermal conductivity of fluid can be determined by Maxwell-
Garnett’s (MG model) self-consistent approximation model. For the two-
component entity of spherical-particle suspension,the MG model gives

kepr _ (ks +2ky) — 2x(ky — k) (8)
ke (ks + 2kg) + x (ks — k)

The above equations can be converted to non-dimensional form, using the
following dimensionless parameters:
* *

— z - —u — v - D — I"-T.
:C_Hay_Hau_VO7U_VO?p—(pV02)7T_ AT
3
where AT =T, —T, , Gr:%, Pr::—J;
!

The governing equations can be writing in dimensionless form as follows:

e Continuity equation:

@ ov
or Oy

e z-momentum equation:

%—Fu% +U@ ap+(@ +@)
ot ox Ay ox ox?  Oy?
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e y-momentum equation:

ov v v ap v v [xpsBs + (1= X)psBs] Puso Vi
o o Moy = oy Mo o)t B 2 ot

(11)

e Fnergy equation:

orT orT or 1 0*T  0°T

ot —l—u% +Ua_y ~ Prny 022 +8y2 )

(12)
where Pr,,; = %

Boundary conditions are:
eforr=0and 0<y<l,u=v=0and T =1,
eforr=1land0<y<l,u=v=0and T =0,

ofory:OoryzlandOng1,u:v:‘?)—§:0.

The governing equations for the present study taking into the account the
above mentioned assumptions are written in dimensionless form as:

e Kinematics equation
0% 0% B

@ +a—y2——w (13)

e Vorticity equation

2 2 s + 1 _ " 2 T
a_w+ua_w _H)a_w :(8w+8w)+[xp6 ( X)prﬂf] Pnfo Vy Gra
ot Oz Oy dz? — Oy? Br tzry Ox

(14)

e Energy equation

8_T+8_T or 1 82T+02T)
ot ox U@y ~ Pr,; Ox? Oy?

(15)

The Nusselt number of the nanofluids is expected to depend on a number
of factors such as thermal conductivity and heat capacitance of both the pure
fluid and the ultrafine particles, the volume fraction of the suspended particles,
the flow structure and the viscosity of the nanofluid. The local variation of
the Nusselt number of the nanofluid can be expressed as

ke fr oT

Nu = T (16)
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Ra/Nu present Khanafer Tiwari De Vahl Davis b’T“ x 100
work(a) and al.[4] and al.[7] [8](b)

10° 1.042 1.118 1.087 1.118 6.79

10 2.024 2.245 2.197 2.243 9.76

10° 4.520 4.522 4.450 4.519 0.02

10° 8.978 8.826 8.803 8.799 2.03%

Table 3: Comparison of laminar solution with previous works

3 Numerical method

The governing equations are solved numerically by ADI method (Alternating
Direct Implicit).

The developed numerical code is validated (Table2) for natural convection
heat transfer by comparing the results a laminar heat transfer in a square
cavity with air for Rayleigh numbers between 103 and 10°.

The natural convection problem in a differentially heated square enclosure
using nanofluids has been solved and compared the results with those of Santra
and Sen [6] and Tiwari and Das [7] (fig.2). A very good agreement has been
obtained.

12

......
..........

= present work Gr=10°
B Santraand Sen Gr=10°
===-Tiwariand al. Gr=10°
= =present work Gr=10*
A Santraand Sen Gr=10*
------- Tiwari and al. Gr=10*

0 0,05 01 0,15 0,2 0,25
X

Figure 2: Validation of the present code with the results of Santra and Sen [6]
and Tiwari and Das [7].

The grid independence test is performed using successively sized grids,
31 x 31, 41 x 41, 61 x 61 and 81 x 81 for Gr = 10°, Pr = 6.2 and y = 5%.
Uniform grid has been used for all the computations. The distribution of
the w-velocity in the vertical mid-plane and temperature and v-velocity in the
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horizontal mid-plane are shown in fig.3. It is observed that the curves overlap
with each other for 61 x 61 and 81 x 81. So a grid number of 61 x 61 is chosen
for further computation.

1
e 31x31

------- 41x41
0.8 \ *

’ - -- B1x61 |
— ——81x81
0.6
0,4

Temperature

()
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)|
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=}
e
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----61x61 -
— — —81x81
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Figure 3: Temperature and velocity profiles at mid-sections of the cavity for
various mesh sizes (Gr = 10°, Pr = 6.2 and x = 5%).

4 Discussion

The numerical code developed in the present investigation is used to carry
out a number of simulations for a wide range of controlling parameters such
as Grashof number and the volume fraction of particles. A comparison of the
temperature and the velocity profiles is conducted inside a thermal cavity with
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isothermal vertical walls at various Grashof numbers and volume fractions as
shown in fig.4. This figure shows that the nanofluid behaves like a fluid and
it illustrates the effect of Grashof number and the volume fraction on the
temperature and the velocity profiles at the mid-sections of the cavity for
water with a Prandtl number of 6.2.

The numerical results of the present study indicate that the heat trans-
fer feature of a nanofluid increases remarkably with the volume fraction of
nanoparticles. As the volume fraction increases, irregular and random move-
ments of particles increases energy exchange rates in the fluid and consequently
enhances the thermal dispersion in the flow of nanofluid.

Temperature

] 0.2 0.4 0.6 0.8 1

IN
Q

N
o

v-velocity
o

N
o

5
o

u-velocity

Figure 4: Comparison of the temperature and velocity profiles between
nanofluid and pure fluid for various Grashof numbers (Pr = 6.2, y = 10%

and 20%).

The effect of the volume fraction on the streamlines and isotherms of
nanofluid for various Grashof numbers is shown in figs.5 and 6. They show
that the intensity of the streamlines increase with an increase in the volume
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fraction as a result of high-energy transport through the flow associated with
the irregular motion of the ultrafine particles.

The isotherms show that the vertical stratification of isotherms breaks down
with an increase in the volume fraction for higher Grashof numbers. This is
due to a number of effects such as gravity, Brownian motion.

Figure 5: Streamlines contours and isotherms at various volume fractions
(Gr =10% and Pr = 6.2).

Figure 6: Streamlines contours and isotherms at various volume fractions
(Gr =10° and Pr = 6.2).
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5 Conclusion

Heat transfer enhancement in a two-dimensional enclosure is studied numer-
ically for a range of Grashof numbers and volume fractions. The present re-
sults illustrate that the suspended nanoparticles substantially increase the heat
transfer rate with an increase in the nanoparticles volume fraction and at any
given Grashof number.

This study shows that the results obtained by ADI numerical method have
a good agreement with those obtained experimentally and numerically (finite
volume method).
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Abstract

The present paper deals with the problem of the optimal
harvesting of a renewable resource that can be continuously ezx-
ploited by three actors using different fishing engines (trawler,
coastal and artisanal vessels). The main purpose of the model
is to analyze the interaction between optimal equilibrium stock
and the distribution of fishing quotas in the steady state among
the different agents exploiting the fishery.

Keywords: Bioeconomics, optimal management, quota system, octopus.

1 Introduction

We will analyze the problem of optimal management of fisheries resources
under the quota system. We consider that the fishery is operated by three
agents using different fishing engines (trawler, coastal and artisanal vessels).
The main purpose of the model is to analyze the interaction between optimal
equilibrium stock and the distribution of fishing quotas in the steady state
among the different agents exploiting the fishery.

The issue will be treated under two hypotheses: first time, the resource price
is constant and a second time, the price depends on the amount captured.
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2 Model Formulation and determination of op-
timal solutions

The natural growth function of resource can be described by the following
equation:

F(z) = ra[l — %]. (1)

Where F(x) denotes the logistic equation, = represents the biomass at time ¢,
K is called the carrying capacity of environment. The positive constant r is
referred to as the intrinsic growth rate.

When fishery is exploited, the equation (1) is altered to:

dx
&~ F(x) ). ®)

with

h(t) = Z?:l hi(t).

Where ¢ = 1,2 and 3 represent respectively the trawler costal and artisanal
fleet’s that are exploiting the resource, h(t) is the total harvest rate, is the
harvest rate of fleet ¢ at time ¢, expressed as :

Where E; is the fishing effort of fleet ¢ at time ¢.

G(E;, x) is the harvest function that links inputs (E; and x) to the catch rate,
hi(t), for the fleet i. s takes the values a, b and d depend on the fleet i and
represent respectively the elasticities of harvest compared with fishing effort
F;, and as for v takes the values g, m and n dependent on the fleet 7 and rep-
resent respectively the elasticities of harvest compared with biomass size. ¢;
is the catchability coefficient which, for simplicity, is supposed to be constant
for each fleet.

The total effort cost is expressed as:

Where ¢; is the fleet i’s unit cost of fishing effort.
From equation (3), we can write the cost function as follows:
1 1
Ci(hs, x) = . E; = Cy(x)h; = Cy(x)a; hs (5)
with

1

Ci(x) = ci(ga?)™s
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Where C;(x) denote the unit cost of harvesting for each fleet related to the fleet
1 when the stock level is x. Let ay = % , Qg = %, and ag = h—,f, respectively,

shares of catching fleets trawler, coastal and artisanal, respectively . The
equation (5) can be written as follows:

Cy(hn, ) = Ch(@)h} = Ci(2)(a1h)b = Ci(2)Biht
Colha, x) = Ca(z)hi = Co()(ash)t = Cy(x)Bah
Cylhs, ) = Ca(x)hy = Cs(x)(ash)s = Cs(x)Bsh

1 1 1
With 81 = a7, B = af, and B3 = o

The discounted net cash flow from the fishery represents the objective function
for all fleets, which can be expressed as:

VP = [ e [(parh — Cy(z)p1ht) + (pazh — C2<1')ﬁ2]}é) + (pazh — Ciy(x) Bsh ) dt
= fooo 6_6t[ph - Cl<l’>ﬁ1h5 - CQ(x)/82hE - C3($)ﬁ3h5]dt
(6)

subject to:
G = Fl@)—h()
0 S h(t) S hmax
z(0) = Zo
The total income for each fleet can be expressed as:
Ri(h) = po;h(t) (7)

Where p is the price of the harvest resource at time ¢ (is a fixed constant),
J is the discount rate, h,q, is maximum harvest rate and x(0) is the initial
population, assumed to be known.
Le Hamiltonian of our problem is:

H(z(t),h(t),\t)) = e ph — Cy(x)B1hs — Co(z)Baha — Cy(z)Bshn]
+ AB[F (@) = h] + p(t)h — o) [k — hiaa] .

where A(t), p(t) and ¢(t) represent the adjoints or costate variables.
The first order conditions of the problem are:

OH() —5t /61 1 4 52 19 53 1.1 _
h) ¢ ’ [p==-Cr(@)he ™ == C(w)ha™ === Cy(x) b ]—)\(t)+p(t)—¢<(;§ =0
_gf(i)) _ ef&[C{(x)ﬁﬂl% + C’é(x)ﬁQhé 4 C;/J,('T)th%] . )\(t)F'(x) (10)

OH()
N F(z) — h(t) (11)

From equation (9), if:
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e p — BLOy (w)hi ™! — 20y ()Rt — BCy(x)hnt] — A(t) < 0 with p > 0
and ¢ = 0, then the harvest rate is zero;

e p — By ()hi ! — BCy(x)ha=t — BCOy(x)hn ] — A(t) > 0 with p=0
and ¢ > 0, then the harvest rate is maximal, h(t) = hpaq;

e p — BCy ()hi ! — B0y (x)hat — BCy(x)hn ] — A(t) = 0 with
p = ¢ = 0, then the harvest rate is positive, and should between 0 and A, -

The general solution is the combination bang-bang and singular controls.
In developments that follow, we take the case of interior solution. After trans-
formation (see Appendix 1 ):

5 P - CHEIBFE) 4 O BFE) + Gy B ()
p— B @) = GGy F(r) i = BCy(an)Flar)h

1
(12)

Representing the equation that determines implicitly the resource stock.

This is the modified golden rule by the marginal effect of population, the

discount rate and the relative variation of marginal profit.

If the elasticities of output with respect to fishing effort and resource are the

unit for the three fleets (therefore 1 = ay, P2 = o, and B3 = a3), then the

equation (12) can be rewritten :

[C1(x*)ay + C(x* a2+C’( as|F(x*)
p— a1Cy(x*) — apCa(z*) — @303@*)

5= F'(a*) — (13)

After transformation and consideration of explicit functional forms, we obtain:

2ty [P+ 2%+ St lrat(l - )

5 =r-= cCl1x Cox C3x (14)
K P [qixl T q§w2 - qutj]
Resulting that (See appendix 2):
2 ., .0 Y
—z" -—1——]——=0 15
K" L [r Kp] rp (15)
With
f = G19192q3+C202q193+C303G2q1

4919293

Solving the equation (15) admits a unique positive solution. As a result, the
stock equilibrium is given by:

K. 5 0 50 50
vegher T \/( %) T8 (16)
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Equation (16) shows that the share of optimal harvest affects the optimal
biomass, z*, through 6. This means that now the effects of quota sharing on
the optimal stock will depend on their unit harvesting cost.

For the resource stock, given the initial period, the optimal policy capture can
be described by:

h*(t) = hmer whenever x> z*
= F(xx) whenever z =a* (17)
= 0 whenever x > x*

If the country has monopoly power in the market, we can write the planner’s
problem as given by:

VP = [ (p(h)aih — Cy(x)Bihs) + g p(h)azh — Cy(x)Bahd)
+ (p(h)ash — Cs( )B3h)]dt 1 (18)
= foooe_ét[p(mh Ci(x )ﬁlhb — Cy(x)faha — Cy(x)Bshw]dt

m»—A

subject to:
G = Flo)-h()
z(0) = Zg

Where p(h) is the inverse demand function.
The present value Hamiltonian of this problem is given by:

H(x(t), (), \(8) = e [p(h)h — Cy(w)fhb — Cal) By — Gyl bt
+ A@)[F(x) = h] + p(t)h — ¢(t)[h = Pimaa]
(19)
The optimality conditions are given by:

S = e p(h) + 9/ (Wh = $C @kt = BOy ki = 2Cy(@ht

ZZON A(t) + p(t) — o(t) =0 '
(20)
_ZIZ(E)) — ef5t[C{(£U)ﬁ1h% + Cé(x)ﬁQhé + Cé(l')ﬁgh%] CADF(x) (21)
OH(.)
a/\—(t)—F( ) = h(t) (22)
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After transformation (See Appendix 3), we obtain the following solution:

Cl (2% Bk + Ch(a?) Byhi + Ch(x?) Bshn
p(h) + p/(h)h — BrOy (a*) et — 2Cy(a*)ha = — B3Oy (2 )hn !
(24)
If the elasticities of output with respect to fishing effort and resource are the
unit for the three fleets, then equation (24) can be written as follows:

5= F'(z*) —

[Ct(z*)ar + Oz + Cé(x*)ozg]F(x*)

d=F'(z*) — 25
(=) p(h) +p'(h)h — oy C (%) — aaCs(z*) — asCs(a*) (25)
With 81 = aq, P2 = s, and B3 = a3. And can write that:
e[S Sm o se(- ) -
K p(h) +p/(h)h — [25 + 202 + 2]

After transformation(See appendix 4):

drpp, g, 2000 —6rp, o 200 = 2Kop+2rKp, . KYd —rKy —rf
AR S A K A S
(27)

.T*4<

With § = S1@192@3FCc202q1g3+¢303¢2q1 54 p(h) — w _ ,uh(t)

919293
Where ¢ and p are parameters of the inverse demand function. The equation

(27) admits a numerical solution z*.

3 Results

Before analyzing situations optimal exploitation of the resource octopus, we
must submit technical data, biological and economic fisheries of cephalopods.
According to the Fisheries Research Institute, the intrinsic growth rate r of oc-
topus is estimated at 20% and the carrying capacity of environment of 1249373
tons.

The stock assessment of octopus on the model of logistic growth and utilization
of the production function of Schaefer to determine the catchability coefficients
q1 = 0.000184, ¢, = 0.0000817, and g3 = 0.000236 respectively fleets offshore,
inshore and artisanal.

On the basis of annual catches by the three fleets between 1998 and 2000,
the shares allocated annual quotas were established by public authorities as
follows:

- The offshore fleet: a; = 51%;

- The coastal fleet: oy = 11%;

96 _

r

0
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- The artisanal fleet: a3 = 38%;

Based on the previously estimated parameters, solving the equation (16) deter-
mines the optimal biomass x* = 383960 tons and therefore the optimal catch
53192 tons with an average landed price of 6 dollars per kilogram.

Starting with equal shares for each operator (o; = ag = ag), the equilibrium
biomass is 381420 tons and the optimal harvest is 52995 tons. When the catch
quota for the offshore fleet increases compared to that of the artisanal fleet
(from oy = 33% to ay = 61%), we find that the optimal biomass and capture
the feel of balance by 1.1% and 0.6% . If we abandon the assumption of con-
stant prices and we keep the same settings used in solving equation (16), the
optimal stock is given by equation (27). The admissible solution is 1244300
tons.

The possibility of increasing the share of offshore fishery in relation to artisanal
fishery will be beneficial to the recovery of the resource. This measure may be
supported by reducing the artisanal fleet through conversion to other fisheries
and / or cessation of activity against compensation.

4 Conclusion

In this paper we have examined the optimal management of a fishery under
assumptions that the price is constant or depends on the amount captured, the
natural growth function for the fishing resource depends on the own biomass
and the sea’s environmental conditions (considered to be stable and constant)
and the differences in the harvesting cost are due to differences in the unit cost
of the fishing effort.

