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1 Introduction

Let H denote the class of functions analytic in the open disk E = {z : |z| < 1}.
For a ∈ C and n ∈ N (set of natural numbers), let H[a,n] be the subclass of
H consisting of functions of the form

f(z) = a+ anz
n + an+1z

n+1 + · · ·
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Let A denote the class of all analytic functions f which are normalized by the
conditions f(0) = f ′(0)− 1 = 0. Therefore the functions of the class A are of
the following form

f(z) = z +
∞∑
k=2

akz
k.

A function f ∈ A is starlike of order α if

<
(
zf ′(z)

f(z)

)
> α, 0 ≤ α < 1, z ∈ E.

The class of starlike functions of order α is denoted by S∗(α). Write S∗(0) =
S∗, the class of starlike functions. A necessary and sufficient condition for a
function f ∈ A to be convex is that

<
(

1 +
zf ′′(z)

f ′(z)

)
> 0, z ∈ E

The class of convex functions is denoted by K. A special subclass of K is the
class of convex functions of order α, with 0 ≤ α < 1, which is analytically
defined as

K(α) =

{
f ∈ A : <

(
1 +

zf ′′(z)

f ′(z)

)
> α, z ∈ E

}
.

Clearly K(0) = K.
Let Φ : C2×E→ C and let p be an analytic function in E with Φ(p(z), zp′(z); z) ∈
C2 × E for all z ∈ E and h be univalent in E. Then the function p is said to
satisfy first order differential subordination if

Φ(p(z), zp′(z); z) ≺ h(z),Φ(p(0), 0; 0) = h(0) (1)

A univalent function q is called a dominant of the differential subordination
(1) if p(0) = q(0) and p ≺ q and for all p satisfying (1). A dominant q̃ that
satisfies q̃ ≺ q for all dominants q of (1), is said to be the best dominant of the
differential subordination (1). The best dominant is unique up to a rotation
of E.
Let Ψ : C2 × E→ C be analytic and univalent in C2 × E, h be analytic in E,
p be analytic and univalent in E, with (p(z), zp′(z); z) ∈ C2 × E for all z ∈ E.
Then p is called a solution of the first order differential superordination if

h(z) ≺ Ψ(p(z), zp′(z); z), h(0) = Ψ(p(0), 0; 0) (2)

An analytic function q is called a subordinant of the differential superordi-
nation (2), if q ≺ p for all p satisfying (2). A univalent subordinant q̃ that
satisfies q ≺ q̃ for all subordinants q of (2) is said to be the best subordinant
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of (2). The best subordinant is unique up to a rotation of E.
A function f ∈ A is said to be strongly starlike of order α, 0 < α ≤ 1, if∣∣∣∣arg

zf ′(z)

f(z)

∣∣∣∣ < απ

2
, z ∈ E,

or, equivalently
zf ′(z)

f(z)
≺
(

1 + z

1− z

)α
, z ∈ E.

Let S(α) denote the class of such functions. Note that S(1) ≡ S∗. The class
S(α) was introduced and studied independently by Brannan and Kirwan [2]
and Stankiewicz [9].
A number of sufficient conditions for f ∈ A to be starlike have been established
in the literature of univalent functions. e.g. Miller, Mocanu and Reade [7]
studied the class of α-convex functions and proved that if a function f ∈ A
satisfies the differential inequality

<
[
(1− α)

zf ′(z)

f(z)
+ α

(
1 +

zf ′′(z)

f ′(z)

)]
> 0, z ∈ E,

where α is any real number, then f is starlike in E.
In 1976, Lewandowski et al. [6] proved that if a function f ∈ A satisfies the
differential inequality

<
(
zf ′(z)

f(z)
+
z2f ′′(z)

f ′(z)

)
> 0, z ∈ E,

then f ∈ S∗. Many such sufficient conditions are available in the literature of
univalent functions.
Billing [1] obtained certain such sufficient conditions for normalized analytic
functions to be starlike and also found some sandwich-type results. In 2002,
H. Imrak et al. [4, 5] studied certain classes involving the differential operator

zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)

where f ∈ Ap, z ∈ E, 0 ≤ λ < 1, 0 ≤ α < p, p ∈ N and the class Ap consists of
functions of the form

f(z) = zp +
∞∑

k=p+1

akz
k, (p ∈ N = {1, 2, 3, · · · }),

which are analytic and p-valent in the open unit disk E = {z ∈ C : |z| < 1}.
They obtained certain sufficient conditions for starlikeness and convexity of
multivalent analytic functions. The main objective of the present paper is to
obtain certain sufficient conditions for starlike and convex functions in terms
of certain differential subordinations involving the above differential operator.
We also obtain the corresponding results for superordination and consequently
get some sandwich type results.
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2 Preliminaries

