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Abstract

In the present paper, we find certain sufficient conditions
for starlike and convex functions in terms of certain differ-
ential subordinations. We also establish the corresponding
results for differential superordination and consequently get
some sandwich-type results.
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1 Introduction
Let H denote the class of functions analytic in the open disk E = {2 : |z| < 1}.
For a € C and n € N (set of natural numbers), let H[a,n] be the subclass of

‘H consisting of functions of the form

f(2) =a+ap2" + anp 12"+ -
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Let A denote the class of all analytic functions f which are normalized by the
conditions f(0) = f’(0) — 1 = 0. Therefore the functions of the class A are of
the following form

f(z)=z+ Zakzk.
k=2
A function f € A is starlike of order « if
/!
%(Zf (Z)> >a,0<a<l,z€eE.
f(z)

The class of starlike functions of order « is denoted by S*(«). Write S*(0) =
S*, the class of starlike functions. A necessary and sufficient condition for a
function f € A to be convex is that

R <1+ Z]{t,/;i?) >0,z€E

The class of convex functions is denoted by K. A special subclass of K is the
class of convex functions of order «, with 0 < o < 1, which is analytically

defined as ,
K(a)z{féA:%%(l—i—zf <Z)) >04,ZEE}.

f'(2)
Clearly ££(0) = K.
Let ® : C2xE — C and let p be an analytic function in E with ®(p(z), 2p/(2); 2) €
C? x E for all z € E and h be univalent in E. Then the function p is said to
satisfy first order differential subordination if

O(p(2), 2p'(2); 2) < h(2), 2(p(0),0;0) = h(0) (1)

A univalent function ¢ is called a dominant of the differential subordination
(1) if p(0) = ¢(0) and p < ¢ and for all p satisfying (1). A dominant ¢ that
satisfies ¢ < ¢ for all dominants ¢ of (1), is said to be the best dominant of the
differential subordination (1). The best dominant is unique up to a rotation
of E.

Let U : C? x E — C be analytic and univalent in C? x E, h be analytic in E,
p be analytic and univalent in E, with (p(2),2p/(2);2) € C?> x E for all z € E.
Then p is called a solution of the first order differential superordination if

h(z) < ¥(p(z), 2p'(2); 2), h(0) = ¥(p(0),0;0) (2)

An analytic function ¢ is called a subordinant of the differential superordi-
nation (2), if ¢ < p for all p satisfying (2). A univalent subordinant ¢ that
satisfies ¢ < ¢ for all subordinants ¢ of (2) is said to be the best subordinant
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of (2). The best subordinant is unique up to a rotation of E.
A function f € A is said to be strongly starlike of order o, 0 < o < 1, if

2f'(z)|  arm
arg <—, z€E,
f(2) 2
or, equivalently
/ «
Zf(z)< Ltz , 2 € E.
f(2) -2

Let S(a) denote the class of such functions. Note that S(1) = S*. The class
S(a) was introduced and studied independently by Brannan and Kirwan [2]
and Stankiewicz [9].

A number of sufficient conditions for f € A to be starlike have been established
in the literature of univalent functions. e.g. Miller, Mocanu and Reade [7]
studied the class of a-convex functions and proved that if a function f € A
satisfies the differential inequality

oo () 0

where « is any real number, then f is starlike in E.
In 1976, Lewandowski et al. [6] proved that if a function f € A satisfies the
differential inequality

R(L0), 211

fz)  f(2)

then f € §*. Many such sufficient conditions are available in the literature of
univalent functions.
Billing [1] obtained certain such sufficient conditions for normalized analytic
functions to be starlike and also found some sandwich-type results. In 2002,
H. Imrak et al. [4, 5] studied certain classes involving the differential operator

2f'(2) + A2 f"(2)
(1= N/ + A= f ()
where f € A,,z € E,0 <A< 1,0<a<p,peN and the class A, consists of
functions of the form

f(Z):Zp—|— Zakzka (pEN:{172737})7
k=p+1

)>O,26E,

which are analytic and p-valent in the open unit disk E = {z € C : |z| < 1}.
They obtained certain sufficient conditions for starlikeness and convexity of
multivalent analytic functions. The main objective of the present paper is to
obtain certain sufficient conditions for starlike and convex functions in terms
of certain differential subordinations involving the above differential operator.
We also obtain the corresponding results for superordination and consequently
get some sandwich type results.
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2 Preliminaries

To prove the main results we shall use the following definition and lemmas of
Miller-Mocanu and Bulboaca:

Definition 2.1 (/§/, Definition 2, p. 817) Denote by Q, the set of all func-
tions f(z) that are analytic and injective on E\ E(f), where

lim

E(f)z{ceé’E: Z_>€f(2)=oo},
and are such that f'() # 0 for ¢ € OE \ E(f).