We have demonstrated that the share of harvest affects the optimal biomass
as long as the cost harvesting differs between agents.
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Appendix 1
Equation (9) is then reduced to:

At) = e %[p — BCy(x)hs ™! — 2Cy(x)hi™ — BCy(a)hn (A1)
Differentiating equation (A1), with respect to time, we get:

)‘\ = —(56_&[]9 — %CI( )h%fl 02( )h%*l 530 ( )h%—l]
+ =8Oy )t — AU 0 (=2
+ e_‘”[—%C”( Yhala — 52(1 d) C’2(x)h2_2h
_ %Cé(x)h%—lx _ ,33(712—71) ( ) l ] (AQ)
Substituting equation (A1) in (10), we get:

A= e~ [CY(2) B + Ch(x)Bohid + Ch() B3hn]
e p — B0y () hi—t — Z2Cy(x)ha~t — BCy(x)hn Y F'(2) (A3)

By equating (A2) and (A3):

Q‘,_ e—\»—‘

(F'(z) = 8)lp — G Cu()ha ! — BCy(a)ha? — %03@);1%4]
- (CL@)Bht + Cy(@)Baht + O )Bsh]
+ [~ Ci(@)hi i — 2D Cy(a) 2]
b GOy — SO ()b h - 2O - SOy @2 (A1)

Starting from the steady state, © = h = 0, the equation (A4) can be written:
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(F'(z*) = 6)lp — &cll(a:*)p(x* il = By () Far)a ! — BCy(a*) F(a*)n ]
_ [C«/( * z

Appendix 2
The equation (14) implies that:

T[cla1q2q3+¢20241q3+63a3mql}(17£)
[5 —r—+ M] — 9192932* K (A6)
K | — _[cloqq2q3+02a2qm3+63a39241]
p q19293c*

Assume that § = clo‘lqm”?q?;g;g”cwwm the equation (A6) can be rewritten
as follows:

* 01—zt
1y 2] = o)

p—[%]
z* * 22 z*
plEl —x +27—%—9K—p]:0 (A7)

Since the price is positive and non-zero, p > 0, then (A7):

* *2 *
x_&_x*_i_zp 00 "L:O

r K rp Kp
With
f = €1919243+C202q193+C303G2G1 (AS)
419243

Appendix 3
Differentiating equation (23), with respect to time, we get:

A= —6e %p(h) + p/(h)h — BCy(z)hi ! /3202( )hé*l ﬂ30( Yhn ]
+ e (h)h+p(h)h+P"(h)hh—B—Ci( )h*_l Cy (e )hf_Qh]
+ fét[ ﬁQCﬂ( )hcli lp 52(1 d ( )h3_2h [igc/( )hn
53%2 n)C( ) 7_2h] (A9)

The substitution of A(t), equation (23), in equation (21) allows to write:

A= e~(Cy(x)Bihs + Ch(x)Bohd + Ch(x)Bsh]
e p(h) + p'(h)h — BrOy (2)hs " — 20y ()R — 220y (2)hn Y F'(z) (A10)

By equating the two equations (A9) and (A10), we obtain:
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1

(F'(x) = 8)[p(h) +p'(h)h = FCi(x)ht ! = 2Cy(a) i = B Cy(a)ha
—[C}(x)prh3 Cé()ﬁh+()ﬂg] |
+[20'(R)h + p"(h)hh —% <>h% i — 25 Cy ()b
[‘;cz()h — BUZD 0y (z)ha—2h
(
Cs(z

~ S Cy()hn T — ki (AL1)

At steady state, & = h = 0, the equation (A11) becomes:

(F'(x) = 8)[p(h) + p'(W)h — By (2)ht ™t — B Cy(a)hi ™ — BCy(x)ha

n

—[C}(x)Bihs + C(x)Behid + C(x)Bshr] (A12)

Appendix 4

Assume that 0 = Clalq2q3+62q?;§;§3+c3a3”‘“ and p(h) = ¢ — ph(t) is the inverse

demand function, the equation (4.36) is rewritten as follows:

s 22 [En-%]
I=7-% = 5o 2]
§  2xy_  0(-%)
[1 T ?] - m(w—%ﬁ)—e (A13)

Substituting h(t) by F(x), we obtain:
[z — 2rap 4+ 2L — 0] -1+ Z) =0(1— L) (A14)

It SCM oy 2 20 926y 4 a4 20— gy — 2~ B = (AI5)
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Abstract

In this note we show the existence of bounded solutions of
the nonlinear parabolic system
(u1)e = Apyur = ar(2) [Vur ' + fi(@, uz)
(u2)t — Apyuz = az(z) [Vua|™ + fo(z, u1)

where A,z = div(|Vz|*7?Vz), s > 1 is the s-Laplacian operator
and a;, f; are given functions, i =1,2.

Keywords: Nonlinear parabolic systems; nonlinear gradients terms; p-
Laplacian; existence and bounded solutions.

1 Introduction

Let © be an open and bounded subset in RY with smooth boundary I' and
let T be a positive real number. In the cylinder Q7 = Qx]0, T, with lateral
boundary Sy = I'x]0, T'[, we consider the nonlinear system (.S)

B Ay = @) [Vl i) @0EQn (1)
B = (@) Vel + frw) @0EQn ()
uy(z,t) = ug(z,t) =0 (x,t) € St, (3)
(u1(z,0),uz(x,0)) = (uip(x), uge(x)) x €, (4)
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where A,z = div(|Vz|P"™2Vz), p; > 1,i = 1,2. Precise conditions on a;, f;
and wu,;o will be given later.

The prototype systems (S) is only weakly coupled in the reaction terme
fI's and turns up in many mathematical settings as non-Newtonian fluids,
nonlinear filtration, population evolution, reaction diffusion problems, porus
media and so forth. Therefore, it is important to obtain information about the
existence of solutions for this problem.

When a; = 0, much attention has been given to the existence and the
regularity of solutions of systems (.S), by using different approaches (see, for
exemple, [12, 15] and references therein.

The case of a single equation of the type (S) is studied in [10, 11]. The
purpose of this paper is the natural extension to system (S) of the result by

[5], which concerns the single equation 2% — Aju = d|Vul’ + f(z,1).

Notation

We represent the Sobolev space of order m in 2 by
WmP(Q) ={u € LP(Q) : D*u € LP(Q)V|a| < m},
with the norm
1/p
lillg = (D2 1D ulliq)) o € WH(@),1 < p < o0,
laj<m
Let D(£2) be the space of test functions in Q and by Wy"*(Q2) we represent
the closure of D(Q2) in W™P(Q)). The dual space of W;""(Q2) is denoted by
W= (Q) with p' is such that 1—1)—1—1% = 1. We use the symbols (-,-) and ||, to
. . . . 2 L. 1
indicate the inner product and the norlm in L*(€2). We use (-, )W_l,p(mwo ()
to indicate the duality between W~ (Q) and W, ?(Q) and || - ||o to indicate
the norm W, (). The p; - Laplacian operator A; is such that for i = 1,2
A WeP(Q) — WLr(Q)
u = A
and it satisfies the following properties:
e A, is monotonic, that is, (Au — A, u —v) > 0,Yu,v € Wy*(Q);

e A; is hemicontinuous, that is, for each u,v,w € W;?(Q) the function
A= (A;(u+ Av),w) is continuous in R;

¢ <~Aiu(t)au<t)>W—1,p/(Q)xW§’p(Q) = [lullt;

o (Aau(t),w (t)) -1 @pxwivie) = 5 lulld:

o [l Au()|ly-10 ) < Cllul|5~", where C is a constant.
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2 Assumptions and main results

First we specify our notion of weak solution.

Definition 2.1 A pair (u1, ug) is said to be a weak solution of (S) if for
i—12

u; € C(0,T; L*(Q));

aaqfsi € LP(0,T; W4 (Q)) + L' (Qr);

/uz(x T)w;(x, T)dx—/uz(x 0)w; (z, O)da:—/ (Vi1 u;)dt — / /vzgu,dxdt—k
/ /\VuZ Pim2 7, Vwdadt = / /al ) |V | wldxdt+/ /fl x, u)w;dzdt.

Vr e [0,T],Yw; € L®(Q x (0,7)) N LP (0, 7; WP (Q
ow;
d K3
wmE T

=v;1 + V0 € ) (0, 7; WLy Q) + LI(Q x (0,7)).

We consider the following assumptions on the data:
(HD)p; € 2, N[ ,(i =1,2).
(H2) u;p € LT°(Q), (i = 1,2).
(H3) a; € L>(Q2), (i = 1,2).
(H4) f; € C*'Q x (R), (i = 1,2).
The next lemma plays a central role in the proof of the existence theorem.
Its proof can be found in [10].

Lemma 2.2 For every B,f € L>®(Q), 0 < f(s) < M,Vs € R and o €
[2, N], the problem

u — Aqu = B(u) |[Vul* + f, u=0 on 09,

possesses a solution u such that u € L®(Qr)NL>(0,T; L2(Q))NL*(0, T; W, *(Q)).

3 Existence of weak bounded solutions
Our main result is the following:

Theorem 3.1 Let (H1) to (H4) be satisfied. Then there ezists at least one
weak bounded solution (ui,us) of problem (S) such that for i =1,2 , we have
u; € LP(0,T; Wy (Q)) N C(0,T; L%(Q)) N L>®(Qr), for all ¢; € [1,400).
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Denote fi(z,uy,us) = { ;;1((1; u12)) ifi1 =2

We will prove Theorem 1 by means of nonlinear parabolic regularization.

Starting from a suitable initial iteration (ul,u) = (u1g, u2) , We construct

a sequence {(uf,u)} -, from the iteration process

oum .
oo A = a@) min {Va” 0} + file,ui ) (@) €Qr, (5)
u(x,t) =0 (xz,t) € Sr,  (6)
u (z,0) = uip(z) reQ (7)
where ¢ = 1,2. It is clear that for each n = 1,2,..., the above systems

consists of two uncoupled initial boundary-value problems. By classical results,
the existence of weak solution u? € C(0,T; L*(Q))NLP (0, T; Wy (Q)) follows
from [17]. By Lemma 1 we assert that

ui € L¥(Qr),i=1,2. (8)

To find a limit function (u(z,t),us(x,t)) of (uf(x,t),us(z,t)) we will di-
vide our proof in the following four lemmas.

Lemma 3.2 There exist a constant ¢ independent of n such that for T €

0,7]
T
sup / iz, )| da + / / IV
0<r<T JQ 0 Q

Proof Since u} € L®(Qr) N LP (0, T; Wy (Q)), sinh(\u?) € L*(Qp) N
LPi(0, T; Wy () (A = max (|ja1]|, [|azll,.)) is a testing function for (5).
For each 7 € [0, 7], we derive

ul (x,7) T
// sinh(/\s)dsdx—i—/\/ /cosh(/\u?) |Vu
aJo o Ja

T u0 (@)
/ / |sinh(Au)| | fi(z, uf ™ ugy ™) | dadt + / / sinh(As)dsdz.  (10)
0o Ja aJo

It is not difficult to cheek that

Prdrdt < c. (9)

Pi dadt

b dxdt—i—/\/ /|sinh()\u?)||Vu?
0 Jo

/w sinh(As)ds = % [cosh(Aw) — 1] >

2w, (1)
cosh(s) > |sinh(s)]|, cosh(s) > 1. (12)
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By (8), (H2), (H4), (11), (12), we obtain

/|u”| - dx+/ /|Vu P dwdt < oi(T). (13)

Taking the supremum for 7 € [0, T], we have, for Vn € N

T
sup /]uﬂZ(x,T)d:r;—i-/ /\Vu?
0<r<T JQ 0 Q

This proves (9).

By lemma 2, there exit a subsequence {u?},i = 1,2 (denoted again by
{ur}) and a function w;(x,t) € LP(0,T; Wy (Q)) N L®(Qr) such that as
n — +o0o,

Prdedt < ¢;(T). (14)

ul' — u; weakly in LP (0, T; Wy (Q)); (15)
ui — u; weakly * in L (Qr), (16)

and u; satisfies (8) and (9) by the weak lower semicontinuity. ®

Lemma 3.3

ul — u; strongly in LP(Qr); (17)

uy — u; a.e. in Qr. (18)

= —A;u+ [a;(z) min {|Vu?
By (8) and (14) we derive

Peon} + filw, ul ™t ul 1)} )

| Az H o< (19)
H0,15W, (@)
Hai(x) min {|Vul " n} + fi(z,u}™ HLl(QT) < ¢ (20)
By virtue of lemma 4.2 in [5] we obtain
u; — wu; strongly in L (Qr). (21)

Taking a subsequence of {u?},i = 1,2 (denoted again by {u?}) further, we
have
ul — u; a.e. in Qr. (22)

By Vitali’s theorem, we have, for any r € (1, 4+00),

filul uy) — fi(h, ug, ug) strongly in L™(Qr). M (23)
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Lemma 3.4 Vu! — Vu,; a.e. in Qr.

Proof Fix p,e > 0. Due to (22), Egorofft’s theorem implies that there exists
a measurable set A, C Qp such that LN T1(Qr\A.) < € and u! — w; uniformly
on A., which follows that

luf — u"| < pon A. (24)

if n,m > M. Let £ be a cutoff function such that £ =1 on A., spté C Q.
By subtracting (5),, and (5),, we have

ou?

m
7 _auz

ot ot

+ (.AZUZL - Azu:”) =

a;(x) (min {|Vu}

Pion} — min {|Vu]

pi ’ m})

+fi<$au711_1au2_1) _fi(maugn_laugn_l>' (25)

Choosing a testing function £7T.(u? — ul*) = { max{—e, min {(u —ul"),e}}
for (25) and noting that 7. is an odd function satisfying |7.| < e, we conclude

that
| (v
T

(ui! — ") Te(uf — u")&dz

T

(IVuf

PimAN7l — |Vl

PG (Vi — VT — u) d

<

S~

+

+
S——

Pim2ul — |Vul

pi*QVu;”) NV (T (u] —u™)) dz

S

a;(z) (min {|u]["*,n} — min {|u"

T

(fi(x>u711_1vug_1) - fi(x>u71n_1>ugl_l)) STE(U? - u;n) dz

"omb) ST (uf — i) dz

+

< ci(p)e.

o

By virtue of (8) and (9). It follows that from (23) that
lim sup/ (VU P2Vl — V' P2 Val) (Vu) — Vu")dz < Cy(p)e.
Ae

n,m—-+00

By the arbitrariness of ¢ it results that

PimAyl — |Vl

lim sup/ (|Vup PR (V) — Vui')dz = 0. (26)
n,m—-+oo A,
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Since p; > 1, we obtain

/ |Vul — Vul'|" dz < c/ (\Vu?
£ AE

Therefore it follows from (26) that

PimATyl — |Vl

P (Vuf—Vaul)dz.

mPi gy = 0. (27)

n,m—-+o0o

lim sup/ |V —
Ae

We deduce that
Vul! = Vu; ae. in A..

This is true for each € > 0 and so
Vu! = Vu; ae.in Qr. (28)
By (9) and Vitali’s theorem, we have, for any r; € (1,p;),i = 1,2
Vu}l = Vu; strongly in L' (Qr),i=1,2. W (29)
Lemma 3.5 Vu! — Vu; strongly in LP(Qr),i=1,2.

Taking a testing function sinh(A(u} —u?™)) € L®(Qp)NLP (0, T; W, (Q))
for (25) (A = max (|ja1]| . , |az|) + 1), we deduce that

PimAN7yl — |Vl

/\/ cosh(A(uf — uf")) (|Vuf PRV (Vi — Vui")dz
T

P |Vl

gA/smwmpmmxww P dat

/\sinh wy — u |‘( filz,u L uh™) — filw, u™ gl_l))}dz, (30)

where A = max (||a1]|,[|az||) -
Since sinh(As) is an odd function. The above inequality becomes

Jo, Acosh(A(uf! — uf"))dz
- fQT Asinh(A(u? — u™))Vu? |Pi—2Vul — |[Vul*[Pi2Vu.(Vu? — Vul")dz
< A [y, [sinh(A(uf — uf"))| (|Vu P2l Vult + |Vum PRVl dz
—l—fQT |sinh(A(uf — )| | (fi(z,wf " ub™") = filz, ul ™ uy™h))| dz. (31)

u

Recalling (28) and let m — 400, by Fatou’s lemma we deduce that
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/ (VU P2Vl — [V * V) (Vul — Vu,)dz

T

P2l YV, 4 | V™

< A/ |sinh(A(u} — w,))| (|Vul pim? Vu;. Vul) dz
T

+/ sinh (A — )| | (filrs ™ ) — il o)) | dz =y + Ty (32)

And we use (8) and (9) to estimate .J; and J, as below. For J;, by Holder
inequality we have

pi—1

nos A o - v ) ([ rware)*
+A</T|sinh(>\(u?—ui)) V| d ) ( VP )1
< o[ oo —up vuras)

+C (/T Isinh(A(ul — w;)) |7 [V | dz) g . (33)

Since [sinh(A(u]" — u;))| is uniformly bounded for ¥n € N, in view of (18)
and (23) we assert that J; + J, tends to zero when n — oo by Lebesgue
dominated convergence theorem. Then

lim (|Vuy

n—-+o0o Qr

pi—2 VU? — ’ VUZ

P2V, (V! — Vu;) dz = 0. (34)

With the similar process to (27), it follows that

— |V,

) dz =0, (35)

lim (
n——+00 Qr

which implies that

A — Au; strongly in in L (0, T; Wo_l’p;(Q));
Filuug) = fil i, ug) strongly in in ZP(0, T; Wy 4 (9));
ai(z) min {|Vul"" 'n} — a;(z) |V |[”" strongly in in L'(Qr).

Thus

oum ou; .. / —1,p;
(;Ltz — 8_1; strongly in in LP:(0,T; W, l’pl(Q)) + L' (Qr).
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Therefore

H. El Ouardi
aui ! —1,p} 1
T LP(0, To; Wy () + L (Qr);
aui pi
BT + Ay = ai(z) |Vu|”" + fi(x, ug, u).

As Lpi((), T: Wo_l’p;(ﬂ))—i—Ll(QT) C LY(0,T; H#(Q)) for large enough, then

uf converges strongly to u; in C'(0,7; H*(2)) and

ul(x,0) = u;(x,0) strongly in H*(Q)

implies u;(z,0) = uo(z).
The proof of Theorem 1 is completed.

References

1]

N.D. ALikAKOS AND L.C. EVANS, Continuity of the gradient for weak

solutions of a degenerate parabolic equations, Journal de mathématiques
Pures et Appliquées, Neuvieme série, vol.62, no.3, (1983), pp. 253-268.

L. AMOUR AND T. Roux , The Cauchy problem for a coupled semilinear
parabolic system. Nonlinear Analysis, 52, (2003), pp. 891-904.