To prove the main results we shall use the following definition and lemmas of
Miller-Mocanu and Bulboaca:

Definition 2.1 ([8], Definition 2, p. 817) Denote by Q, the set of all func-
tions f(z) that are analytic and injective on E \ E(f), where

E(f) =

{
ζ ∈ ∂E :

lim

z→ ζ
f(z) =∞

}
,

and are such that f ′(ζ) 6= 0 for ζ ∈ ∂E \ E(f).

Lemma 2.1 ([8]) Let q be univalent in the unit disk E and let θ and φ be
analytic in domain D containing q(E) with φ(w) 6= 0 when w ∈ q(E). Set
Q1(z) = zq′(z)φ[q(z)], h(z) = θ[q(z)] +Q1(z) and suppose that
(i) either h is convex or Q1 is starlike in E, and

(ii) <zh
′(z)

Q1(z)
> 0, z ∈ E.

If p is analytic in E with p(0) = q(0), p(E) ⊂ D and

θ[(p(z)] + zp′(z)φ[p(z)] ≺ θ[q(z)] + zq′(z)φ[q(z)],

then p(z) ≺ q(z) and q is the best dominant.

Lemma 2.2 ([3]) Let q be univalent in E and let θ and φ be analytic in
domain D containing q(E). Set Q1(z) = zq′(z)φ[q(z)], h(z) = θ[q(z)] + Q1(z)
and suppose that
(i) Q1 is starlike in E and

(ii) <θ
′(q(z))

φ(q(z))
> 0, z ∈ E.

If p ∈ H[q(0), 1)] ∩ Q with p(E) ⊂ D and θ[p(z)] + zp′(z)φ(p(z)) is univalent
in E and

θ[q(z)] + zq′(z)φ[q(z)] ≺ θ[p(z)] + zp′(z)φ(p(z)),

then q(z) ≺ p(z) and q is the best subordinant.

3 Main Results

Theorem 3.1 Let α be a non-zero complex number and let q(z) be a uni-
valent function such that

<
(

1 +
zq′′(z)

q′(z)
− zq′(z)

q(z)

)
> max

{
0,−<

(
q(z)

α

)}
, z ∈ E. (3)
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If f ∈ A satisfies the subordination

zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)
+ α

[
(zf ′(z) + λz2f ′′(z))′

f ′(z) + λzf ′′(z)
− z[(1− λ)f(z) + λzf ′(z)]′

(1− λ)f(z) + λzf ′(z)

]
≺ q(z) + α

zq′(z)

q(z)
, (4)

then
zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)
≺ q(z), z ∈ E.

and q(z) is the best dominant.

Proof. Define the function p by p(z) =
zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)
. With a little

calculation, from (4), we have

p(z) + α
zp′(z)

p(z)
≺ q(z) + α

zq′(z)

q(z)
. (5)

Define the functions θ and φ as θ(w) = w, φ(w) =
α

w
. Clearly φ is analytic

in domain in D = C \ {0}. Set Q1(z) = α
zq′(z)

q(z)
and h(z) = q(z) + α

zq′(z)

q(z)
.

On differentiation, we obtain:

zQ′1(z)

Q1(z)
= 1 +

zq′′(z)

q′(z)
− zq′(z)

q(z)

and
zh′(z)

Q1(z)
= 1 +

zq′′(z)

q′(z)
− zq′(z)

q(z)
+
q(z)

α
.

In view of condition (3), we have Q1(z) is starlike and <
(
zh′(z)

Q1(z)

)
> 0. The

proof, now, follows from Lemma 2.1.

Remark 3.1 Consider the dominant q(z) =
1 + (1− 2β)z

1− z
, 0 ≤ β < 1, we

obtain

<
(

1 +
zq′′(z)

q′(z)
− zq′(z)

q(z)

)
= <

(
1 + (1− 2β)z2

[1 + (1− 2β)z](1− z)

)
> 0

Also for α > 0,

max

{
0,−<

(
q(z)

α

)}
= 0.