Lemma 2.1 (/8]) Let q be univalent in the unit disk E and let 6 and ¢ be
analytic in domain D containing q(E) with ¢p(w) # 0 when w € ¢(E). Set

Qu(2) = 24 (:)8la(=)], h(z) = 0lg(2)] + Qu(2) and suppose that
(1) either h is convex or @y is starlike in E, and

. zh (2)
(17) §RQ1(2)
If p is analytic in E with p(0) = q(0),p(E) C D and

0l(p(2)] + 20 (2)9lp(2)] < Olg(2)] + 24'(2)¢la(2)];

then p(z) < q(z) and q is the best dominant.

>0,z € E.

Lemma 2.2 (/3]) Let q be univalent in E and let 6 and ¢ be analytic in
domain D containing q(E). Set Q1(2) = 2¢'(2)é[q(2)], h(z) = 0[q(2)] + Q1(2)
and suppose that
(1) Qn is starlike in E and

oy pfa(z)
e
If p € H[q(0),1)] N Q with p(E) C D and O[p(z)] + 2p'(2)p(p(2)) is univalent
in E and

>0,z € E.

0lg(2)] + 24'(2)¢la(2)] < Olp(2)] + 2 (2)$(p(2)),
then q(z) < p(z) and q is the best subordinant.

3 Main Results

Theorem 3.1 Let « be a non-zero complex number and let q(z) be a uni-
valent function such that

R (1 L) Zq/(z)) > max {0, —R (M) } .z cE. (3)

¢(z)  q(2) a
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If f € A satisfies the subordination
2f'(2) + A2 f"(2) Lo |ELGR)+ A2f1(2) 2l =N f(2) + Aef(2)]

T=NfE) ) )+ Al (1 =XNf(2) +Azf'(2)

2q'(2)
<q(2) + ) (4)

hen
t 2F(2) + A2 F(2)
(EBESYIe)

and q(z) 1is the best dominant.

< q(z),z € E.

!/ )\ 2 £n
Proof. Define the function p by p(z) = 2f12) + A2 . With a little

(1= M)f(2) +r2f'(2)

calculation, from (4), we have

zp'(2)
p(z)

p(z) +a 2(z) (5)

Define the functions 6 and ¢ as O(w) = w, ¢(w) = @ Clearly ¢ is analytic
w

in domain in D = C\ {0}. Set Q1(z) = azq’(z) and h(z) = q(z) + ozzqqéi';)

On differentiation, we obtain:

dh(e) _, 20'(e)  2q(2)

Qi(z)  d=) az)
and
ehi(z) | 20') _ 2d(2) | alz)
Q1(2) ¢(z)  az) o
. . : . 2 (2)
In view of condition (3), we have (Q(z) is starlike and # ) > 0. The
1.2
proof, now, follows from Lemma 2.1.
1 1—-2
Remark 3.1 Consider the dominant q(z) = M,O < B <1, we
-z

obtain

W) (D) 14 (1-25)22
§R(”wz) q@>)‘%(u+u—amﬂu—@)>o

w0 (1)} o

Clearly the condition in (3) holds and consequently, we get the following result
from Theorem 3.1.

Also for a > 0,
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Theorem 3.2 Let a be a positive real number. If f € A satisfies,
2f'(2) + A2 f"(2) Lo LGB+ A2f"(2) 2[(1 =N f(2) + Az f'(2)]

T=NfE) +rf(z) " ) +Azf"(z) (T—=NfG) + rA=/(z)

1+22[1 - 28+ a(l — B)] + (1 —283)22?

126z — (1 28)22 oz €k

then
F( AR 1+ (1-28)2

(1 =N f(2) + Azf'(2) 1—=2

,0< B < 1.

