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Abstract

We here obtain certain sufficient conditions for normalized an-

tions.

We also find some sandwich-type
results ensuring the starlikeness of the normalized analytic func-
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1 Introduction

Let ‘H be the class of functions analytic in E = {z : |z| < 1} and H[a,n] be

the subclass of ‘H consisting functions of the form

f(2) =a+apz" + ap 2"+



2 Pardeep Kaur and Sukhwinder Singh Billing

Let A be the subclass of H consisting functions f, analytic in the open unit
disk E = {z : |z| < 1} and normalized by the conditions f(0) = f'(0) — 1 = 0.
A function f € A is said to be starlike of order 3, 0 < § < 1,if and only if

R (Z]{;S)) >3, z € E.

The class of such functions is denoted by S*(3). Note that $*(0) = S* the
class of univalent starlike functions.

Let @ : C?> x E — C be an analytic function, p be an analytic function in
E with (p(z), 2p/(2);2) € C* X E for all z € E and h be univalent in E. Then
the function p is said to satisfy first order differential subordination if

O(p(2), 2p'(2); 2) < h(2), @(p(0),0;0) = h(0). (1)

A univalent function ¢ is called a dominant of the differential subordination
(1) if p(0) = ¢(0) and p < ¢ for all p satisfying (1). A dominant ¢ that satisfies
¢ < q for all dominants ¢ of (1), is said to be the best dominant of (1).

Let ¥ : C?> x E — C be analytic and univalent in domain C? x E, h
be analytic in E, p be analytic and univalent in E, with (p(z), 2p/(2);2) €
C? x E for all z € E. Then p is called a solution of the first order differential
superordination if

h(z) < ¥ (p(z), 2p'(2); 2), h(0) = ¥(p(0),0;0). (2)

An analytic function ¢ is called a subordinant of the differential superordi-
nation (2), if ¢ < p for all p satisfying (2). A univalent subordinant ¢ that
satisfies ¢ < ¢ for all subordinant ¢ of (2), is said to be the best subordinant
of (2).

A number of sufficient conditions for f € A to be starlike are available in
literature on univalent functions. In 1973, Miller, Mocanu and Reade [4] stud-
ied the class of a—convex functions f € A satisfying the differential inequality

ofomof e (se £ o e

where « is any real number and proved that members of this class are starlike
in E.
In 1976, Lewandowski et al. [2] proved that the functions f € A which

satisfy , )
i H()) (1 y J{<(>))] w0Eek

are starlike in E. In 2001, Padmanabhan [7] proved that for a function f € A,
the differential inequality

2"z, 2fG) 1t

flz) ) 1=z

a>0, z€E,
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ensures the membership of f in class S*. For more results we refer to [5, 6, 8,
9, 10, 11, 12].

The main objective of the present paper is to derive certain sufficient con-
ditions for members of the class A to be starlike. For this purpose, we establish
a subordination theorem to get some criteria for starlikeness of f € A. We also
obtain a superordination theorem and consequently get certain sandwich-type
results for starlikeness of f € A.

2 Preliminaries

We shall need the following definition and Lemmas to prove our main results.

Definition 2.1. /3, Def. 2.2b, p.21]. We denote by Q the set of functions
p that are analytic and injective on E \ B(p), where

B(p) = {C € OB« limp(z) = 00} :

are such that p'(¢) # 0 for ¢ € OE \ B(p).

Lemma 2.2. [3, Theorem 3.4h, p.132]. Let q be univalent in E and let
0 and ¢ be analytic in a domain D containing q(E), with ¢(w) # 0, when
w € q(E). Set Q1(z) = 2¢'(2)¢la(2)], h(z) = 0[q(2)] + Q1(z) and suppose that
either
(i) h is convex, or
(ii) Q1 is starlike.
m addz’tz’on,l(agsume that

zh!(z

(i11) R (Q1(2)> > 0.
If p is analytic in B, with p(0)= q(0), p(E) C D and

Olp(2)] + 2p'(2)0lp(2)] < Ola(2)] + 24'(2)dla(2)],
then p < q and q is the best dominant.

Lemma 2.3. [1]. Let q be univalent in E and let 0 and ¢ be analytic in a
domain D containing q(E). Set Q1(z) = zq'(2)¢[q(2)], h(z) = 0lq(2)] + Q1(z)
and suppose that
(i) Q1 is starlike in E and

o [0a(z)
(ii) R [qﬁ(q(z))} >0, z € E.
If p € H[q(0),1]NQ, with p(E) C D and Op(z)]+zp'(2)o[p(2)] is univalent
n E and

0la(2)] + 24 (2)8la(2)] < Olp(2)] + 2P (2)[p(2)], = € E,
then q(z) < p(z) and q is the best subordinant.
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3 Main Results

In what follows, all the powers taken are the principal ones.