Clearly the condition in (3) holds and consequently, we get the following result
from Theorem 3.1.
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Theorem 3.2 Let α be a positive real number. If f ∈ A satisfies,

zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)
+ α

[
(zf ′(z) + λz2f ′′(z))′

f ′(z) + λzf ′′(z)
− z[(1− λ)f(z) + λzf ′(z)]′

(1− λ)f(z) + λzf ′(z)

]
≺ 1 + 2z[1− 2β + α(1− β)] + (1− 2β)2z2

1− 2βz − (1− 2β)z2
, z ∈ E.

then
zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)
≺ 1 + (1− 2β)z

1− z
, 0 ≤ β < 1.

Select λ = 0 in above theorem, we get the following result.

Corollary 3.1 Let α > 0 and 0 ≤ β < 1. If f ∈ A satisfies

(1− α)
zf ′(z)

f(z)
+ α

(
1 +

zf ′′(z)

f ′(z)

)
≺ 1 + 2z[1− 2β + α(1− β)] + (1− 2β)2z2

1− 2βz − (1− 2β)z2

then
zf ′(z)

f(z)
≺ 1 + (1− 2β)z

1− z
, z ∈ E, i.e. f ∈ S∗(β).

Select λ = 1 in Theorem 3.2, we get the following result.

Corollary 3.2 Let α > 0 and 0 ≤ β < 1. If f ∈ A satisfies

(1− α)

(
1 +

zf ′′(z)

f ′(z)

)
+ α

(
(zf ′(z) + z2f ′′(z))′

f ′(z) + zf ′′(z)

)
≺ 1 + 2z [1− 2β + α(1− β)] + (1− 2β)2z2

1− 2βz − (1− 2β)z2

then

1 +
zf ′′(z)

f ′(z)
≺ 1 + (1− 2β)z

1− z
, z ∈ E, i.e. f ∈ K(β).

Remark 3.2 When we select the dominant q(z) =

(
1 + z

1− z

)δ
, 0 < δ ≤ 1 in

Theorem 3.2. We see that

<
(

1 +
zq′′(z)

q′(z)
− zq′(z)

q(z)

)
= <

(
1 + z2

1− z2

)
> 0

and for α > 0

max

{
0,−q(z)

α

}
= 0.

Obviously the condition (3) of Theorem 3.1 holds and we obtain the following
result.
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Theorem 3.3 For α > 0, If f ∈ A satisfies,

zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)
+ α

[
(zf ′(z) + λz2f ′′(z))′

f ′(z) + λzf ′′(z)
− z[(1− λ)f(z) + λzf ′(z)]′

(1− λ)f(z) + λzf ′(z)

]

≺
(

1 + z

1− z

)δ
+2αδ

(
z

1− z2

)
, z ∈ E,

then
zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)
≺
(

1 + z

1− z

)δ
, 0 < δ ≤ 1.

Select λ = 0 in in above theorem, we obtain the following result for strongly
starlikeness.

Corollary 3.3 Let α > 0 and 0 < δ ≤ 1. If f ∈ A satisfies,

(1− α)
zf ′(z)

f(z)
+ α

(
1 +

zf ′′(z)

f ′(z)

)
≺
(

1 + z

1− z

)δ
+ 2αδ

(
z

1− z2

)
, z ∈ E

then
zf ′(z)

f(z)
≺
(

1 + z

1− z

)δ
, i.e. f ∈ S(δ).

Select λ = 1 in Theorem 3.3, we get following result.

Corollary 3.4 Let α > 0 and 0 < δ ≤ 1. If f ∈ A satisfies

(1−α)

(
1 +

zf ′′(z)

f ′(z)

)
+α

(
(zf ′(z) + z2f ′′(z))′

f ′(z) + zf ′′(z)

)
≺
(

1 + z

1− z

)δ
+2αδ

(
z

1− z2

)
then

1 +
zf ′′(z)

f ′(z)
≺
(

1 + z

1− z

)δ
, z ∈ E.

Remark 3.3 When we select the dominant q(z) = ez, we have

<
(

1 +
zq′′(z)

q′(z)
− zq′(z)

q(z)

)
> 0.