Select A = 0 in above theorem, we get the following result.

Corollary 3.1 Let a >0 and 0 < g < 1. If f € A satisfies

2f'(2) Zf”(Z)) L1+ 221 =26 +a(l = f)] + (1 - 26)"2

(1—a)Tz)+a(1+ 7(2) 128z —(1-283)2?

then
2(2) | 1+(1-20)c

f(2) 1—=z
Select A =1 in Theorem 3.2, we get the following result.

Corollary 3.2 Leta >0 and 0 < g < 1. If f € A satisfies
2f"(2) (2f'(2) + 221" (2)
a-a (15 +o (S )

14+22[1-28+a(l—78)]+ (1 —2p)%22
B 1—-282z—(1—-20)z2

,z€E, de feS*P).

then
2f"(2) - 14+ (1 —2p)z

bt f(z) 1—=2

,2€E, ide feK().
, 1+=2
Remark 3.2 When we select the dominant q(z) = (1
Theorem 3.2. We see that
1" / 1 2
(os 20 (100

q(2) q(2) 1—22

S CRC)

Obviously the condition (3) of Theorem 3.1 holds and we obtain the following
result.

s
> ,0<d<1in

and for a > 0
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Theorem 3.3 For o >0, If f € A satisfies,

2f'(2) + A2 {(Zf’(Z) +A2f"(2) 21— AN f(2) + Azf'(z)]/}

(1 =) f(2) +Azf'(2) FiG)+2zf"(z) (1= Nf(2) +Azf(2)

5
14+ 2 z
2 E
4(1—2) + aé(l_z2>,z€ ,

AR (1)
(1 =N f(z)+A2f'(2) = (1_2) ,0<d <1

then

Select A = 0 in in above theorem, we obtain the following result for strongly
starlikeness.

Corollary 3.3 Let a >0 and 0 < < 1. If f € A satisfies,

0015 <(22) o 25) o

;f(()u(i)‘s e fe30)

Select A = 1 in Theorem 3.3, we get following result.

(1-a)

then

Corollary 3.4 Leta >0 and 0 < < 1. If f € A satisfies
2f"(2) (2f'(2) + 22 f"(2))" 1+2\° 2
(1=e) <1 e )*O‘ ( P+ 20 ) A (T> 200 (1 - )
then ., 5
42 (“Z) o

f'(2) 11—z

Remark 3.3 When we select the dominant q(z) = €*, we have

(T )

w02 (1)) o

fora > 0. Thus (3) of Theorem 3.1 holds and consequently, we get the following
result.

Also
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Theorem 3.4 Let o > 0 be real and let f € A satisfy
2f'(2) + A2 1" (2) bo |2 B+ A=) 2[(1 =N f(2) + Az f'(2)]
(1= f(2) +Azf'(2) 2f'(2) + A2 f"(2) (L= f(z) + Azf'(z)

< e+ az

hen
: 2F(2) + A2(2)
(I =N f(2) + Azf'(2)

< ez e K.

Select A = 0 in above theorem, we obtain:

Corollary 3.5 For a >0, if f € A satisfies
/ "
(1_a)zf(z)+ <1—|— f<))<ez—|—ozz

f(z) f'(2)
then (2)
z z o . *
) <e*,zeE ide fed&.

Select A =1 in Theorem 3.4, we get following result.
Corollary 3.6 Suppose that o > 0 and f € A satisfies

00 (14 LD) s (DL e,

f'(z) f'(z) +2f"(2)
then 1(2)
2f"(z . .
1+ ) <e*zeE, e fek.

Remark 3.4 For the dominant q(z) =1+ az,0 < a <1, we obtain
! 1
§R(HZQ() ZQ(Z)) %( )>0
¢ (%) q(z) 1+az

Moreover for a« > 0, max{ ,——} = 0. Clearly the condition (3) of
Q@

Theorem 3.1 holds and consequently we have the following result.
Theorem 3.5 Let a > 0 and 0 < a < 1. If f € A satisfies

2f'(2) +A2S) [Z(Zf’(Z) +A2f"(2))  2[( =N f(2) + /\zf’(z)]’}

(1 =Nf(z) +Azf'(2) @) HA2(E) (L= Nf(E) +Af(2)

az
< 1+az+ta ( )
14+ az

hen
t 2/(2) A2 5(2)
(= N/G) + A=)

<14az,z€E.
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Select A = 0 in above theorem, we get the following result.