Theorem 3.1. Let q, q(z) # 0, be a univalent function in E, satisfying the

conditions ") /()
2q"(z 2q'(z
RI1+ +(A-1 ) >0

< q'(2) A=) q(z)
and _

é)’%( — a)\+()\+1)q(z)) >0

2f'(z) :

where o and \ are complex numbers and o # 0. If f € A, 02) # 0, satisfies

the differential subordination

)Y -« azf”(z) —2a+aq(2)N2) +azd ()¢ (2
() (1- 040l < (120t agne' @+t 2) )

then ()
/)

q(2)

and q(z) is the best dominant.
Proof: Define the function p(z) by

_z2f'(2)
Therefore ) (2) 72)
Zp\Z . ya zZ . zZ ya
O ACINIC)

and (3) reduces to

P (2)(1=2a+ap(2))+azp' (2)p* 7 (2) < ¢ 2)(1—2a+aq(2)) +azd (2)¢* 7 (2)
(4)
Define 6 and ¢ as under:
O(w) = (1 — 2a + aw)uw* & ¢(w) = aw*! where 6 is analytic function
in C and ¢ is analytic in C \ {0} and ¢(w) # 0, w € C\ {0}. Therefore
Q1(2) = 2¢'(2)0(a(2)) = azq'(2)¢* ' () and

h(z) = 0(q(2)) + Qu(2) = ¢*(2)(1 — 2a + aq(2)) + azq'(2)q" ().

A little calculation yields

2Q1(z) B
00 1+—q,(Z) +(A—1)
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and

zh'(z)  (1-2a) B 2q"(z)
0 - a A (A +1)g(2) +1+ 70

2q'(2)
q(2)
In view of the given conditions, we have (;(z) is starlike in E and

!/
R (;h ((Z))) > (. The proof now follows from the Lemma 2.2.
1<

+(A=1)

1+ (1—-20)z

Y

Remark 3.2. [t is easy to verify that dominant q(z) = 0<

0 < 1, satisfies the conditions of Theorem 3.1 for A =1 and fo; real number
a, 0 < a < 1/2. Consequently, we get the following result.

/
Corollary 3.3. If f € A, L(Z) # 0, z € E and for real number «,

f(2)
0 < a < 1/2; satisfies

Z}f((j (1 s O‘Z}C(f))) ) (1 il (11_—22ﬁ)z) (1 + (11_—225)2) +2o(4§1_—2§32)z7

then

() 1+ (1-20):
f(2) 1—=2
and hence f(z) € S*(5), 0 < [ < 1.
Remark 3.4. When we select the dominant q(z) = e* in Theorem 3.1, it

satisfies the conditions of Theorem 3.1 for real numbers o and \ be such that
0<A<1land0<a<1/2 we obtain the following result:

2f'(2)
f(2)

(z]{;S))A (1 - a+a2]£’;f>)) < (1= 20+ ale* + 2)) e,

where a and X are real numbers be such that 0 < A <1 and 0 < o < 1/2, then

2f'(2)
f(2)
Remark 3.6. On selecting the dominant q(z) = 1+ az, 0 < a < 1, it is

easy to check that this dominant satisfies the conditions given in Theorem 3.1
for A =1 and for real number a,, 0 < av < 1/2, we have the following corollary:

Corollary 3.5. Let f € A,

#0, z € E, satisfies

<e* z€E de fe8.
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2f'(2)

Corollary 3.7. Fora € C,0 < a < 1/2, if f € A, Tz) #£0, z € E,
satisfies
2UQ) (1 —a+ azf”(z)) < (1—a)+az(l+a)+ ad®s?
f(z) f'(z) ’
then )
Zﬁ(;;) <14az, 0<a<l,

and therefore f(z) is starlike.
B - 2)

Remark 3.8. For q(z) = ———=, as the dominant in Theorem 3.1, the
-2z

given conditions are satisfied by this dominant for A = 1, a, and [ are real
numbers such that 0 < a < 1/2 and § > 1. In view of this remark, we obtain
the following result:

Corollary 3.9. If f € A, 2f'(2)
f(2)

be such that 0 < a < 1/2 and > 1, satisfies

Q) (S e B1=2)  a(=B)z B0 -2)
1) (1 - f'<z>)<(1 Zetats *w—le—z)) G2

then

# 0, z € E, for real numbers o, and 3

() B 2)
i) Bz

and hence f(z) € S*.

Theorem 3.10. Let o, A are complex numbers with o # 0, and let q, q(z) #
0 be univalent function in the unit disc E and be such that

R (1 EEC 1)Zq/(z)> >0

q(2) q(2)
and
R (1 _QMA + (A + 1)Q(2)) >0
Zf/(Z) i zf’(z) A N azf//(z> is
11 e Ze3 e raon 0w (2) (1-araird)

univalent in K, then

' A e
(1—204—}-04(](2))(])\(2)—|—OéZq/(Z)q>\_1(Z) ~ (Z;<i))) (1 —a+ o j]f/((z))) , (5)
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then
zf'(z)

W’ z € E.

q(2) <
And q(z) is the best subordinant.