PH. BENELAN, L. BoccArRDO, T. GALLOUET, R. PIERRE AND J.L.
VASQUEZ, An L'-theory of existence and uniqueness of solutions of non-
linear elliptic equations, Ann. Scuola. Sup. Pisa Serie Iv 22(2), (1995),
pp. 241-273.

H. BrEzis, Problemes unilateraux, J. Math. Pures, App. 51, pp. 1-168,
(1972).

L. BOCCARDO, D. GIACHETTI, D. DIAZ AND F. MURAT, Ezistence and
reqularity of renormalized solutions for some elliptic problems involving
derivatives of nonlinear terms, J. Diff. Eq. , 106, (1993), pp. 215-257.

L. BoccArRDO, F. MURAT AND J.-P. PUEL, Ezistence results for some

quasilinear parabolic equations, Nonlinear Analysis, 13, (1989), pp. 3753-
392.

L. BOCCARDO AND S. SEGURA, Bounded and unbounded solutions for

a class of quasi-linear problems with a quadratic gradient term, J. Math.
Pures Appl., (9) 80, (2001), pp. 919-940.



Existence of Bounded Solutions for a Nonlinear 67

8]

[11]

[12]

[13]

[16]

[17]

[18]

[19]

C.S. CHEN AND R. Y. WANG, L* estimates of solution for the evolution
m-laplacian equation with initial value in L (), Nonlinear Analysis, vol.
48, No. 4, (2002), pp. 607-616.

A. CONSTANTIN, J. ESCHER AND Z. YIN, Global solutions for quasilin-
ear parabolic systems, J. Dif. Eq., 197, (2004), pp. 73-8/.

A. DALL’AGLIO, D. GIACHETTI AND S. SEGULA DE LEON, Nonlinear
parabolic problems with a very general quadtratic gradient term, Diff. Int.

Eq, 20, No. 4, (2007), pp. 561-396.

A. DALL’AGLIO, D. GIACHETTI AND J.-P. PUEL, Nonlinear parabolic
problems with natural growth in general domains, Bol. Un Mat. Ital. sez

20, b 8, (2001), pp. 653-683.

H. EL OUARDI AND F. DE THELIN, Supersolutions and stabilization
of the solutions of a nonlinear parabolic system, Publicacions Mathema-

tiques, vol. 33, (1989), pp. 369-581.

H. EL OuarDI AND A. EL HACHIMI, Existence and attractors of so-
lutions for nonlinear parabolic systems, E. J. Qualitative Theory of Diff.

Equ, No. 5, (2001), pp. 1-16.

H. EL OuARrRDI AND A. EL HACHIMI, Ezistence and regularity of a

global attractor for doubly nonlinear parabolic Equations, Electron. J. Diff.
Eqns., Vol. 2002, No. 45, (2002),pp. 1-15.

H. EL OUARDI AND A. EL HAcHIMI, Attractors for a class of doubly

nonlinear parabolic systems, E. J. Qualitative Theory of Diff. Equ., No.
1, (2006), pp. 1-15.

H. EL OUARDI, On the Finite dimension of attractors of doubly non-
linear parabolic systems with [-trajectories, Archivum Mathematicum

(BRNO), Tomus 43 (2007), (2007), pp. 289-303.

J.L. LIONS, Quelques méthodes de résolution des problemes aux limites
non linéaires, Dunod, Paris, (1969).

PH. POUPLET, Finite time blow up for a nonlinear parabolic equation
with a gradient term and applications, Math. Meth. Apl. Sc., 19, (1996),
pp. 18317-13335.

J. SIMON, Compacts sets in LP(0,T; B). Ann. Mat. Pura Appl 146(4),
(1987), pp. 65-96.



68 H. El Ouardi

[20] W. WHAO, Ezxistence and mnonexistance of solutions for wu; =

div(|VulP~2Vu) + f(Vu,u,z,t), J. Math. Anal. Appl., 172, (1993), pp.
150-146.

[21] W. ZHOU AND Z. Wu, Some results on a class of degenerate parabolic

equations not in divergence forme, Nonlinear analysis, vol. 60, (2005),
pp. 863-886.



Int. J. Open Problems Comp. Math., Vol. 3, No.4, December 2010, pp.
69-83
ISSN 1998-6262; Copyright ICSRS Publication, 2010

WWW. 1-CSTS. 0Tq

The Second international Meeting on Optimization Modelization and Approzimation

(MOMA’09), November 19-21, 2009 - Casablanca, Morocco.
Stabilized finite element method
for the Navier-Stokes problem
A. Elakkad @, A. Elkhalfi ¥, and N. Guessous ®

(1) Laboratoire Génie Mécanique - Faculté des Sciences et Techniques
B.P. 2202 - Route d’Imouzzer - Fes, Morocco.
e-mail: elakkadabdeslam@yahoo.fr
(2) Département de mathématiques et informatique, Ecole normale
Supérieure de Fes, B.P. 5206, Bensouda, Fes, Morocco.
e-mail: ngessous@yahoo.fr

Abstract

A stabilized finite element method for the two-dimensional
stationary incompressible Navier-Stokes equations is investi-
gated in this work. A macroelement condition is introduced
for constructing the local stabilized formulation of the station-
ary Navier-Stokes equations. By satisfying this condition, the
stability of the Q1 — Py quadrilateral element and the P, — Py tri-
angular element is established. Moreover, the well-posedness
and the optimal error estimate of the stabilized finite ele-
ment method for the stationary Nawvier-Stokes equations are
obtained. In order to evaluate the performance of the method,
the numerical results are compared with some previously pub-
lished works or with others coming from commercial code like
Adina system.

Keywords: Incompressible Navier-Stokes Equations, Stabilized finite ele-
ment, A posteriori error estimates, Adina system.

1 Introduction

A posteriori error analysis in problems related to fluid dynamics is a subject
that has received a lot of attention during the last decades. In the conforming
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case there are several ways to define error estimators by using the residual
equation. In particular, for the Stokes problem, M. Ainsworth, J. Oden [2],
C. Carstensen, S.A. Funken [6], D. Kay, D. Silvester [16] and R. Verfurth [22]
introduced several error estimators and provided that they are equivalent to
the energy norm of the errors. Other works for the stationary Navier-Stokes
problem have been introduced in [4, 8, 13, 15, 19, 23, 24].

We were interested in the resolution of the incompressible Navier-Stokes equa-
tions in two dimensions on the fields where the numerical problem is well posed
with boundary conditions and other aspects of the problem. A discretization
by quadrangular finite elements is used. Two iterative methods are used to
solve the not-symmetrical discrete system of the Navier-Stokes equations. The
method BiConjugate Gradients Stabilized Method (BICGSTAB) and minimal
residual generalized method (GMRES) are given in [8, 12]. The technique of
preconditioning of the linear systems of big sizes is used to reduce the time of
convergence of the iterative methods. This technique of preconditioning has al-
lowed us to accelerate the convergence of the iterative methods independently
of the Reynolds number and the number of meshes. Moreover, the methods of
Picard or Newton are used to solve the non-linear algebraic systems resulting
from the discretization.

Section 2 presents the model problem used in this paper. The Stabilized finite-
element approximation described is in section 3. Section 4 shows the methods
of a posteriori error bounds of the computed solution. Numerical experiments
carried out within the framework of this publication and their comparisons
with other results are shown in section 5.

2 Incompressible Navier-Stokes equations

Let © be a bounded domain in R? assumed to have a Lipschitz continuous
boundary 02 and to satisfy a further condition stated in (B1) below. We
consider the steady-state Navier-Stokes equations for the flow of a Newtonian
incompressible viscous fluid with constant viscosity:

—vAu+ (u.VYu+Vp=f Vu=0 x € (1)
u|0Q2 =0,

where v > 0 is a given constant called the kinematic viscosity.

u is the fluid velocity, p is the pressure field, V is the gradient and V. is the
divergence operator.

This system is the basis for computational modeling of the flow of an incom-
pressible Newtonian fluid such as air or water. The presence of the nonlinear
convection term u.Vu means that boundary value problems associated with
the Navier-Stokes equations can have more than one solution.

We define the spaces:
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X = HY(Q) V = L*Q),
W=L§(Q) ={qg€ L*(Q): [,qdv=0}

The spaces L*(Q)™ , m= 1, 2, 4 are endowed with the L?-scalar product and
L* — norm denoted by (., .) and |.|. The spaces HJ(£2) and X are equipped
with the scalar product and norm ((u,v)) = (Vu, Vo), ||ul| = (Vu, Vu)z.

As mentioned above, we need a further assumption on €2:

(B1) Assume that Q is regular so that the unique solution (v, q) € (X, M) of
the steady Stokes problem

—Av+Vqg=1, Vo=01in Q, v|0Q =0, (2)
for a prescribed [ € V' exists and satisfies
[oll2 + [lally < Coltl, (3)

where Cy > 0 is a constant depending on 2 and ||.||; denotes the usual norm
of the Sobolev space H () or H(Q)? for i = 1, 2.

We introduce the following Laplace operator

Au = —Au, Yu € D(A) = H*(Q)*N X,

and the bilinear operator

B(u,v) = (u.V)v + %(V.u)v, Yu,v € X, (4)

Moreover, we define the continuous bilinear forms a(., .) and d(., .) on X x X
and X x W, respectively, by: a(u,v) = v((u,v)), Vu,v € X,

and d(v,q) = —(v,Vq) = (¢, V.v),Yv € X, g€ W,

and a generalized bilinear form on (X, M) x (X, M) by

B((u, p); (v,q)) = a(u,v) — d(v, p) + d(u, q),

and a trilinear form on X x X x X by

b(u,v,w) = (Bu,v),w) vy x = (w.V)v,w) + 3((V.u)v,w)

= H{(u.V)v,w) — 1((u.V)w,v), Yu,v,w € X.

We remark that the validity of assumption (B1) is known (see [13]) if 0 is of
C?, or if  is a two-dimensional convex polygon. From assumption (B1), it is
easily shown [13] that

ol < ollvll, [[oll <70 [ PAv ], [lofly <7 | PAv |, (5)

where P is the L?-orthonormal projection of V onto the space

{ve L*(N)?: V. =0inQand v.nlpg = 0}, and g, 71, . . . are positive
constants depending only on ).

It is easy to verify that B and b satisfy the following properties (see [10]):

v||ull* = B((u, p); (v, p)),
| B((u, p); (v, )] < va([lull + [p]) (o] +- lq]), (6)

B((u,p);(v,
ao([lull + pl) < SUp( gyex ) 2L
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hold for all (u,p), (v,q) € (X, W) and constants v, > 0 and «g > 0,

b(u,v,w) = —b(u, w,v), (7)
b, v, w)| = Seolul [ull 2 (lJolllwl[[w]lz + fol=]lv]|= [w]), (8)
for all u,v,w € V and
[b(w, v, w)| + [b(v, w, w)| + [b(w, u, v)| < erf|ull|Av][wl, (9)
for all u € X, v € D(A), w € Y, where ¢g, ¢; , . . . , are positive constants

depending on the domain ).
Under the above notations, the variational formulation of the problem (1)
reads as follows: find (u,p) € (X, M) such that for all (v, q) € (X, M):

B((u,p); (v,q)) + blu, u,v) = (£, v). (10)

The following existence and uniqueness results are classical (see [10, Chapter
IV]).

Theorem 2.1 Assume that v and f € V satisfy the following uniqueness
condition:

2
_ %%
2

Then the problem (10) admits a unique solution (u,p) € (D(A)NX, HY(Q)NW)
such that

1 If| > 0. (11)

gl
Jull < 7°|f|, | Aul +[Iplly < ol f1, (12)

where vy and ¢y are defined in (5) and (8), respectively.

3 Stabilized finite element approximation

In this section we apply the stabilized finite element method developed for
the Stokes equations to consider the numerical solution of the two-dimensional
stationary incompressible Navier-Stokes equations (1). Let h > 0 be a real
positive parameter. The finite element subspace (X, Mp,) of (X, M) is char-
acterized by 7, = 7,(€2), a partitioning of  into triangles or quadrilaterals,
assumed to be regular in the usual sense (see [10, 16]), i.e., for some ¢ and w
with o > 1 and 0 < w < 1,

hg <opgx VK € 73,

|cos(Oix)| <w, i=1,2, 3,4, VK € 7,
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where hg is the diameter of element K, px is the diameter of the inscribed
circle of element K, and 6,5 are the angles of K in the case of a quadrilateral
partitioning. The mesh parameter h is given by h = maz{hx} and the set of
all interelement boundaries will be denoted by I'j,.

The finite element subspaces of interest in this paper are defined by setting

m() = { G e ettt (13)
giving the continuous piecewise bilinear velocity subspace
Xp={veX: vylxk € Ri(K), i=12 VK €1}, (14)
and the piecewise constant pressure subspace
M,={q€e M: q|kx € P(K), VK € 1,}. (15)

Note that neither of these methods are stable in the standard Babuska-Brezzi
sense; P, — Py triangle locks on regular grids (since there are more discrete in-
compressibility constraints than velocity degrees of freedom), and the @, — Fy
quadrilateral is the most infamous example of an unstable mixed method.
With the above choices of the velocity-pressure finite element spaces (X}, M},) C
(X, M), a globally stabilized discrete formulation of the Navier-Stokes problem
(10) can be defined as follows.

Definition 3.1 Globally stabilized formulation: find (un,pp) € (Xp, Mp)
such that for all (v,q) € (Xp, My) :

Bh((uhaph);<U7Q)) +b(uh7uhuv> =(f, U)> (16)

where

By((u,p); (v,q)) = B((u,p); (v,q)) + BCh(p; @), ¥(u,p), (v,q) € (X, W)

Ch(p, @) = Yeer, e [ IPleldleds, Yp,q € W,

and [] is the jump operator across e € 'y, and B > 0 is the global stabilization
parameter [14].

In order to define a locally stabilized formulation of the Navier-Stokes problem,
we introduce a macroelement partitioning A, as follows: Given any subdivision
Tn, & macroelement partitioning A, may be defined such that each macroele-
ment K is a connected set of adjoining elements from 75,. Every element K
must lie in exactly one macroelement, which implies that macroelements do
not overlap. For each K, the set of interelement edges, which are strictly in
the interior of K, will be denoted by 'k, and the length of an edge e € 'k is
denoted by h.. With these additional definitions a locally stabilized formula-
tion of the Navier-Stokes problem (10) can be stated as follows.
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Definition 3.2 Locally stabilized formulation: find (upn,pn) € (Xpn, Mp),
such that for all (v,q) € (Xp, Mp,)

By ((un, pn); (v,q)) + b(un, up,v) = (f,v), (17)

where

Cu(P, ) = X kep, 2ocery he J[Pleldleds, Vp,q € W,

[.]e is the jump operator across e € T'x and > 0 is the local stabilization
parameter.

The following stability results of these mixed methods for the macroelement
partitioning defined above were formally established by Kay and Silvester [16].

Theorem 3.3 Given a stabilization parameter 8 > [y > 0, suppose that
every macroelement K € 7, belongs to one of the equivalence classes e, and
that the following macroelement connectivity condition is valid: for any two
neighboring macroelements K, and Ko with leNQ ds # 0 there exists v € X},
such that
supp v C K1 UKy and [ o v.nds #0
Then,

1B ((u, p); (v, ) = sl + D (lv]l +l4l), ¥(u,p), (v, q) € (X, M), (18)

B ((un, pn); (v, ) V(un, pn) € (Xn, Mp)

a(l|unll + pnl) = supe.gexa,mm)

o] + |q|
(19)
1CL(p — Jnps )| < cahllpllilanl, Ch(p,qn) =0, Yp € HY(Q) N M, q, € My,
(20)

where a > 0, v3 > 0 are two constants independent of h and B, and By is any
fized positive constant and n is the outnormal vector.
In the suite we shall assume that B > [By.

Theorem 3.4 Under the assumptions of Theorem 2.1 and Theorem 3.3,
the problem (17) admits a unique solution (up,pp) € (Xn, My) satisfying

Yo _ _
lanll < 2171, el < @™ eor 331117 + 70l 1. (21)

4 Error estimates

In order to derive error estimates of the stabilized finite element solution
(up, pr), we also need the Galerkin projection (Ry, Q) : (X, M) — (X, M},)
defined by

Bi(Rn(v,q) —v,Qn(v,q) — q@); (Vn,qn)) = 0, Y(vn, qn) € (Xn, Mp),  (22)
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for each (v,q) € (X, M). Note that, due to Theorem 3.3, (Rp, Q) is well
defined. By using an exact similar argument to the one used by Layton,
Tobiska [17], we may obtain the following approximation properties.

Lemma 4.1 Under the assumptions of Theorem 3.3, the projection (Ry,, Q)
satisfies

v — RBu(v,@)| + hllv — Ru(v, )| + hlg — Qn(v, q)| < esh(|Av] +[q]), (23)
for all (v, q) € (X, M) and
[v — Ri(v,q)] + llv — Ru(v, q)|| + hlg — Qn(v,q)] < esh*(JAv] + [lgll1), (24)
for all (v,q) € (D(A), H'(Q) N M).

Theorem 4.2 Assume that the assumptions of Theorem 2.1 and Theorem
3.3 hold. Then the stabilized finite element solution (un,pp) satisfies the error
estimates:

[ = up| + h(llu = upll + [p = pal) < ch?, (25)

where ¢ > 0 is a general constant depending on the data (Q,v, Bo, f).

Proof Since Cy(p,qn) =0, Vp € HY(Q) N M, g, € My,
we derive from (10) and (17) that for all (v,q) € (X, M})

Br((en,nn); (v,q)) + b(u — Ru(u, p) 4 en, u, v) + b(un, u — Ry (u, p) 4 en,v) = 0,
(26)

where e, = Rp(u,p) — up, and n, = Qu(u,p) — pp. Taking (v,q) = (en,7n) in
(26) and using (7), we arrive at

vllenll*+BoCh (i, mn)+b(en, u, en) < [blu—Rp(u,p), u, en) |+ [b(un, u—Ru(u, p), en)|.
We find from (8), (12), (21) and (24) that 0
vllenl® —[blen, u, en)| = vllenll® —covollullllenll* = v(1—corg | flv=*)llenll, (28)
b(un, u — Ry (u, p), en)| + [b(u — Bu(u,p), u, ep)]
< covolllull + llunlllenllllu — Ra(u, p)I| < chllen|- (29)
Combining (27) with (28-29) yields
llenll < ch. (30)

Moreover, by using (8-9), (12), (24) and (30), we have
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|b(uh7u - Rh(uap)a 6h)| + |b(u - Rh(uvp)a u, 6h)|
< |b(u, w — R (u, p), en)| + [b(u — Rn(u, p), u, en)]
+|b(u - Rh(u7p>7u - Rh(u7p>7 eh)’ + |b<€h7u - Rh<u7p)7 eh)|
< a1 Aul |u — Ru(u, p)] [|en]]
coYo(llu — Ri(u,p) + llenl)lu — Bu(u, p)|| llenll < ch? [lenl].