Corollary 3.7 Let a« > 0 and 0 < a < 1. If f € A satisfies
/ "
(1—@)L(Z)+oz<l+zf (z)) <1+az+o¢< az )

f(2) f'(2) 1+ az
then 72)
zf'(z . «
) <1+az,z€eE, ie fe&5".

Select A =1 in Theorem 3.5, we obtain the following result.
Corollary 3.8 Leta >0 and 0 < a < 1. If f € A satisfies

oo (15 o (B 1 (12

then
Zf//(z)

f'(z)
Theorem 3.6 Let « be a non-zero complex number and let q(z) be univalent

such that
(i) R <1 +

1+

<1+az,z€E, e fek.

2q"(z)  2¢(2)
¢(z)  q(2)

(ii) R (@) >0,z € E.

Suppose

>>Ocmd

2f'(2) + 222 f"(2)
(1= f(2) +Azf'(2)

€ H[q(0),1)] N Q,
and

2f'(2) £ A2 [Z(Zf’(Z) +A2f"(2))" (L= N f(2) + AZf’(fc‘)]’}
(1= A)f(2) +Azf'(2) 2f'(2) + Az2f"(2) (1= A)f(2) +Azf'(2)

s univalent in E. If f € A satisfies the superordination

2q'(2)
q(2)

2f'(2) +ALS) [Z(Zf’(?«’) +A2f"(2))  2[( =N f(2) + AZf’(Z)]’}

(L= f(z) + Azf"(2) () A2z (L= Nf(2) +A2f(2)
then

q(z) + «

(6)

2f(2) + A2 (2)
1) = TN 4 aef ()

and q 18 the best subordinant.

z €,
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/ by 2 fn
Proof. Define the function p as p(z) = 2f12) + Az . Using (6), a

(1= A)f(2) + Azf'(2)

little calculation yields that

q(2) + «

Define the functions 6 and ¢ as O(w) = w, ¢(w) = e Clearly ¢ is analytic
w

in domain in D = C\ {0}. Set Q1(z) = azq’(z) and h(z) = q(z) + azq/(z).

. - . q(2) q(2)
On differentiation, we obtain:
2Q1(z) | #q"(2)  2d(2)
e BRI e

0la(=) ) QU al)

o(q(z))  Qi(z)  Qu(z) a
In view of conditions (i) and (ii), we have Q;(z) is starlike and %M >0

’ 9(q(2))

The proof, now, follows from Lemma 2.2.
On combing Theorem 3.1 and Theorem 3.6, we obtain the following sandwich-
type theorem.

Theorem 3.7 Let o be a non zero complex number and let q,, g be univa-
lent functions such that

. 2q/(2)  2q(2) ) ,
) R{1+ - >0,z€E,i=1,2 and
¥ ( 0 @l

(z’z’)ﬂ%(%) >0,z€E,i=1,2.

Suppose
2f'(2) + A2 f"(2)
(1 =) f(2) +Azf'(2)

€ H[q(0),1)] N Q,
and

2f'(2) + A2 f"(2) La {(Zf’(z) +A21(2) (1= N f(2) + )\zf/(z)]/}
(L =N f(2) + Azf'(2) f'(z) + Az f"(z2) (L=XN)f(z) +Azf'(2)
is univalent in E. If f € A satisfies

2¢4(2)
a(z) +a (2
2f'(2) + A2 1" (2) ta [(Zf’(Z) +A2"(2)  2[(1 =N f(2) + Az f'(= ]'}
(1= N/ + A2 (2) FE AN (L= M=)+ Az
2q5(2)
q2(2)

=

< q2(2) + «
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hen
t 2F(2) 4 A2 ()
(EEESIS

where q1 and qo are the best subordinant and the best dominant respectively.

@(z) < < q2(2),z € E,

1+ =z
1—2

1+2\" b2
When we select ¢;(z) = ( ) , q2(z) = ( ) in Theorem 3.7, we
z

1 —
obtain the following result.