2f'(z)
f(2)

(1-20+aq(2)g(2) +a2q ()" (2) < M) (1~ 2a-+ap(2) +azpf ()" (2)

(6)
By defining  and ¢ as under:
O(w) = (1 — 2a + aw)w* & ¢(w) = aw ™!, where § is analytic function in
C and ¢ is analytic in C\ {0} and ¢(w) # 0, w € C\ {0}. Therefore,

Q1(2) = 2¢(2)8(a(2)) = azq'(2)q* 7 ()

Proof: Write p(z) = , then (5) becomes

and observing that

2Q1(2) . 2q"(2)
k) Tk

and
0'(q(2)) _ 1 -2«

A+ (A +1)g(2).

In view of the given conditions, Q)1(z) is starlike and R

z € E. Therefore, the proof now follows from Lemma (2.3).

4 Sandwich-Type Results

Theorem 4.1. Let ¢;(z) # 0 (i = 1,2) be univalent in E and \, « are
complex numbers where o # 0. Further assume that

()3%(1+ 24 (2 >+(A—1)qu<z>> >0

4i(2) qi(2)
and
< )\+ (A4 1)agi(z )) >0, for (i=1,2)
Zf’() 2f'(2)\* a2
s e 402 0 e Ha@ 000 and (F3) (1m0 D)

univalent in K, then

<1 — 20+ aq(z) + azqqf(z)) g (z) < <sz(2))* (1 ot O‘ZJ]://;(ZZ)))
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< (1 %+ agy(2)) +a2qu(<j) 2. ™)

then

2f'(2)
f(2)

q(z) < < @2(2).

Moreover q, and qs are the best subordinant and the best dominant respectively.

Taking ¢1(z) = 1+ az and ¢2(2) = 1+ bz, 0 < a < b < 1. Also for a,
0 <a<1/2and A =1 in Theorem 4.1, we conclude the following result:

/
Corollary 4.2. For a, 0 < o« < 1/2, if f € A be such that 2f)

| ) f(2)
2f'(2) <1 — a4+ zf_(z)) is univalent in E and satisfies
f(2)

T

S

H[1, 1] N Q with

— aaz az Zf/(z) — OéZf//(Z) — a0z ya
(1 + (1 +az) < 78 (1 + f,(z))<(1 + abz)(1 + bz)

then

2f'(2)
f(2)

1+az < <140z, z€E.

where a and b are real numbers such that 0 < a < b < 1.

Example 4.3. Taking b =1/2, a =1/4, a = 1/2 and f to be same as in
Corollary 4.2, we obtain:

() <5 () <03 e
which implies
1+E<Zf/(z)<1—|—f,z€E. 9)

4 1) 2
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-0E oo 0.5 1o 1.5 z0

Fig.2

Using Mathematica 10.0, we plot the images of the unit disk under the
2 2
functions (1 + Z) and (1 + %) of (8) in Fig.1 and (1 + Z) and (1 + E)

2
of (9) in Fig. 2. It follows that if z}g((g)) (1 + Zj:/ ((zz))) takes values in the
zf'(z

light shaded portion of Fig. 1, then will take values in the light shaded

f(z)
portion of Fig. 2. Hence f is starlike in [E.
By selecting ¢1(z) = e*/? and ¢3(z) = €. And for a and A\, 0 < a <

1/2 and 0 < A < 1 in Theorem 4.1, we obtain:
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Corollary 4.4. For real numbers a and X be such that 0 < o < 1/2 and 0 <

e ) (LY (1204020 4
v e Sl ennng wn (3 (1-aroid)

univalent in E, and satisfies

! A "
(1 —2a + ae*? 4 %) M2 < (%ﬁ?) (1 —a+ ozzf,((;;)) < (1-2a+ae*+az)et

then

!/
6z/2 = Zf ("7’)
f(z)
Example 4.5. By selecting « = 1/2, X =1/2 and f as same in the above
corollary, we get :

(62/2 + ,2/2)6”4 =< (zﬁg))m (1 + Z;/;i?) < (" + 2)62/2 (10)

ez/2 Zf’(Z) z

< f(z) <e

< e”.

which implies that

(11)

X
", J -
o F
=
L L

Fig.3

Here we plot, using mathematica 10.0, the functions (e*/? + z/2)e** and
(e*+2)e*/? of (10) in Fig.3 and functions e*/? and e* of (11) in Fig.4. We observe

’ 1/2 "
that when (Zf (Z>) (1 + 2l <Z)> takes values in light shaded portion of

f(2) f'(2)
. z2f'(2) . . . . .
Fig.3 then 02) takes values in the light shaded portion of Fig.4. Hence f is
z

starlike in [E.
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Fig.4

5 Open Problem

In the present paper, we here prove the starlikeness of f € A satisfying a differ-

/ A "
ential subordination involving the operator (Z]{((j)> (1 a4 O‘ZJ{/((?) .

< z
The problem of finding the order of starlikeness is yet open for \ # 1.
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