Combining (27-28) with (31) gives
leall < ch?, (32)
Moreover, one finds from (24), (32) and (12) that
[ — un| < len] + Ju = Ri(u.p)| < vollenll + csh®(|Aul + [|pll) < ch®  (33)

lu = wnll < llenll + [l = Ru(u, p)|| < eh® + esh(|Aul + [[pll) < ch (34)
Using again (19), (26), (12) and (21), we obtain

| < @ e((full + lunl)llw = unll < ellu — unll. (35)
It follows from (24), (34-35) and (12) that
P —pul < p— Qulu,p)| + [mn| < ch(|Au| + [|pll) + cllu —wnl| < ch  (36)

Combining (34-35) with (36) yields (25). =

5 Numerical simulations

In this section some numerical results of calculations with finite element Method
and ADINA system will be presented. Using our solver, we run two traditional
test problems (Channel domain [8] and Backward-facing step problem [17, 20])
with a number of different model parameters.

If points in §2 are denoted by { = 7, then denotes points of a normalized
domain. In addition, let the velocity u be defined so that u = Uu, where U
is a reference value-for example, the maximum magnitude of velocity on the
inflow. If the pressure is scaled so that p(L&) = U?p.(€) on the normalized
domain. The flow Reynolds number is defined by R = UL /v.

Notice that taking the limit R — o< gives the reduced hyperbolic problem

{ u* . Vu* + Vp, = f,

V.au* =0. (37)

— Ju—ua]

The relative velocity error is e, = Tal = lp—pal

and pressure error is 1, = )
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Example 5.1 Square domain Q = (—1,1)%, parabolic inflow boundary con-
dition, natural outflow boundary condition, analytic solution. The Poiseuille
channel flow solution

u, =1—9% u, =0; p=—2va; (38)

15 also an analytic solution of the Navier-Stokes equations, since the convection
term (u.V)u is identically zero. It also satisfies the natural outflow condition

Oug —
{ar =" (39)
ox :

The pressure gradient is proportional to the viscosity parameter. This makes
sense physically; if a fluid s not very viscous then only a small pressure dif-
ference is needed to maintain the flow. Notice also that in the extreme limit
v — 0, the parabolic velocity solution specified in (38) satisfies the Euler
equations (37) together with a constant pressure solution.

Streamlines: uniform

Fig. 1. Streamline plot associated with a 32 x 32 square grid, Q1 — Py approz-
imation, v = ﬁ and 8 = }1.
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Fig. 2. Velocity vectors solution, associated with a 32 X 32 square grid, Q1 — Py

- - _ 1 _ 1
approzimation, v = 155 and 8 = ;.
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Fig. 3. Pressure plot for the flow with a 32 x 32 square grid and = i.
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Fig. 4. The left plot shows the relative velocity error curve with respect to f3,
and the right plot shows the relative pressure error curve with respect to 3.

B Tu—upll T Tu—un] [P—Pn]
[ | |p]

1/16 | 0.1349 | 0.0528 | 0.0890
1/32 1 0.0674 | 0.0442 | 0.0442
1/64 | 0.0365 | 0.0286 | 0.0170

Table 1. Numerical results of the stabilized finite element method.

Example 5.2 L-shaped domain €2, parabolic inflow boundary condition,
natural outflow boundary condition.
This example represents flow in a rectangular duct with a sudden expansion;
a Poiseuille flow profile is imposed on the inflow boundary (z=-1; 0 <y < 1),
and a no-flow (zero velocity) condition is imposed on the walls.
The Neumann condition (39) is applied at the outflow boundary (z=5; —1 <
y < 1) and automatically sets the mean outflow pressure to zero.
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Fig. 5. Fqually spaced streamline plot associated with a 32 x 96 square grid,
Q1 — Py approximation, v = 1/50 and = i

Fig. 6. Equally spaced streamline obtained by H.C. Elman and al [8], associated
with a 32 x 96 square grid, ()1 — Py approximation, v =1/50 and [ = }1.

Fig. 7. The solution computed with ADINA system. The plots show the
streamlines associated with a 32 x 96 square grid, v = 1/50.
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Fig. 9. The solution computed with ADINA System. The plots show the ve-
locity vectors solution with a 32 x 96 square grid, v = 1/50.

Pressure field
- T . 01
\_ : o i Mo
: 2T 0
2 2 4 0 1 2 3 4 5 B

Fig. 10. Pressure plot for the flow with a 32 x 32 square grid and 5 = }1.
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The increased velocity caused by convection makes it harder for the fluid

to flow around the corner, and a slow-moving component of the fluid becomes
entrained behind the step. There are two sets of streamlines at equally spaced
levels plotted in figure 1; one set is associated with positive stream function
values and shows the path of particles introduced at the inflow. These pass over
the step and exit at the outflow. The second set of streamlines is associated
with negative values of the stream function. These streamlines show the path
of particles in the recirculation region near the step; they are much closer in
value, reflecting the fact that recirculating flow is relatively slow-moving.
If L s taken to be the height of the outflow region, then the flow pattern shown
i figure 1 corresponds to a Reynolds number of 200. If the viscosity parameter
were an order of magnitude smaller, then the steady flow would be unstable.
The singularity at the origin is an important feature of the flow even in the
convection-dominated case.

6 Conclusion

In this work, we were interested in the numerical solution of the partial dif-
ferential equations by simulating the flow of an incompressible fluid. We have
provided a theoretical analysis of the stabilized finite element method for the
two-dimensional stationary Navier-Stokes equations. Also, we proposed meth-
ods of the estimation of error for the calculated solution.

Our results for Backward-facing step problem agree with H.C. Elman and al
8], and with ADINA system.

Numerical results are presented to see the performance of the method, and
seem to be interesting by comparing them with other recent results.
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Abstract

The determination of the dynamic response is fundamental
for analysis of a bridge structure. The bridge is modeled as
an orthotropic rectangular plate with a pair of parallel edges
simply supported under moving load. An orthotropic plate is
defined as an element of structure having various properties
in the two orthogonal directions. The study of the free wvi-
bration is based on the resolution of the differential equation
depending on the mechanical properties of the plates. For the
determination of natural frequencies, we develop a computer
code using a bisection method with interpolation which preci-
ston reached 10- 12. We propose in this analysis the evolution
of the response versus the rigidity structure ratio. This later
is subjected to moving loads by using the modal superposition
method and the integral convolution. The effect of the eccen-
tricity of the loads, simulating real trajectories, is analyzed
according to various speeds and intensities of loading.

Keywords: Orthotropic plate, Method of bisection, Optimization, moving
load.
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1 Introduction

The much diversified application of the orthotropic plates subjected to fixed or
mobile loads ”specific forces or masses” in various fields such as: ”aeronautics,
acoustics, mechanics, electronics, and the civil engineering,” present a real in-
terest of the researchers implied in this field. An orthotropic plate is defined
as an element of structure having various properties in the two orthogonal
directions. Most bridge decks or railway are orthotropic because of shape or-
thotropy. So, there is a particular need for access to highly accurate eigenvalues
for plates and beams. For example, Wu and Dai [1] used the transfer matrix
method to determine the natural frequencies and mode shapes of multi-span of
a beams. They determine the dynamic performances of the considered beam
subjected to moving loads. Moussu and Nivoiti [2] has determined an elastic
constants of orthotropic plates by modal analysis. Later, D.J Gorman [3] use
a computed method to determine eigenvalues for a completely free orthotropic
plates by using a superposition method. He also [4], used the superposition
method to obtain accurate analytical type solutions for the free in-plane vi-
bration of rectangular plates with uniform, symmetrically distributed elastic
edge supports acting normally to the boundaries. In addition, an excellent
reference source concerning vibration of such plates may be found in the work
of Leissa [5,6]. We can find exact characteristic equations for rectangular thin
plates having two opposite sides simply supported. However, the analysis of
thick plates has been presented by Lim and all [7]. According to all what has
been stated before, the authors has determined initially the free frequencies
in order to predict the dynamic behavior of the studied structures. Indeed,
the dynamic response of bridge structures under moving loads at high speed
is a problem of great concern in the design of high-speed railway bridges. In
the literature, a large number of investigations have been carried out, with the
bridge modeled as a beam and the vehicles as moving loads or moving masses.
In this paper, this dynamic behavior is analyzed using the orthotropic plate
theory and modal superposition. So, we present, firstly, an accurate method
to calculate the free vibrations. This simple and fast method does not require
a great place memory.On the other hand, it presents an excellent precision
which reaches 10-12 . The strategy presented is based on the bisection method
with interpolation to determine the eigenfrequencies. However, to determine
the corresponding modes, the algorithm which we developed uses the Gauss
method with a partial optimization of the ”pivots” combined with an inverse
power procedure. The dynamic response of an orthotropic bridge deck under
moving load is studied. For this, we use the theory of the orthotropic plates
and a modal superposition principle. We, also, analysis the effect of the loads
characteristics on the bridge deck or on the railway.
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2 Formulation of the problem : Case of free
vibration

A Schematic of a two dimensional plate is shown in ”Fig.1”. It’s a rectangular
plate with its left and right edges simply supported and the other two opposite
edges free. If, it’s also solicited by an external load F, the governing equations
of motion of this orthotropic plate can be written, according to Huffington and
Hoppman [8] as follows:

*w o0*w 0*w ow 0w
D, (— 2D, (=——— D, (— C(— h(—=) = F(x,y,t) (1
Where:
E.h3 E, h? h3
D, = a D, = Y D, = (Dzyvxy+2Dk), D, = GL

12
(2)

12(1 = UgyUye)’ 12(1 = UgyUye)’
D,,D, : flexural rigidities of the plate in the z,y direction
D,,: torsional rigidities.

Dy twisting rigidity of the plate.

Gy @ Shear modulus.

p: mass density of plate material.

h: thickness of the plate.

W (z,y,t): displacement of plate in the z direction.

a3

Figure 1: Considered plate

Let us note that the side effects (shearing and rotational inertia) are ne-
glected. The resolution of the differential equation governing the movement
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is obtained by using the modal superposition method and the integral of con-
volution, by the separation of the temporal and space variables. Thus one
expresses the dynamic response in the form of series. The free displacement
at the point (z,y) of the plate and at the moment ¢ is expressed in the form
of series given by [9] :

Wz, y.t) =Y > Unnl® ¥)Gmn(t) (3)
m=1 n=1
Where : Um,n(xa y) = Ym,n(?/) sin(&m.x) ) qmﬂ(t) = SiIl(u}m’nt) and Qm = %
Up.n(x,y) is the mode shape, wy,, is the natural frequency which corre-
spond to the m*™ mode in the x direction and the n'* mode in the y one.
Substituting equation (03) in equation (01), we obtain:

mm mi

DY) = 2Dy (Y2 ) + (Do) = gl [Vn(y) =0 (4)

According to the properties of the plate, we can obtain:
Yin(y) = Ce™? (5)

Then, the roots «a, [Grace et Kennedy 1985 |[10] are as follows :

a =1 (Aify/A] = Az + A2 (6)

D,, mnr D, mm hw?

A= BT A = SO A = (7)
Substituting the expressions A; , Az et in the equation (06), we can express
the roots of the considered equation. This later correspond to the resolution of
the differential equation in term of the inflexion rigidity in the two directions of
the orthotropic plate as well as the torsional rigidity. The analysis of the equa-
tion (06) will enable us to release three categories of orthotropic plates defined
by the shape of the roots of the considered equation (the boundary conditions
are also considered). This classification of the plates will be primarily based
on the mechanical behavior of the structure, depend on the torsion rigidities
and the inflection .

1. Ymn (y) = len Sin(r2mny> + X2mn COS(szny) + X3mn Sinh(rlmny)

with :

+X4mn COSh(rlmny) (8)

if D, < Dy where D, = phw? 0%

mn-m

2. Ymn (y) - len Sin(rlmny> + X2mn COS(Tlmny) + X3mn Sinh(rfimny)

+ X 4mn 08D (T3 Y) 9)
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if xy+D1>D > Dy
3. Ymn( ) = cosh(T4mny) (X1mn €08(T5mny)) + Xomn SIL(T5mny)

+ sinh (740 Y) (Xsmn €0S(Tsmny)) + Xamn SIN(T5mny) (10)

if D, > “’ + Dy

The free boundary conditions (eq. 11) at y = 0 and y = b allow to lead
to a system of equation. Its resolution permits to determine the coefficients
len, Xomn, Xgmn and X4mn

82 t Vay 02 =0, Dzya?@ Dy8§3 =Y

PBPw Aw 3w Aw
—0,-D,, 2 _p2Y _op
28, $020,

2Dy wezo, Y o

—0, (11)

The parameters r;,, depend on the plate considered and the modes of
vibration [10].

D1y+\/Dzy+Dyphw ( 4 ) Dsz
Dy ’

B Day+4/D3 —i—Dyphw n(z2)4=D; D,
Tomn = —- )

T1tmn

y
Day++/ D2, +Dyphw,, () —DaDy
Dy )

T3mn = —

Tamn = —

S5+ B — e )

mm 1<Dmy D, phwfm( a 4))
Tsmn = — Al 5 R o
b a 2' D, D, D, “mnm

(12)

The application of the boundary conditions (eq. 11) according to the vari-
ous cases considered (eq.8-9-10) permits to lead to the system:

[M].[X] =0 (13)

M is a matrix which coefficients m;; depend on boundary conditions and
X is a vector with: [X] = [X1un, X2mn, X34mm, XdmnlT.

To obtain noncommonplace solutions, it is necessary that the determinant
of the system will be null. Writing this determinant permits to lead to the
frequencies equation. Knowing that the parameters r;,, are not independent
variables but are function of the pulsation w (eq. 12), the resolution of the
frequencies equation is not easy and then requires an adequate data-processing
treatment.

We seek to determine the pulsations w checking this equation. For that,
we develop a code which calculates the eigenvalues of the frequencies equation.
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It is based on a bisection method with interpolation which precision reaches
10712[12].

This method permits to record the eigenvalues of the frequencies corre-
sponding to the different mode of vibration "Fig.2”. For each index m, we
find an infinity of solutions m = 1,...,00. Each solution is then located by a
double index w;g.

The resolution of the system of equations is done by the inverse power
method. This one is very similar to that of Gauss (triangularisation of M),
but with a partial optimization of the pivots. Indeed, as for the method of
Gauss, some problems of overshoot capacity and numerical errors appeared
when the pivots of the matrix M that we triangularis are null or only very
small. This method consists then, to replace a null pivot by a very small value
( equal to the precision: in our case 10717), to avoid the capacity overshooting.
At the end, we normalize the solution obtained.

On the other hand, the use of the inverse power procedure permit to have
the fundamental modes which correspond to the lowest frequencies. This
method [13] has much more importance than the traditional one because it
permit to have the smallest eigenvalues which correspond to the lowest modes
of vibration. Those are decisive for the structure stability.

i

L M O T T R
RN [] [} [N
[T LGS

Figure 2: Evaluation of libres frequencies

3 Formulation of the problem : Case of forced
vibration

When the orthotropic plate is under moving load, we can expressing the force
F(z,y,t) as a time step function and the equation (01) can be written as:
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6411) 8411] (94 ow .
D$@+2nyax28x2+Dya4+C +phat2 Zpl (z—21(1)8(y—in(t))

(14)
where p;(t) is the moving load at a position Z;(t) , 9,(t) . We consider a
convoy of loads spacing by a constant a;.
The substitution of the equation (3) in the equation (9) permit to write:

L
2
o (t) + 20&mnwmnq/mﬂ (t) +Wfrm‘1mn (t) = b (t) Umn(i'b gl)
pha fo 2 (y)dy ;
(15)
with: a,,(t) = 2ph+mn

The solution of the equation (10) is obtained in the time domain by the
following convolution integral:

ant an/ Hmn - fmn() (16)

where:

M, = pha fob

Hyp = 1 sm(wmn(t)),t >0

Smn(t) = Zl 1pl< )%Yrin@)dy[]mn(i’lv@l)

We started by evaluating M,,,, by using the trapeze method, the result was
very satisfactory compared to the Simpson one. The evaluation of g, (t) was
easier by separating the variables t and 7. Then, in the case of only one load,

equation (11) can be written as follows :
1

q(t) = 3o sin(Wmnt) fot Fonn (T) cOS(Wynn T)dT
1 1

— COS
an Wmn an Wmn

(Wmnt) /0 fonn (T) sin(wp, 7)dT (17)

The calculation of ¢(t), which represents the Duhamel integral, requires
the evaluation numerically of both the two integrals present in the equation
(12). We also, choose the trapeze method. After evaluation of ¢(t), total
displacement can be evaluated according to (eq. 03).

4 Results and discussions

4.1 Simply supported beam slab type bridge deck

The bridge considered simply supported on the two side and the other two
opposite edges free.
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Is show "Fig.3” .The physical parameters are : length a = 25.7m , width
b = 11.0m , Young modulus E = 2.1e° N/m?, parameters of beam I: cross
section of beam A = 0.7465m? ,I = 0.213m* ,e; = 0.18m,total height of the
beam h; = 1.50m , between axle m = 1.80m,Poisson ratio u = 0.33,L = 0.75m
, E.=0.22m, E; = 0.03m.