Theorem 3.8 Let a > 0 and 0 < 6, < 02 < 1. If f € A satisfies,

142 o z
2000
(i) +2eo (i) <

2f'(2) + A2 [(Zf’(Z) +A2f"(2))" [ =N f(2) + Azf'(z)]/]

(1 =Nf(z) +Azf'(2) FiE)+2zf"(z) (L= Nf(z) +Af(2)

1+2\% z
200
“(127) (i)

1+ 2\ 2f'(2) + A2 f"(2) 1+2\”
(1—z) SN e (@) (1—z) S

then

Select A = 0 in above theorem, we have the following result.

Corollary 3.9 Let a >0 and 0 < d; < b < 1. If f € A satisfies,

(72) v (25) <0G (- 15)
< Gfi)éz + 2a6 (1 _ZZQ)

142\ 2f'(2) 1+2\"
(122) T < (i5) em

Select A =1 in Theorem 3.8, we get the following result.

then

Corollary 3.10 Let « > 0 and 0 < 01 < 9o < 1. If f € A satisfies,

1+ 2\% z
(i) +2e0(i25)

£ (A

—<(1—a)(1+
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1+2\% z
2
<(1—z> + 045(1_22)

1 61 " 1 D)
( +Z) J14 A (Z)<( +Z) z€E.

then

1—2 f'(2) 1—2
When we select ¢1(2) = 14 az, ¢2(2) =1+bz, 0<a <bin Theorem 3.7, we
obtain:

Theorem 3.9 Leta >0 and 0 <a<b<1. If f € A satisfies

l+az+a (1122) <
2f'(2) + A2 (2) ta {(21"(2) +ALf(2) 21 =N f(2) + AZf’(Z)]’}
(1 =A)f(z) + Azf'(z)

f'(2) + Azf"(2) (1 =Nf(2) +Azf'(2)

bz
1+0
<1+ z+a(1+bz)

then
2f'(2) + A2 (2)

(1= f(2) +Azf'(2)

1+4+az < <14+bz,2 €L

Select A = 0 in above theorem, we get following result.

Corollary 3.11 Leta >0 and 0 <a <b<1. If f € A satisfies
az ) 21"(2)
1+az+a(1+a2><(1 Q) ) +a(1+ 702

bz
1+b
R z+a(1+bz>

then

2f'(2)
f(2)

1+az < <1+0bz,z€E.

Select A =1 in Theorem 3.9, we get the following result.

Corollary 3.12 Leta >0 and 0 <a <b< 1. If f € A satisfies

o (25) <0152 e ()
<1+bz+a (l—ll)—zbz)
then

2f"(2)
f'(2)

l+az<1+ <1+0bz,z€E.
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Selecting a = a = %, b =1 in Corollary 3.11, we obtain:
Example 3.1 If f € A satisfies,

_z 2f"(z) | 2f'(z)
22 e e

242+ <2(1+42)+

1+ =2

then

L

<1+2,z€E.
27 f(?)

Selecting o = a = %, b =1 in Corollary 3.12, we get:

Example 3.2 If f € A satisfies,

: ) )+ 2
S o T S T B R SR P
then . (2)
z 4
1—|—§z<1+ 72) <142,z €E

Remark 3.5 In Figure 1, we plot the images of the unit disk & under the
functions hy(z) = 2+z+ 5 _T_ . and hy(z) =2(142)+ 1 _T_ .

and in Figure 2,

1
the images of the unit disk E under the functions q;(z) = 1+ o and qa(z) =
1 4 z are plotted. Therefore, from Example 3.1, we notice that the differential
2f'(2)
f(z)

operator takes values in the light shaded region of Figure 2 when the dif-

2f"(z)  2f'(2)

ferential operator 1+ ) + ) takes values in the light shaded region of
z z
Figure 1. Hence the function f is starlike in E. Similarly, in Example 3.2, we
2f"(2)

see that the differential operator 1+

70 takes values in the light shaded re-
z

" / 2.rn /
gion of Figure 2 when the differential operator 1+ 21z) | @FE) 42 2))

+
fz) (=) +2f"(2)
takes values in the light shaded region of Figure 1 and hence the function f is

convex in E.
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Figure 1

1o

o5}

0}

15 . . . L
-0.5 b0 0.5 1.0 15 0

Figure 2

4 Open Problem

The results obtained in this paper hold for a > 0. One may find such dominants
that the results hold for o < 0.
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