Also

max

{
0,−<

(
q(z)

α

)}
= 0

for α > 0. Thus (3) of Theorem 3.1 holds and consequently, we get the following
result.
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Theorem 3.4 Let α > 0 be real and let f ∈ A satisfy

zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)
+α

[
z(zf ′(z) + λz2f ′′(z))′

zf ′(z) + λz2f ′′(z)
− z[(1− λ)f(z) + λzf ′(z)]′

(1− λ)f(z) + λzf ′(z)

]
≺ ez + αz

then
zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)
≺ ez, z ∈ E.

Select λ = 0 in above theorem, we obtain:

Corollary 3.5 For α > 0, if f ∈ A satisfies

(1− α)
zf ′(z)

f(z)
+ α

(
1 +

zf ′′(z)

f ′(z)

)
≺ ez + αz

then
zf ′(z)

f(z)
≺ ez, z ∈ E i.e. f ∈ S∗.

Select λ = 1 in Theorem 3.4, we get following result.

Corollary 3.6 Suppose that α > 0 and f ∈ A satisfies

(1− α)

(
1 +

zf ′′(z)

f ′(z)

)
+ α

(
(zf ′(z) + z2f ′′(z))′

f ′(z) + zf ′′(z)

)
≺ ez + αz

then

1 +
zf ′′(z)

f ′(z)
≺ ez, z ∈ E, i.e. f ∈ K.

Remark 3.4 For the dominant q(z) = 1 + az, 0 ≤ a ≤ 1, we obtain

<
(

1 +
zq′′(z)

q′(z)
− zq′(z)

q(z)

)
= <

(
1

1 + az

)
> 0.

Moreover for α > 0, max

{
0,−q(z)

α

}
= 0. Clearly the condition (3) of

Theorem 3.1 holds and consequently we have the following result.

Theorem 3.5 Let α > 0 and 0 ≤ a ≤ 1. If f ∈ A satisfies

zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)
+α

[
z(zf ′(z) + λz2f ′′(z))′

zf ′(z) + λz2f ′′(z)
− z[(1− λ)f(z) + λzf ′(z)]′

(1− λ)f(z) + λzf ′(z)

]
≺ 1+az+α

(
az

1 + az

)
then

zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)
≺ 1 + az, z ∈ E.
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Select λ = 0 in above theorem, we get the following result.

Corollary 3.7 Let α > 0 and 0 ≤ a ≤ 1. If f ∈ A satisfies

(1− α)
zf ′(z)

f(z)
+ α

(
1 +

zf ′′(z)

f ′(z)

)
≺ 1 + az + α

(
az

1 + az

)
then

zf ′(z)

f(z)
≺ 1 + az, z ∈ E, i.e. f ∈ S∗.

Select λ = 1 in Theorem 3.5, we obtain the following result.

Corollary 3.8 Let α > 0 and 0 ≤ a ≤ 1. If f ∈ A satisfies

(1− α)

(
1 +

zf ′′(z)

f ′(z)

)
+ α

(
(zf ′(z) + z2f ′′(z))′

f ′(z) + zf ′′(z)

)
≺ 1 + az + α

(
az

1 + az

)
then

1 +
zf ′′(z)

f ′(z)
≺ 1 + az, z ∈ E, i.e. f ∈ K.

Theorem 3.6 Let α be a non-zero complex number and let q(z) be univalent
such that

(i) <
(

1 +
zq′′(z)

q′(z)
− zq′(z)

q(z)

)
> 0 and

(ii) <
(
q(z)

α

)
> 0, z ∈ E.

Suppose
zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)
∈ H[q(0), 1)] ∩Q,

and

zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)
+α

[
z(zf ′(z) + λz2f ′′(z))′

zf ′(z) + λz2f ′′(z)
− z[(1− λ)f(z) + λzf ′(z)]′

(1− λ)f(z) + λzf ′(z)

]
is univalent in E. If f ∈ A satisfies the superordination

q(z) + α
zq′(z)

q(z)
≺

zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)
+α

[
z(zf ′(z) + λz2f ′′(z))′

zf ′(z) + λz2f ′′(z)
− z[(1− λ)f(z) + λzf ′(z)]′

(1− λ)f(z) + λzf ′(z)

]
(6)

then

q(z) ≺ zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)
, z ∈ E,

and q is the best subordinant.
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Proof. Define the function p as p(z) =
zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)
. Using (6), a

little calculation yields that

q(z) + α
zq′(z)

q(z)
≺ p(z) + α

zp′(z)

p(z)

Define the functions θ and φ as θ(w) = w, φ(w) =
α

w
. Clearly φ is analytic

in domain in D = C \ {0}. Set Q1(z) = α
zq′(z)

q(z)
and h(z) = q(z) + α

zq′(z)

q(z)
.