Ly L, 450n

L ey
[ | | |
j

Figure 3: Bridge simply supported on the two sides and the other two opposite
edges free

0ls

T / 0la

£
1

i 023

1 ™
- Lg

044

Figure 4: Section of homogenized beam

In according with the theory of Guyon-Massonet [14], we can simulate the
bridge deck as an orthotropic plate whose mechanical characteristics are as
follows:

The rigidities in the x and y directions of the orthotropic bridge deck can
be calculated as:

_ B EIL
Dy = 12(1—p2) + m

_ __ER?
Dy T12(1—p2)

- Gh3 Gei’hlal
Doy = pDy + 55 + —5
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with : a; = 0.152 coefficient on the equivalent torsional moment of inertia
of the I section. G: shear modulus Parameter of torsion:

_ Jp—Y _
= 5= = 0.152

~vp:The flexural rigidity (longitudinal and transversal) corresponding to per
unit length.

~vp:Torsional rigidity of beams and diaphragms per unit length.

Parameter of diaphragms

0 =2a/28 =0.8146
PD

4.2 Analyze of effect eccentricity of moving load on the
dynamic response

Under the influence two various speed ” 10 m/s and 20 m/s”, we can note a
reduction in the dynamic amplitude response when the eccentricity of mov-
ing load increases for the points analyzed, the non charged side and the plate
center. For the charged side, one observes an increase in the dynamic re-
sponse.This is due to the rigidity D,, of the bridge which is more significant
than rigidity D, "Fig.5”.

—m— position a/2 ; b4 v= 10mis o
—— position /2 ; b4 v= 20ms

ooz
posiion a2 ! D2 =10 mis —m—position a/2; 304 v=10 /s
#—position 2 ; b/2v=10 s it 4 —#—pasition a/2 ; 304 v=20 m/s

0,005 -

0,005 -

0,004 -

b

0,003 -

dela Harp e arthohope (g

0,002 -

Arplih e de b rSponse chareni o e

0,004

1 2 3 4
Excentricité de la charge mobile (ny Excentremert de |a charge mobile (m) Excentrement de la charge mobile en (m)

Figure 5: Evolution of the dynamic amplitude response function of the eccen-
tricity of moving load

In the y direction. The eccentric moving load have less effect on the cen-
tral is displacements.Concerning the influence speed, one similar observes an
increase in the response for two speeds considered.

4.3 Analyze under the effect of the moving load convoy

We consider the effect of the moving load convoy on the dynamic response.
This convoy is composed of two moving loads. The intensity of each force is
150000 N, they are spaced of 4m, and the speeds considered are 10m /s and
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20m /s. The dynamic response due to an equivalent moving load in intensity.
We note that the convoy of load with spacing is not the most unfavorable case
"reduction in the dynamic response” for the two cases speed considered. Thus
we can conclude that the spacing of the moving loads influences the dynamic
response " Fig.5”.

R’p 8 dynarique o cente de la laguess
«0° un corwal de deue forces moh \es

Répcnes ofaicue i cente da  placye scus fifuenca
0 dineface rrotile

Reéqoree ynarrioue o centre o |a placue saus fnfuence
W tun ceruide cherges rrobiles =t

éponss dyrerTioue cucete o a plcus saus ifuence
210 dhne foce ekl

aque )

1
J

i3
T = T T T T T T

== i LA s i Lo D= : ! f—
wim's g ' { 1 1 iy ] . : —— (1T : I

s t 4 d : 7 T \“/ ;Im B B

g | | | | a |
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Figure 6: Dynamic response under the effect of the moving load convoy func-
tion a speed of load

5 Conclusion

A method is proposed to analyze the dynamic behavior of the orthotropic
bridge.

Smaller torsion rigidity would lead to a greater torsion response at the side
of the plate.

An equivalent beam model of the plate simulating the bridge, could give
an evaluation of the amplification factor dynamic along the central line of the
plate, but it would underestimate the responses dynamic at the side of the
structure.

The principal beams are usually rigidified between them by diaphragms
in the bridges, which the structure is composed by beam and plate. The
existence of the diaphragms creates point of inflection between the beams,
which increases the torsional rigidity of the bridge, which reduces alternatively
the dynamic response and the amplitude of the torsional modes.
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Abstract

The BFGS method is the most effective of the quasi-Newton
algorithm for solving unconstrained optimization problem. In
this work we develop a new nonmonotone line search of quasi-
Newton algorithm for minimizing function having Lipschitz
continuous partial derivatives. The nonmonotone line search
can guarantee the global convergence of the original quasi-
Newton BFGS algorithm. Numerical experiments on sixteenth
wellknown test functions with various dimensions generally
encouraging results show that the new algorithm line search is
available and efficient in practical computation by comparing
with other same algorithm in many situations.

Keywords : Unconstrained optimization, BFGS update, Descent condition,
Nonmonotone line searches.

1 Introduction
Consider the unconstrained optimization problem

min f(z), @€ R (1)
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where f : R" — R! is a continuously differentiable function in R"™ and R" is
the n-dimensional Euclidean space. We consider the case where the methods
are implemented without regular restarts. The iterative formula is given by

Tpy1 = Tk + Apdy, (2)

where )\, is a steplength obtained by a line search, and dj, is the search direction

defined by
o _Hkgk for k=1
di = { —Hygr + Brdp—1 for k>2 } ’ (3)

where \; denotes V f(xy), and fy, is a scalar.

Quasi-Newton methods for solving (1) often need to update the iterate
matrix Hj, see [5]. Traditionally, {H}} satisfies the following quasi-Newton
equation:

Hy Vi =Yy, (4)
where
Vi =2k — Ty Ye = grr1 — k- (5)
The famous update Hj is the BFGS formula
Ho1=H,—————+ V.,V /V Y. 6
k+1 k VIH,V, + ViV, JV Yy, (6)

It has shown that the BFGS method is the most effective quasi-Newton meth-
ods see [5],[6] from the computation point of view. The convergence properties
of the BFGS method for convex minimization have been studied by many re-
searchers for example [4], [6], [8], [12]. It is now Known that the BFGS method
may fail for non convex functions [4]. Hence great efforts have been made to
find new line search that not only possesses global convergence but also is
superior the BFGS from the numerical performance.
Nonmonotone line search methods have been presented during recent decades

[1], [8], [12], [13] the nonmonotone procedure is mainly to choose a large step
size for line search methods and a void the iterates trapped in a narrow curved
valley of objective functions. Many researchers used the non monotone tech-
nique methods [3], [4], [7], [9], [10], [11]. In this paper, we first propose a
new nonmonotone type line search then apply it for BFGS method. In the
next section, we present this concreter algorithm and establish some global
convergent properties also we report some numerical result.

2 The New Nonmonotone Line Search With
BFGS Algorithm (New)

Monotone method for solving (1) require that f(zx) < f(zg+1) hold at each it-
eration. But this does not necessarily hold at some iterations for nonmonotone
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methods. In this paper, we consider the following nonmonotone line search and
then apply it for BEGS quasi-Newton method [10], [11], [12], [13].

2.1 New Nonmonotone Line Search

Given constant 4,0 € (0,1),d, > 0. Compute step «y is the largest one in
{sk, sk, skf3?, -+ } such that

flay + pMdy) < Jmax fxey) + 05 gi di — 02| 3" Zy||? (7)
where
T r _ylzvk
Zy =y + C||d}, gx||"vr, + max < 0, [on} Uk (8)

were C,r > 0 are given constants.

2.2 OQOutlines of the New Non-Monotone Line Search for
BFGS Algorithm (NEW)

Step 1 : Let xg € R™ be initial point, Hy = I, compute gp; if go = and =z
is a stationary point of (1) stop; else let 01, p € (0,1),d2 > 0 and nonnegative
integer M and € is a small positive value, let k£ = 0, M = min(K, M),C =
d,r = 3.

Step 2 : If ||gx|| < € then stop! Else go to step3.

Step 3 : Compute direction search dj, by (3) using QN formula for fy.

Step 4 : xyy1 = T + axdy the step size ay is chosen by New nonmonotone
line search rule (7), (8). Proposed update Hy to get Hy,1 by formula (6).
Step 5 : Compute ggi1; if ||gry1]| = 0 and xx1; is a stationary point of (1)
stop; else let k = k + 1, go to step 6.

Step 6 : If the available storage is exceeded, then employ a restart option
either with & =n or ¢}, gk+1 > 971 k-

Step 7 : Set £k =k + 1 and go to step 2.

2.3 Some Theoretical Properties of the (New) Algo-
rithm

The New line search rule was implemented by considering the following as-
sumptions.

(H1) The objective function f(x) has a lower bounder on R".

(H2) The gradient g(z) of f(z) is Lipschitz continuous in an open convex set
B that contains the level set Ly = {x € R", f(x) < f(zo)} with z, given i.e,
there is a constant L > 0 such that

lg(x) =9Il < Ll —yll, ¥ 2,y € B. (9)
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Some time require that f(z) is twice continuously differentiable. In what
follows, we first describe the non-monotone line search.

(H3) The Matrices By, are uniformly positive definite, i.e. there exists 0 <
m < M such that for any k > 0

md|* < d"Byd < M||d||* (10)
Lemma 2.1 Assume that (H3) holds and let Hy, = B;.'. Then

1 1
MHCZH2 < d"Hpd < EHde’ vV k. (11)

For the proof see [9].
Property 2.3.1 : The quasi Newton formula has an attractive property that
for each, k it always holds that

2 vk > Cllgg di[llve]]* > 0. (12)

This property is independent of the convexity of f as well as the line search
used. Thus the search direction defined by (3) is always a descent direction of
the objective function, namely g/ dy < 0. The following result shows that the
nonmonotone line search (7) is well defined.

Theorem 2.2 The nonmonotone line search with BFGS algorithm is well
defined.

Proof Infect, we only need to prove that step length A\, can be obtained
in finite steps. If it is not true, then for all sufficiently large positive integer
m, we have

fla+ BMdy) > max f(zp—;) + 018M gl dy, — 6|8 Z,||”

0<j<M
> f(xr) + 08M g di — 62| B Zi|1? (13)
where p; € (0,1),090 > 0, M = min(k,m) where M nonnegative integer, k =
0,1,2,--

T
T —Yp U
Zy, :yk—l—CHngkH vk+max{0,”+ka}vk. (14)

Let m — oo in (13) then
g di > o194 di (15)

which implies that g{'d, > 0. Since o; € (0,1). This yields a contradiction so
algorithm (2.2) is well defined. m
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Theorem 2.3 Let Assumption (H1), (H2) hold, if steplength oy > 0 is
computed by the nonmonotone line search (7) then we have
lim apdy = 0. lim g} dp = 0. (16)
k—o0 k—o0
Proof Let £ — j be an integer satisfying k — M <k — j <k,

flak —1) = max f(z,1). (17)

0<j<m

It follows from (7) that the sequence {f(zx_;)} is decreasing in fact, note that
grdy < 0, we have from (7) that

F@rp—y) = max f(wpn)
= max (Ogég/[ f(@r—y), f(karl)

< o (max flo). o). o))

0<j<M -1

— max ( max f(fk—j)7f(xk+l))

0<j<M

= flaey). (18)
We have from the last inequality (7) and (17) that

flar—j) = fxr—jo1) + op—jrdp—j1

< oax, (Tp—j—1) + 51ak—j—1gg_j_1dk—j—l — Galok—j12)

= flrrj1) + 0 1gij1dr i — Sallan—j 1zl (19)

Since {f(zk—;)} is decreasing and bounded from assumption (H1), let £ — oo
in the above inequality, we have

lim ak—j—ldk—j—l = 0. (20)

k—o0

Let p = k+ M +2. Now by induction, we prove that for any 7 > 1 the following
two formula hold

]}g{)lo —9;idp—2; = 0 (21)
Jim f(zgz;) = lim f(zy—5). (22)

For j = 1 since {p} C {k —j}, it follow from (20) that (21) hold, which shows
that ||x,—; —zp—j_1]| = 0 as f(x) is uniformly continuous in the level set, (22)
holds for j = 1.
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Now suppose that (21) and (22) holds for given j. It follows from (7) that
Fapsg) < flapsjo1) + 610p-0j_19, o; 1dp—2j—1 — 8||p—nj—1Zp_2j1|* (23)

where

Ty
lawZy|| = akyk‘i‘akcﬁlgdk“‘akmax{a_ﬁ{zﬁ}‘
k
T ygvk
< N|laryell + ||axCgg di|| + || max 0’__||v ||
k
< laxCgidyl|
< lawge dull. (24)

Let k — oo we get from (22) klim |zp—2; — xp—2i—1|| = 0. Since is uniformly
—00

continuous in the level set.

Jim f(zp-9j-1) = lim f(zp9;) = lim f(z,). (25)

Thus (21), (22) hold for any 7 > 1. Now for any k, it hold that
p—j—k-1
Thot = Tej — Y U2 Zpaj. (26)

J=1

Sincep—k—-1=k+M+2—-k—-I1l—-1<k+M+2—-k—-1=M+1, we
have from (21) and (26) that

Jim |z — a4 = 0. (27)

We get the uniform continuity of f(z) that

Jim f(z) = lim f(a,-;). (28)
It follows from (7), (24) that
flarn) < flap-y) + Srangy di — Gallar Ze . (29)

Let kK — oo we have

lim apd, =0, lim akg,?dk =0. m
k—o0 k—o0
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3 Numerical Results

In this section we present the computational performance of a newly-programmed
FORTRAN implementation of the new algorithm on as set of 16 unconstrained
optimization test problem (Appendix 1). The test problem in the CUTE [1]
library, along with other inexact line search optimization problem in extended
or generalized form. Each problem is tested 4 time for a gradually increasing
number of variable; n = 5,10,100,1000 at the same time we present com-
parisons with standard BFGS with Armijo line search algorithms, including
the performance profiles of new nonmonotone line search. The same stopping
criterion employed was |gx|]] < 1 x 107° for all two algorithms report some
numerical results obtained by newly-programmed FORTRAN procedure with
double precision.

In comparison of algorithms the function evaluation is normally assumed
to be the most costly factor in each iteration and the number of iterations. We
solve each of these test function by the

1. BFGS with Inexact Line Search (BFGSAR) Algorithm:
2. The New Nonmonotone line Search for BEGS (NEW) Algorithm.

All the numerical results are summarized in table (1) and (3). They present
the number of iterations (NOI) versus the number of function evaluations
(NOF) while table (2) give the percentage performance of the new algorithm
based on both (NOI) and (NOF) against the original algorithm.

The important thing is that the new algorithm solves each particular prob-
lem measured by (NOI) and (NOF) respectively. Moreover, the new proposed
algorithm always performs more stably and efficiently.

Namely there are about (42-53)% improvements of NOI for all dimensions
Also there are (35 -41)% improvements of NOF for all test functions.
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N of TEST BFGS NOF (NOI) NEW NOF (NOI)
OF TEST | FUNCTION 5 10 | 100 | 1000 51| 10| 100 | 1000
1 Gen-Cubic | 207 | 207 | 209 | 209 | 42| 43| 46 49
125 | 125 | 126 | 126 | 31| 32| 34 36
2 Liarwhd 24 51 98 | 1116 | 27| 37| 33 70
15 41 49 | 388 | 20| 29| 24 64
3 Shanno 32 49 39 25| 24| 35 2 25
20 34 19 171 18| 28| 14 17
4 Ex-Beale 32 28 29 29| 19| 19| 19 26
20 20 21 21| 15| 15| 15 20
5 Gen-Wood | 295 | 268 | 285 | 299 | 244 | 231 | 190 | 236
260 | 240 | 254 | 268 | 222 | 213 | 167 | 208
6 dqrie 28 28 24 18 24| 26| 20 17
18 18 16 11| 18| 20| 15 12
7 Gen-Helical 85 85 87 87| 56| 57| 53 74
59 59 60 60 | 44| 44| 39 54
8 Gen-Beale 61 61 62 62| 15| 15| 15 24
34 34 35 350 12| 12| 12 19
9 Gen-Recip 19 20 20 22| 14| 14| 14 14
14 15 15 16| 11| 11| 11 11
10 Gen-Edger 21 21 22 22| 11| 11| 11 12
12 12 13 13 8 8 8 9
11 Gen- | 155 | 122 | 173 | 168 | 52| 97| 74 81
Non-Digonal 92 69 | 103 95| 32| 75| 58 65
12 APQ 15 17 4 | 372 11| 19| 73| 354
9 13 74| 354 8| 15| 68| 345
13 TPQ 19 21 81| 370 | 16| 19| 75| 343
13 15 721 352 | 12| 15| 70| 334
14 Gen-Shallow | 119 | 103 | 113 | 120 | 15| 15| 15 15
114 | 100 | 108 | 115 | 11| 11| 11 11
15 Gen-Powell | 128 | 132 | 157 | 177 | 60| 60 | 121 69
112 | 116 | 141 | 161 | 52| 52| 111 60
16 Arwwhed 31 31 32 32| 10| 13| 21 35
15 15 16 16 6 8| 13 24
General Total of | 1271 | 1244 | 1515 | 3128 | 640 | 711 | 801 | 1444
functions 16 | 932 | 911 | 1122 | 2048 | 520 | 588 | 670 | 1289

Table (1) : Comparison between the standard BFGS with Inexact
Line Search (BFGS) Algorithm and New proposed algorithms
using different value of 5 < N < 1000 for group of test function.
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N Costs | NEW
5 NOF | 49.64
NOI | 41.21
10 NOF | 42.84
NOI | 35.46
100 | NOF | 47.13
NOI | 40.29
1000 | NOF | 53.84
NOI | 37.06

Table 2 : Percentage performance of the standard BFGS with
Inexact Line Search (BFGS) Algorithm and New algorithm for
100% in both NOI and NOF.