On differentiation, we obtain:

zQ′1(z)

Q1(z)
= 1 +

zq′′(z)

q′(z)
− zq′(z)

q(z)

θ′(q(z))

φ(q(z))
=
zh′(z)

Q1(z)
− zQ′1(z)

Q1(z)
=
q(z)

α
.

In view of conditions (i) and (ii), we have Q1(z) is starlike and <θ
′(q(z))

φ(q(z))
> 0

The proof, now, follows from Lemma 2.2.
On combing Theorem 3.1 and Theorem 3.6, we obtain the following sandwich-
type theorem.

Theorem 3.7 Let α be a non zero complex number and let q1, q2 be univa-
lent functions such that

(i) <
(

1 +
zq′′i (z)

q′i(z)
− zq′i(z)

qi(z)

)
> 0, z ∈ E, i = 1, 2 and

(ii) <
(
qi(z)

α

)
> 0, z ∈ E, i = 1, 2.

Suppose
zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)
∈ H[q(0), 1)] ∩Q,

and

zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)
+ α

[
(zf ′(z) + λz2f ′′(z))′

f ′(z) + λzf ′′(z)
− z[(1− λ)f(z) + λzf ′(z)]′

(1− λ)f(z) + λzf ′(z)

]
is univalent in E. If f ∈ A satisfies

q1(z) + α
zq′1(z)

q1(z)
≺

zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)
+ α

[
(zf ′(z) + λz2f ′′(z))′

f ′(z) + λzf ′′(z)
− z[(1− λ)f(z) + λzf ′(z)]′

(1− λ)f(z) + λzf ′(z)

]
≺ q2(z) + α

zq′2(z)

q2(z)
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then

q1(z) ≺ zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)
≺ q2(z), z ∈ E,

where q1 and q2 are the best subordinant and the best dominant respectively.

When we select q1(z) =

(
1 + z

1− z

)δ1
, q2(z) =

(
1 + z

1− z

)δ2
in Theorem 3.7, we

obtain the following result.

Theorem 3.8 Let α > 0 and 0 < δ1 < δ2 ≤ 1. If f ∈ A satisfies,(
1 + z

1− z

)δ1
+ 2αδ

(
z

1− z2

)
≺

zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)
+ α

[
(zf ′(z) + λz2f ′′(z))′

f ′(z) + λzf ′′(z)
− z[(1− λ)f(z) + λzf ′(z)]′

(1− λ)f(z) + λzf ′(z)

]
≺
(

1 + z

1− z

)δ2
+ 2αδ

(
z

1− z2

)
then (

1 + z

1− z

)δ1
≺ zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)
≺
(

1 + z

1− z

)δ2
, z ∈ E.

Select λ = 0 in above theorem, we have the following result.

Corollary 3.9 Let α > 0 and 0 < δ1 < δ2 ≤ 1. If f ∈ A satisfies,(
1 + z

1− z

)δ1
+ 2αδ

(
z

1− z2

)
≺ (1− α)

zf ′(z)

f(z)
+ α

(
1 +

zf ′′(z)

f ′(z)

)

≺
(

1 + z

1− z

)δ2
+ 2αδ

(
z

1− z2

)
then (

1 + z

1− z

)δ1
≺ zf ′(z)

f(z)
≺
(

1 + z

1− z

)δ2
, z ∈ E.

Select λ = 1 in Theorem 3.8, we get the following result.

Corollary 3.10 Let α > 0 and 0 < δ1 < δ2 ≤ 1. If f ∈ A satisfies,(
1 + z

1− z

)δ1
+ 2αδ

(
z

1− z2

)

≺ (1− α)

(
1 +

zf ′′(z)

f ′(z)

)
+ α

(
(zf ′(z) + z2f ′′(z))′

f ′(z) + zf ′′(z)

)
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≺
(

1 + z

1− z

)δ2
+ 2αδ

(
z

1− z2

)
then (

1 + z

1− z

)δ1
≺ 1 +

zf ′′(z)

f ′(z)
≺
(

1 + z

1− z

)δ2
, z ∈ E.