4 Conclusions

In this Paper, a new form of nonmonotone line search has been proposed for
guaranteeing the global convergence of Quasi-Newton method for minimizing
un constrained optimization problem. Numerical experiments show that the
new nonmonotone line search is more efficient and available for BFGS method.
Appendix 1
All the test functions used in Table 1 for this paper are from general liter-
ature [2]:
1. Generalized Cubic function:
n/2
fla) =) [100(zy; — a3, )" + (1 = 2i-1)%], 00 = [-1.2,1, -+, —1.2,1].
i=1
2. Liarwhd Function (cute):
Flo) = A(—z1+ 27+ ) (zi—1)% mp = [4,4., -+ ,4].
i=1 i=1

3. Nondia (Shanno-78) Function (Cute):

fl@) = (2= 1)+ 100(z; — 22 ,)%, 2o =[~1.,—1, -+, —11].
i=2
4. Extended Beale Function:
n/2

f(l‘) = 2[15 — T2i—1 + (1 — $2i)]2 + [225 — l’gz‘,l(l — Jigl)]Z
=1
+[2.625 — 29;_1(1 — 3,)]%,
ro = [1.,0.8,---,1.,0.8].
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5. Generalized wood function:
n/2

flo) = > 100(zaiz — 23 5)* + (1= 2ai-5)” + 90(z4; — 23, 1)* + (1 — 245-1)°
i=1

+10.1([L‘4i_2 — 1)2 + (CL’4Z’ — ]_)2 + 19'8($4i—2 — 1)(.1342‘_2 — ]-)(:E4i—2 — ].)
20 = [-3.,-1.,-3.,-1.,---,-3.,—1.,—3.,—1.].

6. Dqudrtic Function (CUTE):

n—2

f(z) = Z(mf + cx?H +dz} ), x0 = [3.,3.,--+,3.,3.],c = 100, d = 100.
i=1

7. General Helical Function:

n/3
f(z) = 2(1 — —x5; — 10" H;)* + 100(R; — 1) + 22,
i=1
5 5 tan ! —ii:;

R; = \/(5532‘72 +a54), Hi = “opr

where
zro=[-1.,0.,0.,---,—1.,0.],0.

8. Generalized Beale Function:

n/2

i=1

+12.625 — 2951 (1 — 23,]%,

r = [-1,-1,--- —1.,—1..
9. Generalized Recip Function:
n/3 22
= i1 —5)2+ a2 3 =1[2.,5.,1.,---.,2.,5.,1.].
f(l') Zzl [<$3 1 ) + To; 1 + (xSi—l S 2)2 » L0 [ s dey Loy y Loy Iy ]
10. Generalized Edger Function:
n/2
F@) = (w21 = 2" + (w201 — 2)%3; + (w2 + 1), 29 = [1.,0., -+, 1,,0.].
i=1

11. Generalized Non diagonal function:

n

fla) =" [100(z; — 23)* + (1 — 2:)%,

=2

I
|
=
|
—_
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12. Almost Perturbed Quadratic Function:

- 1
=S ia? (w1 + @)% 20 = [0.5,0.5,---,0.5,0.5].
f(x) 2 iz 100(:1:1 Tn)?, xo=| ]

13. Tridiagonal Perturbed Quadratic Function:

n—1
f(l’) = LL’? + Z’LJI? + (mi_l +x; + I’H_l)z, ‘ Ty = [05, 05, s ,0.5, 05]
i=2
14. Generalized Shallow Function:

n/2
flo) = (a3 4 —22:)* + (L —a2i21)”, @0 =[-2,-2,--,—2,-2].

i=1
15. Generalized Powell function:

n/3 1 i3 i i
f(x) = Z {3 — L n (xl — in)z] — sin (7T$22x3 > — exp [_ (1' ;2:63

i=1

1o = [0.,1.,2.,---,0.,1.,2].

16. Arwhead Function (CUTE):

n—1 n—1

flx)=") (4a; +3) + Z(:U? +22)?, g

i=1 i=1

I
'.:'
-
—
—
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Abstract

The development of electronics components has generated
ineluctable reduction of all devise dimensions, especially, chan-
nel width and oxide thickness. This miniaturization induces
many electrical instabilities in the components, which disturb
their behavior. Among these components, we were interested
to a MOS (Metal-Oxide-Semiconductor) transistor. In order
to optimize the performances of this last one, we present in
this paper a study concerning the influence of a magnetic field
on its electrical characteristics. The different simulations car-
ried out with (ISE-TCAD 8.0) software showed that the pres-
ence of a constant magnetic field influences the behavior of
MOS transistor. In fact, the magnetic field leads to a dis-
placement of the operating point, an appearance of magneto-
resistance effect, and a reduction of the threshold potential
with the considered magnetic induction. It was shown in ad-
dition that the transistor is more sensitive to a perpendicular
magnetic field (along Z axis) than to a parallel one).

Keywords: Drift-Diffusion Model, Lorentz Force, Magneto-Resistance,
MOS Transistor.
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1 Introduction

The miniaturization of transistor’s dimensions, the reduction of their voltage
levels and the increase of their speed make their behavior more complex. The
influence of those parameters is then harmful and generates consequently many
perturbations such as, capacitive coupling, noise, and an electromagnetic in-
fluence. We quote for example that in some applications which are based on
the nuclear magnetic induction, a CMOS circuitry is placed and must work
under an intense magnetic field. In this paper, the influence of magnetic field
on electrical characteristics of a MOS transistor is studied. The sensitivity of
the device in the presence of the magnetic field is also studied.

2 Simulated Structure

The 2-D structure used in the simulation of the active device is shown in Fig 1.
It is an N-channel MOS with a substrate doping Ny = 5.10%cm =3 | an oxide
thickness Tox = 4nm . The device with is 1um . The separation between the
drain and source is L = 0.15um , with gate length Lg = 0.18um

s W] o

T Oxzyde
N* _lTnx l_ N* Ix]- W Metal

HE Polysilicium

—_—
i Lpir |

Figure 1: A view of the simulated MOS

As shown in Fig.2. The channel is doped Boron following Gaussian func-
tion. This allow to control threshold voltage of the device [1]. The drain and
source are doped Arsenic using Gaussian function. The surface concentration
is 5.10% cm =3,
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Figure 2: The Doping Profile

On Fig.3, we show the variation of the output characteristics for different
gate (Vs = 1v,V,, = 1.5v) voltage values. The transfert characteristic is
represented for Vg, = 1.5v

I4s(A/um)

174

X1le-4
145 (A/um)

1.0+

0.8
J—
0.6
0.4

o
+/~+/*

0.2

20 25 | 30 Vg 00000

Figure 3: The current-voltage

3 Mathematical model

0.0

T T T T T T T
02 04 06 08 10 12 14 1.6 Vos(v)

I-V characteristics

For the analysis of magnetic field effects in MOS transistors, one has to set
up and solve the transport equations governing the flow of electrons (n) and
holes (p) in the device. To this end we must introduce, to the commonly used

drift-diffusion model,the magnetic-field dependent term|[2].

These laters are

added to the action of the LORENTZ force on the motion of the carriers [3].
While the continuity and Poisson’s equation remain the same as zero fields,
the current density has to be modified, to account for the LORENTZ force [4]:

B
.]n,p -

= 1
_nvn - npy . 7 1o\o
T O B)

5 [1n B A ﬁgon,p + un B A (Mhé A 6SOn,zo)] (1)



110 S. Latreche, S. Labiod, and C. Gontrand

Where o, ,represent the electric conductivity of the electrons or holes,V,, ,,
the gradient of the electron quasi-Fermi potential,uy, the hall mobility related
to the normal mobility as py, = ry, ppin,p With r,, , the Hall scattering factor, and
B the magnetic field applied with the Poisson and continuity equations[5].A
device under magnetic field can be properly simulated under the drifft-difussion
approximation. The vector product between the current density and the mag-
netic field is computed by considering a local coordinate system and the neigh-
boring points [6,7]. The two-dimensional conductivity of the electron under a
magnetic field, applied perpendiculary to the current flow plane is described
by

jm - O-wxEx_'_Ua:yEy (2)
jy = _nyEx+szEy

Where E, and E, are the components of the electric field in the (z,y) plane
E, and 0., and o,, are the components of the conductivity tensor.

Opy = T2

w 1+(punB)? (3)
o _ _oounB

e 1+(unB)?

In the case of the HALL bar geometry L > W, we have j, = 0. This leads

to B, = f‘—z , which is independent on B. In the case of the long and narrow

devices W > L, then E, =0 and j, = 0., E, [8,9].

Then,

B, =, Lt B (4)

00

so we can determine the new resistance between drain and source

Rys = Ro(1+ (1 B)?) (5)

4 Results and discussions

This study concerns the effect of a transverse magnetic field applied in the
plane of the MOS transistor and perpendicular to the current flow.
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Figure 4: Cross-section view of a MOS transistor
4.1 Sensitivity

A variation of sensitivity versus a gate to source and a drain to source biases
with an external applied magnetic field B is studied. The ranges of Vi, Vi

and B fields are Ov < Vs < 1.6v, 0v < Ve < 3.2v and B = 0.6Tesla

The device sensitivity is defined as [10]:

S(B) = =

The study of the sensitivity variations with drain and gate voltage is effec-
tuated for a magnetic induction B=0.6 Tesla. The results are shown in Fig.5.
We note that in the case of a parallel magnetic field, the sensitivity device is
negligible. The perpendicular magnetic field however has a great influence on
the device sensitivity

Vds=1.5v —8—S;
Vos=L5v S3 4.0 B=0.6 Tesla —A— Sy
- —v¥—S.
4.0q B=0.6 Tesla _—m —A—Sy T — X
" —v—Sx bl / ——
3.6 wnt® —
/. - .
3.2 /./' 3.0
2.8 = -
. o 2.5
2.4-fuen-2-%
z £ 204
£ 20 £
£ B
2 164 5 154
t] &
1.2 1.0
0.8+
0.5+
0.4
o 0.0 % - 5 %
T T T T T T T T : T T T T T T T
0.0 04 08 12 16 20 24 28 32 yg(v) 00 02 04 06 08 10 12 14 16 Vgs(v)

Figure 5: Sensitivity variation versus Vi, and Vy;q

A variation of sensitivity versus a gate to source V,, and drain to source
Vs biases and an external applied magnetic fields B is studied.
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4.2 Magneto-resistance in inversion layer

Rds(n)
16
15 |
14
134
124
114
104
9.0 "
8.0+ +
7.0 4

6.0+ +

5.0 +
4.0 Y
3.04 4"

Z.O—f&
1.0

0.0 T T T T T T T T T T 2 2
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50 B(T)

Figure 6: Variations of threshold voltage versus magnetic filed

The variations of the channel resistance Rgs with the magnetic field are
shown in Fig.6 for a gate voltage Vs = 1.5v at V4, = 1.5v. The quasi linearity
of Ry, versus B? confirms the validity of the magneto-resistance analysis carried
out in equation (5).

4.3 Threshold voltage

The application of a magnetic field displaces the inversion layer. The force is
offset by the Hall voltage developed vertically in the channel which effectively
adds another term to the threshold voltage Vr:

Vr =2ppr + %(4QNA55¢FI)% + Vi
Where the third term is due to the developed Hall voltage due to the

magnetic field. The Fig.7 show the variation of the threshold voltage V versus
a magnetic field applied on the considered MOS transistor.
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Figure 7: Variations of threshold voltage versus magnetic field

5 Conclusion

A magnetic field is applied perpendicular to the carrier flow in order to generate
a vertical Hall voltage. this later induce a shift of the threshold voltage of the
considered device. The orientations of the magnetic field according to x and
y axes, have a negligible effect on the device sensitivity. This later increases
with drain voltage, and reach its maximum values for gate voltage Vs = 0.6v.
The electrons deviations caused by the Lorentz force effect reduce the electron’s
number in the inversion layer. This induce an augmentation of the the inversion
layer resistance with B? and a displacement of the operating point, as shown
in Fig.6. The relation between Rz, and B? is almost linear .
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Abstract

The problem of optimally controlling a one-dimensional dif-
fusion process X (t) is considered. The aim is either to mini-
mize or to maximize the time spent by X (t) in an interval. It
is shown that it is sometimes possible to obtain the optimal
control by considering the corresponding uncontrolled process.
The problem formulation generalizes that in Whittle (1982).
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two-dimensional degenerate diffusion process (X(t),Y (t)) for
which the derivative of X(t) is a deterministic function of X (t)
and Y (t). This problem has applications in reliability theory.
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1 Introduction

We consider the one-dimensional controlled diffusion process {X(t),¢ > 0}
defined by the stochastic differential equation

dX (t) = a[X (t)]dt + b[X ()] Lu(t)]dt + {N[X()]}/2dB(t), (1)

where {B(t),t > 0} is a standard Brownian motion, u(t) is the control variable,
a(-) is a real function, b(-) # 0 and N(-) > 0. Moreover, L(-) is a differentiable
function such that L'(-) # 0.
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Assume that X (tg) = x € [ := (dy,ds), and define
T(x,to) =inf{t > to: X(t) ¢ I | X(to) = z}.

That is, T'(x, to) is the first time the controlled process X (t) leaves the interval
I. Notice that, by continuity, we can write that X[T'(z, )] = d; or d.

Our aim is to find the control u* that minimizes the expected value of the
cost criterion

T(z,to)
Jat)i= [ LalX@ICO)dt + KT (e 1),
to

where ¢(-) > 0 and C(-) > 0. The case where K[T'(z,to)] = A\T(x,1) has
already been treated. When the parameter X is positive, the optimizer seeks
to minimize the time spent by {X(¢),£ > 0} in I, taking the control costs
into account. This type of problem has been termed LG homing by Whittle
(1982, p. 289) (see also Whittle (1990, p. 222) for a risk-sensitive formulation).
If A is negative, the objective is to maximize the survival time in [ (again,
taking the control costs into account).

The author considered LQG homing problems in a number of papers (see,
for instance, Lefebvre (2004)). Kuhn (1985) and, very recently, Makasu (2009)
treated risk-sensitive homing problems.

If L{u(t)] = u(t) and Clu(t)] = u?(t), and if the relation

b ()

alVie) = q(z)

(2)

holds for a positive constant «, then using a theorem due to Whittle (1982)
we can express the optimal control u* (= u*(ty)) as follows:
 b(z) G(a,to)”

where

G(z,to; ) := E [exp{—aK[r(z,ty)]}]. (3)

In the above equation, 7(z, ty) is the same as the random variable T'(x, ty), but
for the uncontrolled process {£(t),t > 0} defined by

de(t) = alg(t)]dt + {N[E()]}*dB(t).
That is, {£(t),t > 0} is the diffusion process obtained by setting L[u(t)] = 0
in (1), and
T(x,t) = inf{t > to: &(t) & I | &(ty) = x}.

Remarks. (i) Notice that the constant « in (2) always exists if N, b and ¢
are constants.
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(ii) In the present paper, we will choose the termination cost
KT (z,ty)] = —In[T(x, o) + 1]/
Then G is simply the mathematical expectation of 7(x,ty) + 1:

G(x,to; ) = E [exp{—a(—In[r(z,to) + 1]/a)}] = 1 + E [1(x, )] .

In Section 2, we will show that we can obtain the optimal control from
the mathematical expectation in (3) when we choose Clu(t)] = L?[u(t)], thus
generalizing the theorem in Whittle (1982). Next, in Section 3 the same type
of problem will be considered for a degenerate two-dimensional controlled dif-
fusion process (X (t),Y (¢)) for which the derivative of X (t) is a deterministic
function p[X(t),Y (t)]. The results obtained in that section are useful in relia-
bility theory, when one wants to maximize the lifetime of a device (see Lefebvre
(2009)). In both sections, examples will be presented. Finally, we will give
some concluding remarks in Section 4.

2 Optimal Control in One Dimension
Let F(x,tp) be the value function defined by

F(z,ty) = igf E[J(x,to) | X(ty) = x].

Assuming that the function F exists and is twice differentiable, we can show
that it satisfies the dynamic programming equation

0 = ir;f {Fi,(x,to) + a(x) Fi(x,to) + b(x) L(u) Fy(x, ty)
+ 30(z)C(u) + 3N (2) Fuo(2,0) }
It follows that the optimal control uv* is such that
b(w) L'(u") Fi(x, o) + 3q(2) C'(u") = 0. (4)

We make the following assumption:
H;: Eq. (4) can be solved explicitly for u*.

Once we have found u* in terms of F,(z,ty), we must solve the (generally
non-linear) partial differential equation

0 = Fi(x,to) +a(x)Fy(x,ty) + b(x) L(u*) Fy(x, to)
+ 3q(2) C(u*) 4 5 N(2) Fpo(x, to). (5)
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This equation is valid for x € (dy,dy). The boundary conditions are
F(l’,to) = K(to) if v = d1 or d2. (6)

Consider now the particular case where C'(u) = L*(u). Then Eq. (4) be-
comes
b(w) L'(u") Fo(x,t0) + 3q(2)2L(u") L' (u") = 0.
Since we have assumed that L'(-) # 0, we can write that
b(x) Fy(x,t0) + q(z) L(u") = 0. (7)
Hence, in this particular case, the assumption H; is equivalent to
H;: the function L' exists.

The optimal control can thus be expressed as follows:

o g (M),

q()

Therefore, to obtain the value of u*, we must find the derivative of the value
function F(z,ty) with respect to z, and determine the inverse function L.

Remark. If the inverse function L=! does not exist, then the optimal control
might not be unique. For example, if L(u) = u?, then there are two values of
u that minimize the expected value of the cost criterion J(z, ).

Next, since (from Eq. (7)) L(u*) = —b(z) Fy(x,t)/q(x), substituting into
Eq. (5) we find that F(z,t,) satisfies the partial differential equation

b*(x) 2,1

0= Fi,(z,to) + alx) Fy(z,to) — 59(2) [Fo(x, to)]” + 5 N(x) Fou(x,t0).  (8)
In the case where Fy, (x,tg) = 0, this equation is a Riccati equation for F,(x, ty).

It is sometimes possible to solve explicitly the second order non-linear dif-
ferential equation (8). However, we obtain a very interesting probabilistic
interpretation by making the same transformation as in Whittle (1982): we
assume that the relation in (2) holds, and we define

H(x, ty; o) = e oF(@to),
We then find that Eq. (8) is transformed into the linear equation
0 = Hyy(x, to; @) + a(x) Hy(x, to; @) + 5 N (x) Hyo (2, to; ). 9)
Furthermore, the boundary conditions become
H(x,ty;0) = e K10 if o = d, or dy. (10)

Now, Eq. (9) is the differential equation satisfied by the function G(z,to; )
defined in (3), and the conditions in (10) are the appropriate boundary con-
ditions. Hence, we can write that H(x,to;a) = G(z,tp; ), and we obtain the
following proposition.
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Proposition 2.1 Under the above hypotheses, if C(u) = L*(u), then the op-
timal control u* can be obtained from the mathematical expectation G(x,to; «)
for the uncontrolled process that corresponds to {X (t),t > 0}.