When we select q1(z) = 1 + az, q2(z) = 1 + bz, 0 < a < b in Theorem 3.7, we
obtain:

Theorem 3.9 Let α > 0 and 0 < a < b ≤ 1. If f ∈ A satisfies

1 + az + α

(
az

1 + az

)
≺

zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)
+ α

[
(zf ′(z) + λz2f ′′(z))′

f ′(z) + λzf ′′(z)
− z[(1− λ)f(z) + λzf ′(z)]′

(1− λ)f(z) + λzf ′(z)

]
≺ 1+bz+α

(
bz

1 + bz

)
then

1 + az ≺ zf ′(z) + λz2f ′′(z)

(1− λ)f(z) + λzf ′(z)
≺ 1 + bz, z ∈ E.

Select λ = 0 in above theorem, we get following result.

Corollary 3.11 Let α > 0 and 0 < a < b ≤ 1. If f ∈ A satisfies

1 + az + α

(
az

1 + az

)
≺ (1− α)

zf ′(z)

f(z)
+ α

(
1 +

zf ′′(z)

f ′(z)

)
≺ 1+bz+α

(
bz

1 + bz

)
then

1 + az ≺ zf ′(z)

f(z)
≺ 1 + bz, z ∈ E.

Select λ = 1 in Theorem 3.9, we get the following result.

Corollary 3.12 Let α > 0 and 0 < a < b ≤ 1. If f ∈ A satisfies

1 + az + α

(
az

1 + az

)
≺ (1− α)

(
1 +

zf ′′(z)

f ′(z)

)
+ α

(
(zf ′(z) + z2f ′′(z))′

f ′(z) + zf ′′(z)

)
≺ 1 + bz + α

(
bz

1 + bz

)
then

1 + az ≺ 1 +
zf ′′(z)

f ′(z)
≺ 1 + bz, z ∈ E.
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Selecting α = a = 1
2
, b = 1 in Corollary 3.11, we obtain:

Example 3.1 If f ∈ A satisfies,

2 + z +
z

2 + z
≺ 1 +

zf ′′(z)

f ′(z)
+
zf ′(z)

f(z)
≺ 2(1 + z) +

z

1 + z

then

1 +
1

2
z ≺ zf ′(z)

f(z)
≺ 1 + z, z ∈ E.

Selecting α = a = 1
2
, b = 1 in Corollary 3.12, we get:

Example 3.2 If f ∈ A satisfies,

2 + z +
z

2 + z
≺ 1 +

zf ′′(z)

f ′(z)
+

(zf ′(z) + z2f ′′(z))′

f ′(z) + zf ′′(z)
≺ 2(1 + z) +

z

1 + z

then

1 +
1

2
z ≺ 1 +

zf ′′(z)

f ′(z)
≺ 1 + z, z ∈ E.

Remark 3.5 In Figure 1, we plot the images of the unit disk E under the

functions h1(z) = 2+z+
z

2 + z
and h2(z) = 2(1+z)+

z

1 + z
and in Figure 2,

the images of the unit disk E under the functions q1(z) = 1 +
1

2
z and q2(z) =

1 + z are plotted. Therefore, from Example 3.1, we notice that the differential

operator
zf ′(z)

f(z)
takes values in the light shaded region of Figure 2 when the dif-

ferential operator 1+
zf ′′(z)

f ′(z)
+
zf ′(z)

f(z)
takes values in the light shaded region of

Figure 1. Hence the function f is starlike in E. Similarly, in Example 3.2, we

see that the differential operator 1 +
zf ′′(z)

f ′(z)
takes values in the light shaded re-

gion of Figure 2 when the differential operator 1+
zf ′′(z)

f ′(z)
+

(zf ′(z) + z2f ′′(z))′

f ′(z) + zf ′′(z)
takes values in the light shaded region of Figure 1 and hence the function f is
convex in E.
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Figure 1

Figure 2

4 Open Problem

The results obtained in this paper hold for α > 0. One may find such dominants
that the results hold for α < 0.
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