Remark. We also assume that P[7(z,tg) < oo] = 1, so that the solution of
(9) and (10) is unique.

Particular case. Let us consider the case where {X(¢),¢t > 0} is a con-
trolled standard Brownian motion, so that a[X(t)] = 0 and N[X(t)] = 1.
Furthermore, let us choose b[X(t)] = by (# 0) and ¢[X(t)] = ¢ (> 0).
Then the positive constant « in (2) is given by b2/qy. Finally, assume that
K[T'(z,tg)] = —In[T'(z,t9)+1]/c. Then, as mentioned in Section 1, G(x, tp; @)
becomes 1+ E [7(z,ty)].

Now, as is well known (see, for instance, Lefebvre (2007, p. 220)), in this
case the function m(x,ty) := E|[7(z,to)] satisfies the second-order ordinary
differential equation

%mm(x,to) =1,

subject to the boundary conditions
m(xz,ty) =ty if x =d; or d.
We easily find that
m(z,ty) = —2* + (dy + do)x + to — didy.
It follows that the function G(z,to; «v) is given by
G(z,to;a) = =2 + (dy + do)w +tg — dydy + 1,

so that G,(z,to; ) = —2x + (dy + dz), and the optimal control is

% _1 { —2x + dl + dg }
u =L .
bo[—iEQ + (dl + dg)l’ + to — dldg + 1]
In the special case where d; = —d, dy = d, ty = 0, and L(u) = u?, we obtain
that

9y 1/3
ut = )
{bo(d2 —x2—|—1)}

Remarks. (i) Because the constant « is positive, the termination cost function
K[T(x,tg)] = —In[T(z,ty) + 1]/« is negative. That is, a reward is given for
survival in the continuation region I := (d;,ds). Hence, the optimizer wants
to maximize the time spent by the controlled process in I.
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(ii) The function F(x,t) is given by

F(z,to) = — In[G(z, ty; a)] Ja = _% In [—2% + (dy + do)x + to — drdy + 1] .
0
We can check that this function satisfies both the partial differential equation
(8) and the boundary conditions (6) (with K (ty) = —In(to + 1)/c).

In the next section, we will consider an optimal control problem in two
dimensions.

3 Optimal Control in Two Dimensions

Let (X (t),Y(t)) be the two-dimensional degenerate diffusion process defined
by the system of stochastic differential equations

LX)
do[Y'(t) — ]
dY (t) = a[X(t),Y(t)]dt + b[X(t),Y ()] L[u(t)]dt + {N[X(t),Y (t)]}/?dB(t),

dX(t) = dt,

where dy > 0 and d > —1. This system is a particular case of the controlled
stochastic processes proposed by Rishel (1991) to model the wear of machines.
Define the first passage time T'(x,y,ty) as follows:

T(z,y,to) = inf{t > 1o : {X(t) = 0y U{Y'(t) = ¢} | X(to) = 2, Y (o) = y},

where x > 0 and y > ¢. The random variable X (¢) denotes the remaining
lifetime of the machine, whereas Y'(¢) is a random variable that is closely
correlated with the lifetime of this machine. We assume that production must
be stopped (and the machine repaired) if Y (¢) decreases to ¢ before X ()
reaches the origin.

We want to find the control v* that minimizes the expected value of

T(z,y,to)
Iy, to) = / Ly(X (6), Y ()] Clu(t)] dt + K[T(x, y.to)].

where ¢(-,-) > 0 and C(-) > 0.
Next, we define the value function F(x,y,ty) by

F(ZB,y,to) = l%f E [J(x7yat0) | X<t0) = x7Y(t0) = y] :

Proceeding as in the previous section (assuming in particular that the inverse
function L™! exists), we find that the optimal control can be expressed as

follows:
U* _ L—l (_b(.%,y)Fy(iU,y,to)) )
q(z,y)
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Moreover, if the relation

b*(,y)
q(z,y)

aN(z,y) = (11)

is valid for a positive constant «, then the function F(z,y,to) can be obtained
from the formula

6704F(I,y,t0) = F {exp{—OéK[T(xv Y, tO)]}] ’

where 7(z,y,to) is the random variable that corresponds to T'(z,y,to) for the
uncontrolled process (£(t),n(t)) defined by

) = -3 [§7<zf>(ti g

dn(t) = al&(t),n(®)]dt + {N[E(t), ()]} dB(1).
Furthermore, we assume that P[r(x,y,ty) < oo] = 1.

Particular case. We consider the case where a[X (t), Y (t)] =0, N[X(t), Y ()]
=1, b[X(¢),Y(t)] = by (£ 0) and ¢[X(t),Y(t)] = qo (> 0). It follows that the

constant « defined in (11) is again given by b2/qo. Moreover, we choose
K[T('Tv Y, tO)] = ln[T('T7 Y, tO) + 1]/&,

so that
Elexp{—aK]|r(z,y,t0)]}| =1+ E[r(x,y,t0)].

Thus, the stochastic optimal control problem is reduced to the calculation of
the expected value of the first passage time 7(x,y, to).

Now, the value of m(z,y,tg = 0) := E [7(z,y,to = 0)] has been computed
explicitly by Lefebvre and Ait Aoudia (2010), by making use of the method of
similarity solutions to solve the appropriate differential equation. They found
that

do $d+1

to=0) = —c).

This result can be generalized to
dO .Id—H
to) = —¢)+t
m(e,v,t) = S (= o) + o
Therefore, we can write that
d d+1
emeren) = Ty o) g1

d+1
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Hence, the optimal control is given by

1 d(_)xd+1
=L :
bo dodéil (y—C)+t0+1

With ¢ =d =1ty =0 and dy = by = 1, the optimal control reduces to

' =L *
zy+1/)"

This control enables the optimizer to maximize the expected remaining lifetime
of the machine, or the expected time until the machine must be repaired (taking
the control costs into account).

4 Conclusion

We have generalized a theorem due to Whittle which enables us, under cer-
tain assumptions, to optimally control a diffusion process by considering the
corresponding uncontrolled process. Here, we have replaced the linear control
in the plant equation by a function L(u), and the quadratic control in the cost
criterion by C(u). We have obtained a result similar to that of Whittle for the
case where C'(u) = L*(u). We could now consider other cases, for example the
one where C(u) = L'/?(u) (assuming that L(u) > 0).

In the particular cases presented in Sections 2 and 3, we have chosen a
termination cost function that leads to the computation of the expected value
of the first passage time for the uncontrolled process. This case is important
for the applications. Indeed, as we have seen in Section 3, it is a natural
problem to try to maximize the (expected) lifetime of a device.

Finally, it would be interesting to generalize even further Whittle’s theorem
by obtaining an expression for the optimal control in terms of a mathematical
expectation for an uncontrolled process, but in the case where the relation in
(2) or in (11) is not necessarily satisfied.
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1 Introduction

[soperimetric problems consist in maximizing or minimizing a cost functional
subject to integral constraints. They have found a broad class of important
applications throughout the centuries. Areas of application include astronomy,
geometry, algebra, and analysis [4]. The study of isoperimetric problems is
nowadays done, in an elegant and rigorously way, by means of the theory of the
calculus of variations [18], and concrete isoperimetric problems in engineering
have been investigated by a number of authors [9]. For recent developments on
isoperimetric problems we refer the reader to [2, 1, 11] and references therein.

A new delta-nabla calculus of variations has recently been introduced by the
authors in [14]. The new calculus of variations allow us to unify and extend the
two standard approaches of the calculus of variations on time scales [10, 16, 17],
and is motivated by applications in economics [8].

The delta-nabla variational theory is still in the very beginning, and much
remains to be done. In this note we develop further the theory by introducing
the isoperimetric problem in the delta-nabla setting and proving respective
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necessary optimality conditions. Section 2 reviews the Euler-Lagrange equa-
tions of the delta-nabla calculus of variations [14] and recalls the results of the
literature needed in the sequel. Our contribution is given in Section 3, where
the delta-nabla isoperimetric problem is formulated and necessary optimality
conditions for both normal and abnormal extremizers are proved (see Theo-
rems 3.3 and 3.5). We proceed with Section 4, illustrating the applicability
of our results with an example. Finally, we present the conclusion (Section 5)
and some open problems (Section 6).

2 Preliminaries

We assume the reader to be familiar with the theory of time scales. For an
introduction to the calculus on time scales we refer to the books [6, 7, 13].
Let T be a given time scale with jump operators ¢ and p, and differential
operators A and V. Let a,b € T, a < b, and (T \ {a,b}) N [a,b] # 0; and
La(+,+,+) and Ly(-,-,-) be two given smooth functions from T x R? to R.
The results here discussed are trivially generalized for admissible functions
y : T — R” but for simplicity of presentation we restrict ourselves to the
scalar case n = 1. Throughout the text we use the operators [y| and {y}

defined by

wl(t) = (ty7 (1), 5°(1) . {y3(t) = (£ (), y7 (1)

In [14] the problem of extremizing a delta-nabla variational functional sub-
ject to given boundary conditions y(a) = « and y(b) = f is posed and studied:

g0 = ([ st ([ etiov) — e

y € C. ([a,0],R)
y(a) =, y(b) =8,

(1)

where C! ([a, b], R) denote the class of functions y : [a,b] — R with y* contin-
uous on [a,b]* and yV continuous on [a, b,

Definition 2.1 We say that § € Cl([a,b],R) is a weak local minimizer
(respectively weak local maximizer) for problem (1) if there exists § > 0 such
that J () < J (y) (respectively T (9) > T (y)) for ally € CL([a, b], R) satisfying
the boundary conditions y(a) = a and y(b) = B, and ||y — Y||1.00 < 0, where
Yll1.00 5= 147 lloo + 13 loo + [y oo + [y [loo and [|yllco := SUD¢e[q,b]2 ly(®)]-

The main result of [14] gives two different forms for the Euler-Lagrange
equation on time scales associated with the variational problem (1).
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Theorem 2.2 (The general Euler-Lagrange equations on time scales [14])
If§ € C is a weak local extremizer of problem (1), then § satisfies the following
delta-nabla integral equations:

p(t)
Jv (1) (a:sLA[ZQ] (p(t)) —/ O LA 9] (T)AT>

+ JIA(9) (83Lv{jg}(t) —/ 82LV{Q}(T)VT> = const V't € [a,b].; (2)

7+ (uLalili - [ t ouLajl(r)

a(t)
+ Ja(9) (agLv{g)}(cr(t)) —/ 82Lv{@}(T)VT) = const Vt € [a,b]".
(3)

Remark 2.3 In the classical context (i.e., when T = R) the necessary con-
ditions (2) and (3) coincide with the Euler—Lagrange equations recently ob-
tained in [8].

Our main goal is to generalize Theorem 2.2 by covering variational problems
subject to isoperimetric constraints. In order to do it (cf. proof of Theorem 3.3)
we use some relationships of [3] between the delta and nabla derivatives, and
some relationships of [12] between the delta and nabla integrals.

Proposition 2.1 (Theorems 2.5 and 2.6 of [3]) (i) If f : T — R is delta
differentiable on T and f* is continuous on T*, then f is nabla differentiable
on T, and

)= () (t) forallteT,. (4)
(ii) If f : T — R is nabla differentiable on T, and fV is continuous on T,,
then f s delta differentiable on T" and

2 =)t foralteT". (5)

Proposition 2.2 (Proposition 7 of [12]) If function f : T — R is contin-
uous, then for all a,b € T with a < b we have

[ rwai= [, (©)
[ swwi= [ rwar @
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We also use the nabla Dubois-Reymond lemma of [16].

Lemma 2.4 (Lemma 14 of [16]) Let f € Ciy([a,b],R). If

b
/ fOnV &)Vt =0 for alln € Cl([a,b],R) with n(a) =n(b) =0,

then f(t) = c ont € [a,b], for some constant c.

3 Main Results

We consider delta-nabla isoperimetric problems on time scales. The problem
consists of extremizing

b b
c) = ([ zabioar) ([ zotpove) e ®
in the class of functions y € C!(][a, b], R) satisfying the boundary conditions

yla) =a, yb) =4, (9)

and the constraint

<) = ([ Kalioar) ([ xeturome) =k (10)

where «, (3, k are given real numbers.

Definition 3.1 We say that § € Cl([a,b],R) is a weak local minimizer
(respectively weak local mazimizer) for (8)—(10) if there exists & > 0 such that

L(9) < L(y) (respectively L(7) = L(y))

for ally € Cl([a, ], R) satisfying the boundary conditions (9), the isoperimetric
constraint (10), and ||y — 9||1.00 < 9.

Definition 3.2 We say that § € C! is an extremal for K if § satisfies the
delta-nabla integral equations (2) and (3) for K, i.e.,

p(t)

Kv(9) <03KA [91(p(t)) — K a [:&](T)AT)

a

+ Ka(9) (83Kv{;&}(t) —/ 02Kv{3j}(7)V7') = const Vt € [a,b],; (11)
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(o) (uialil) - | YN (m)ar)

o(t)

+Kali) (83Kv{g)}(a(t)) - @Kﬂg}(ﬂ%) = const Vit € [a,b]".

a

(12)

An extremizer (i.e., a weak local minimizer or a weak local mazimizer) for
the problem (8)—(10) that is not an extremal for K is said to be a normal
extremizer; otherwise (i.e., if it is an extremal for K), the extremizer is said
to be abnormal.

Theorem 3.3 If § € C! ([a,b],R) is a normal extremizer for the isoperi-
metric problem (8)—(10), then there exists A € R such that § satisfies the
following delta-nabla integral equations:

p(t)
Lo(d) (agLAwp(t)) -/ azLA[@wm)
+La(9) (33Lv{@}(t) -/ asz{@}mvT)

p(t)
i\ {/cv@) (agKA Bl(p(t)) — / 0K ali] <T>Ar)

Ka(d) (agKv{y}a) -/ t aZKv{g}mvT)} — const Vi€ [abe; (13)

Lo(d) (agLA i)~ [ auLali <¢>Ar)
o(t)
 La(h) (53Lv{??}(0(t)) -/ aQLv{yf}mvT)
) {m@) (agm il - [ t aQKA[@Mr)AT)

o(t)
+ Ka(9) (33Kv{?)}(0(t)) —/ C%Kv{l?}(T)VT)} = const Vi € [a,b]".
(14)
Proof Consider a variation of g, say ¥ = ¢ + €111 + €212, where for each

i € {1,2}, m; € CX([a,b],R) and n;(a) = n;(b) = 0, and ¢; is a sufficiently small
parameter (£, and e must be such that ||§ — §||1.00 < ¢ for some § > 0). Here,
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71 is an arbitrary fixed function and 7, is a fixed function that will be chosen
later. Define the real function

Koy, e0) = ( / Kalg At) ( / ’ Kv{y}(t)Vt) k.

We have

OK

= kel) / (DK a3 (05 (1) + DK a[3] (02 (1)) At

(0,0
+Ka) / (O Eo {3} (O () + DKo {3} (DT (6) Vit = 0.

We now make use of the following formulas of integration by parts [6]: if
functions f,g : T — R are delta and nabla differentiable with continuous
derivatives, then

/ 1o (Hg> (1AL = (fg)(1)]=" - / FA(Dg(t)At
b b
/ (097 ()Y = (fg) (1) / £ (Hg(6)V

Having in mind that ny(a) = 12(b) = 0, we obtain:

/ O Al (£ (1) = / B A7) (1) AT ()12

- / ( / aQKA[g]<¢)AT) ns (H)At = — / b ( / tazKA[@](r)AT) g (t) At

and
b t
/ 0K (G} (1) V' = / 0y Ko {3} (1) V(1) 1=

_/ab (/t aQKv{yf}(r)vT> ny ()t = — /ab (/t a2Kv{g}(T)VT> ny (t)Vt.

Therefore,

oo = Kv(9) /ab (83KA / 02 KA [Y] ) S (t)At

T Kad) / (83Kv{y} / 0K {7} (7 >w)n2<>w (15)

0K
852
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Let
7(t) = Ko(§) (agm i)~ [ ursli <T>AT>
and

o(0) = Kali) (2:55 (7)) / 0L ) (197

We can then write equation (15) in the form

g_i :/a f(t)%A(t)AH/a g(t)ny (t)Vt. (16)

Transforming the delta integral in (16) to a nabla integral by means of (6) we
obtain
- [ rowyavis [ oo
(0,0) a

0K b ) -
= / (7(8) + g () S (1) V.

As g is a normal extremizer we conclude, by Lemma 2.4 and equation (12),
that there exists 7o such that g—g‘( : # 0. Since K(0,0) = 0, by the implicit
0,0

(0,0)

862

and by (4)

function theorem we conclude that there exists a function ¢, defined in the
neighborhood of zero, such that K (g,e5(g1)) = 0, i.e., we may choose a subset
of variations y satisfying the isoperimetric constraint.

Let us now consider the real function

Hene =)= ([ talioae) ( [ starome).

By hypothesis, (0,0) is an extremal of L subject to the constraint K = 0 and
VK (0,0) # 0. By the Lagrange multiplier rule, there exists some real A such
that V(L(0,0) — AK(0,0)) = 0. Having in mind that n,(a) = n1(b) = 0, we
can write

OL N A
= ﬁv(y)/ 63LA / 82LA n (t)At
(0,0) a

e
WRT) / b (ava{y} / O Lo} (r )vf) WOVE (17)

oo = Kv(9) /ab (83KA / 02 KA [Y] ) B(t)At

T Kad) / (83Kv{y} / 0K {7} (7 >w) WOV (18)

and
0K
851
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- m(t) = Ly(y) (&zh[:&] () - /a t OrLald] (T)AT)
and

att) = £a() (Lot} - | t AL () (V).

Then equations (17) and (18) can be written in the form

8E b b
| = [ momtoars [ ove
861 (0,0) a a

and R , ,
ol = [ remtoacs [gwntove
€1 (0,0) a a

Transforming the delta integrals in the above equalities to nabla integrals by
means of (6) and using (4) we obtain

oL b ) -
9o = / (mP () + n(t) Y (£)V
and o )
ol = / (7(t) + () 0¥ (1) V.
Therefore,
b
/ 1) {mP () + n(t) — A(7(8) + g(1))} Vit = 0. (19)

Since (19) holds for any 7, by Lemma 2.4 we have

m?(t) +n(t) = A(f7(t) +g(t)) =

for some ¢ € R and all ¢ € [a, b],. Hence, condition (13) holds. In a similar
way we can obtain equation (14). In that case we use relationships (5) and

(7), and [5, Lemma 4.1]. ®

In the particular case Ly = ﬁ we get from Theorem 3.3 the main result

of [11]:

Corollary 3.4 (Theorem 3.4 of [11]) Suppose that

J(y) = / Lit, 4 (1), 4> (1) At
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has a local minimum at y, subject to the boundary conditions y(a) = y, and
y(b) = yp and the isoperimetric constraint

b
I(y) = / gty (£), > ()AL = k.

Assume that y, is not an extremal for the functional I. Then, there exists a
Lagrange multiplier constant \ such that vy, satisfies the following equation:

OsFA (L, y2 (£), y2 (1) — 0oF (t,y2 (1), y2 (1) = 0 for all t € [a,b]*,

where F' = L — \g and O3F* denotes the delta derivative of a composition.

One can easily cover abnormal extremizers within our result by introducing
an extra multiplier Ag.

Theorem 3.5 If § € C! is an extremizer for the isoperimetric problem

(8)—(10), then there exist two constants Ay and X\, not both zero, such that g
satisfies the following delta-nabla integral equations:

Ao {gv(g) (agLA / Oy Lalj )

+ £a0) (Aot} / 0oL (§}(r)V )}

—A{/cv(g) (@gm / DAl () AT )

+a) (1ot} 0 / 0K {7} (1)V )}zconst Ve [abl: (20)

do {ﬁv@) (agLA / OuLal )

o(t)
+ La(9) (c%,Lv{@}( () — DLy {g}(T)V )}

.\ {/cv@) (agKA / NN )

+ Ka(9) (33Kv{y} / W Kv{y}(1)V )} = const Vt € [a,b]".
(21)
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Proof Following the proof of Theorem 3.3, since (0,0) is an extremal of L
subject to the constraint K = 0, the extended Lagrange multiplier rule (see
for instance [18, Theorem 4.1.3]) asserts the existence of reals Ay and A, not
both zero, such that V(AoL(0,0) — AK(0,0)) = 0. Therefore,

/ 1 () {0 (m?(8) +n(t)) = A (f(t) + g(t))} VE = 0. (22)
Since (22) holds for any 7;, by Lemma 2.4, we have
Ao (mP() +n(t)) = A(f(t) + 9(t) = ¢

for some ¢ € R and all ¢ € [a,b],. This establishes equation (20). Equation
(21) can be shown using a similar technique. ®

Remark 3.6 If § € C! is an extremizer for the isoperimetric problem (8)-
(10), then we can choose Ao = 1 in Theorem 3.5 and obtain Theorem 3.3. For
abnormal extremizers, Theorem 3.5 holds with A\g = 0. The condition (Ao, ) #
0 guarantees that Theorem 3.5 is a useful necessary optimality condition.

In the particular case La = %a we get from Theorem 3.5 the main result

of [2): '

Corollary 3.7 (Theorem 2 of [2]) Ify is a local minimizer or maximizer

for
/fty Y(1) Vi

subject to the boundary conditions y(a) = o and y(b) = [ and the nabla-integral
constraint

b
Tl = [ ot (057 ) Ve =,
then there exist two constants Ao and X\, not both zero, such that

a?)KV (tv yp(t)’ yv(t)) - aQK (tv yp(t)a yv(t)) =0
for allt € [a,b],, where K = \of — \g.

4 An Example

Let T ={1,2,3,..., M}, where M € N and M > 2. Consider the problem

minimize L£(y) = ( /0 M(yA(t))QAt> ( /0 ) (v7 (1) +y7 (1)) w) (23)

y(0) =0, y(M)=M,
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subject to the constraint

M
K(y) = / ty®(H)At = 1. (24)
0

Since )

La=u"? Lv=@")’+y", Ka=ty®, Ky= i
we have

OrLa =0, O3La=2y", 0oLy =0, 0O3Ly=2y" +1,
and

82KA = 0, 83KA =1, (92Kv = 0, agKv =0.

As

Ko () (asKAmu) - [kl <T>Ar)
o(t)
T Ka() (53Kv{17}(0(t)) -/ 82Kv{§}(T)VT) i

there are no abnormal extremals for the problem (23)—(24). Applying equation
(14) of Theorem 3.3 we get the following delta-nabla differential equation:

24y~ (t) + B +2ByY (o(t)) — M = C, (25)

where C' € R and A, B are the values of functionals Ly and £ in a solution
of (23)-(24), respectively. Since yV (o (t)) = y*(t) (5), we can write equation
(25) in the form

2Ay>(t) + B +2By” — M\t = C. (26)

Observe that B # 0 and A > 2. Hence, solving equation (26) subject to the
boundary conditions y(0) = 0 and y(M) = M we get

A(M —t)
t)=|1————=5|t. 2
() { 4(A+B)] 27
Substituting (27) into (24) we obtain A = —%. Hence,

(4M? —TM —3Mt+6t)t
M (M —1)

y(t) =

is an extremal for the problem (23)-(24).
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5 Conclusion

Minimization of functionals given by the product of two integrals were con-
sidered by Euler himself, and are now receiving an increase of interest due to
their nonlocal properties and applications to economics [8, 14]. In this paper
we obtained general necessary optimality conditions for isoperimetric problems
of the calculus of variations on time scales. Our results extend the ones with
delta derivatives proved in [11] and analogous nabla results [2] to more general
variational problems described by the product of delta and nabla integrals.

6 Open Problems

The results here obtained can be generalized in different ways: (i) to varia-
tional problems involving higher-order delta and nabla derivatives, unifying
and extending the higher-order results on time scales of [10] and [16]; (ii) to
problems of the calculus of variations with a functional which is the composi-
tion of a certain scalar function H with the delta integral of a vector valued
field fa and a nabla integral of a vector field fv, i.e., of the form

u(f sty Ot w)ar, [ Foltes .7 )9

It remains to prove Euler-Lagrange equations and natural boundary conditions
for such problems on time scales, with or without constraints.

Sufficient optimality conditions for delta-nabla problems of the calculus of
variations is a completely open question. It would be also interesting to study
direct optimization methods, extending the results of [15] to the more general
delta-nabla setting.
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Abstract

In the present work, we apply the potential methods to the
Laplacian with the nonlinear boundary conditions in a bounded
domain with smooth boundary. A nonlinear boundary inte-
gral equation is obtained. We will interpret that as pseudo-
differential operators, and via the symbolic computation of
these operators, we can give the properties of these operators
which allow us to used the fixzed point theorem of Krasnosel’skii
for establish the existence of the solution.

Keywords: Boundary Integral equations methods, Fixed point theorems,
Nonlinear Hammerstein equations, Pseudodifferential operator.

1 Introduction

The resolution of boundary value problem for partial differential operators
with nonlinear boundary conditions bay the method of integral equations, in
recent years much attention has been paid to this problem in many directions
( we quote, for instance, the works for example in Ruotssalainen and Wendland
[7] and in Kendall E. Atkinson [1] ).

In various applications, however, the problems involve nonlinearities. Also



On Some Nonlinear Integral Equation 139

some electromagnetic problems contain nonlinearities in the boundary condi-
tion, for instance problems, where the electrical conductivity of the boundary
is variable. Further applications arise in heat transfer and potential problems
1, 2].

Motivated by the above applications we study here a nonlinear integral equa-
tion associated to the Laplacian equation with nonlinear data of the form:

{Au:() , x €

(P) @) _ g (g, [u(x)]) , xel

(1.1)

Where € is an open bounded region in R? with a smooth boundary I' = 99
and ¢ (z,[u(x)]) is a measurable function. If the solution of problem (1.1)
is represented by a potential of double layer, we obtain a nonlinear integral
equation on the boundary of the form

Tw = Nyw (1.2)

with w = [u(z)] = ulinter — U|exter-
Where T' is linear hyper singular integral operator and N, is a Nemytskii
operator.

Unfortunately, the integral operator 7! is not continuous. To surmount
this difficulty, we will transform (1.2) to in the form:

w = Aw + Bw (1.3)

where A is compact linear operator and B is a strict contraction nonlinear
operator. The existence result will be a consequence of the Krasnosel’skii
fixed point theorem [1, 2].

2 Definitions and notations
In what follows, we denote by F[.] the Fourier transform.
Definition 2.1
1. Let m € N, we denote by H™(2) the Sobolev space:
H™(Q) = {u € L*(Q); D*u € L*(Q), |a| < m}
2. Let s € R, we denote by H*(R™) the Sobolev space:
H*(R") = {u € L*(R"); (1 + [€]*)2| Flu]| € L*(R")} .

and the associated norm:

1

w= ([ @+ ieprirupe)

[l
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3. Let Q C R™ a bounded domain and I' := 0X), we define
H*(Q) ={ulg:ue HR")},s e R

{ulp :u e H 2(R™)}, s >0
H(T) =4 LXD), s=0
(H=*(T"))" ( dual space),s < 0

3 The Integral equation at the boundary

3.1 Representative formula and boundary operator

We need the fundamental solution E (z) of operator A : AE = §, defined by:
1
E(z) = %log || (2.1)
We note: E (z,y) = E (x —y)

We know that the solution of problem (P) can be represented by different
way (see [1,2,3,5]):

1. Representation by potential of double layer is obtained if we extend the

solution % of our problem continuously to R?:

9 (2,0(2) = = [ 0(0) Duuny E (2.) ds,
I
with w(x) = u|ipmr — Ulezr

2. Representation by potential of single layer is obtained if we extend u
continuously to R%:

9u u
g = Bt (1280, w0)ds,

r

with [94] = 24|, — 2| p

In this paper we are concerned to the first case.
Definition 3.1 Let u € C*> (). We define the following operator:
Dqu (x) = /u (y) .OnyE (x,y)ds, , x € (2.2)

r
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This definition will yield for an arbitrary distribution v on I' since for = ¢ T,
the kernel of the operator (2.2) are C*° function onl.
The operator in (2.2) gives the following representative formula:

Lemma 3.2 Foru € H' (Q) with w € Hz (I') and for x € Q we have:
Onu (z) = 0, Dow () (2.3)

Proof If the solution of the problem (P) is represented by the potential
of the double layer (convolution of the elementary solution with a double
layer(—0,wdr) with ¢ (the Dirac measure), by differential we obtain the rep-
resentative formula of w = [u] . W
In present time, in order to formulate the integral equation, we define the
following operator at the boundary:

Definition 3.3 For x € I' let u € C* (I'). We define the operator:
Tu(w) = = [1(0) 0000 (2.) ds, (2.4)
T

The extension to distribution has a meaning since the defined operator
above is a pseudo-differential operator.

Lemma 3.4 The operator Tu defined by (2.4) is an pseudo-differential op-
erator of order: 1 and it is continuous:

T:H:(T)— Hz (T (2.5)

Proof We have: T' is a curve which can be given by a regular parametric
representation:

{ x = (x1(t),z2(t)) = (r.sin(t/r),r. cos(t/r))
y=(y1(t),y2(t)) = (r.sin(t/r),r.cos(t/r))

with r = |z — y|.
According to the Taylor formula, we can write, with

T:to—t
i+ d5=1
So,

2 1
OnaOnylog (1) —y(to)| = 77> = (G + 5 5)T + -+ + Ra(t,7)
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Let x (J7]) = 1 in neighborhood of zero. Then,

Tu(t) = ! /X 17| (= |7]7)u (to) dto + Ru (t)

™
r

where Ru (t) is a C'™ kernel operator, which means of order (—o0).
Now, let the inverse Fourier transform of u () :

—+00

u(to) = [ exp i) Flu(©)ldg

—00

let’s replace this representation of u () in 7w (t) we obtain:

+o00
Tu(t) =+ [ Pr(t.&)exp (o) Flu ()€ + Ru 1)
where .
Pr(6,6) = = [ exp itad) x (17 |7 dr.

In addition we have:

X7 =X (0) + 7 0+ T (0) +0 (7).

Thus, the main symbol will be the fourier transform of x (0) |7|

or (16 =~ FI(x )17 )] = ¢

then T'u (t) is a pseudo-differential operator of order (+1) on I
We know that a pseudo-differential operator is continuous from [11]:

H* (T) — H*~ ()

or from

H** () — H*~*(T)
for all s € R. 2« is the order of the operator which gives (2.5). ®

Now, let’s come back to lemma 2.1 and let’s cite the following second
representative formula:

Lemma 3.5 Let w € H2 (I'). Then we have:

Ot () =Tw(z),z €l (2.6)
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Proof To show (2.6) we consider the boundary process in (2.3) in which
x approaches from the interior in the domain €2, an arbitrary point x on the
boundary I' and with the continuity of the normal derivative of double layer
potential 0, Dg . We can write the integral equation on the boundary I' (2.6).
|

3.2 Representation of the problem (P) as integral equa-
tion at the boundary (I').

We consider u € H' (Q2) satisfying the boundary condition of the problem (P)
where ¢(.,.) € H™2 (I'). Now if we introduce in (2.6) the boundary condition
on I' and the unknown functions on I' such that:

Bt () I = g (2, ()
{ o zerl 27)

we have on the boundary I' then the nonlinear integral equation

1
—5- | W(Y) Onalnylogle —ylds, = g (z,w(z)),z €T (2.8)

r

under the equivalent form:

Tw(z) =g (x,w(x)),z €l (2.9)
Also introduce the nonlinear operator (Nemytskii operator)

Nyw (z) = g (z,w(x)),x € [ (2.10)

Remark 3.6 Note that the nonlinear integral equation (2.9) may be written
in the form:
Aw(z) + Bw(z) = w(z) ,w(z) € HY? (D) (2.11)

Where A and B are nonlinear operators.

In some special cases a useful tool for solving problems in the form (2.11)
is the following fixed point theorem due to Krasnosel’skii[7,8, 10]].

Theorem 3.7 (Krasnosel’skii[7])
Let ® be a nonempty closed convex subset of a Banach space X and A and B
be two maps from ® into X such that:

1. A is compact and continuous,

2. B is a strict contraction mapping,
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3. AD+B® C 9.
Then A+ B has at least one fized point in D.

The Krasnosel’skii proof combines both the Banach contraction mapping prin-
ciple and the Schauder fixed point theorem. In fact, under the hypothe-
ses of Theorem , the problem may be transformed into the following one:
(I — B)™'Aw = w which may be solved via the Schauder fixed point theorem
since (I — B)"!'A is a continuous compact map on .

There are various problems arising in mathematical physics and population
dynamics which may be written in the form Aw(z) + Bw(z) = w(z) but, in
general, A and B do not satisfy the hypotheses of The Krasnosel’skii theorem.

Lemma 3.8 The hyper singular linear integral operator in (2.9) may be
written in the form

Tw(z) = Tow(z) — Thw(z) ,w(x) € HY*(T) (2.12)
Where Ty is a positive definite operator and Ty is compact.

Proof We use on the boundaries I' the Fourier transform F[.]. We deduce
the situation in the case I' = R. According to Parseval formula [11] we have:

(T, 0) o) = / €7 | Fluol 2 de

Let Ty a pseudo-differential operator of main symbol:

2

o, (2,6) = (1+ lgI?)

Then we have,
T:TO—T0+T:T0—T1

with Ty is 0 order operator. Hence it is compact from Hz (I') in H~2 (T).
Let’s show that Tj is a positive definite operator: there exists a constant ¢ > 0
such that

1 N2
c(1+1gf)* < (1+1¢)
which means

(T = [ (1+1618) PP de > ¢ [ (14 16P) Pl de

2
> cllwll® sy
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According to the Garding inequality we have

2
<Tw7w>L2(F) >c HwHH - <T1w7w>L2(F)' u

5o
The nonlinear integral equation (2.9) can now be written symbolically as:
Aw+Bw=w ,we H/*T) (2.13)

where
A=Ty'"Ty and B=T,'N,

First, we write precisely our hypotheses on A and B:

3.3 Hypotheses

(H1) The function g(.,.) : T' x H2 (I') — H~2 (I
satisfies the condition with a constant

1— |75 " |LIT4)

O<a< —
[t

with respect to the second variable

forall z € I and w, € Hz ()

Remark 3.9 Using the hypothesis (H1) we get
o)l 30, < ale) +alloll g,

where a(z) = 9@ 0,3,

Remark 3.10 Using the hypothesis (H1) on « we get
0<a|Tytl <1

and
1L—a||T5 | = |75 T > 0
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4 Main result

Now we are in a position to state our main result:

Theorem 4.1 The problem (2.9) with the conditions (H1), has at least
one solution in H2 (T').

Proof The proof is based to the theorem 2.1:

1. first we show that A = T, T} is continuous:
we have T} is compact from Hz (I') in H2 (') (lemma 2.4).
And Tj; ! is continuous from H~2 (I') in H2 (T') :

ol oy gy = [ (1416 HP Tl
= [ iepy (@ el P e
R

> [ (1€t (4 16)2) 1PlulPag

zééu+m%wwwﬁ

> C2HWH§J%(F)-

2. In the second we show that B = To_lNg is a strict contraction mapping.
Let w, p € Hz () it follows from the assumption (H1) that:

”Bw - BMHH%(F) = ||T0_1N9w - TO_INQM”H%(F)
= I LN = Nyl
< Tl — a3,

so, B is a strict contraction mapping on H > (T).

3. Finally we have:

HAW + B,LLHH%(F) - ||1—10_17j1(’u + TO_INQILLHH%(F)

<5 | (Tl g, + Nl + il
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letting rg be a real number defined by

- la]l- 175"
L—a| Tg = 1T T

the hypothesis (H1) ensure that rq > 0. Clearly, the last estimate guar-
antees that for all w, i in B, (the closed boll in Hz (') centered at 0 with
radius r ) we have

4w+ Bl ) <7

provided that r > rq.
Accordingly, for r > ry we have

AB, + BB, C B,.

Now the result follows from theorem 2.1. B
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