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Abstract

In this paper introduced certain new generalized class of Mul-
tivalent non-Bazilevi¢ functions in the unit disc. We obtain some
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1 Introduction

Let H,(p) denote the class of functions of the form

f(z) =2F + Z arz®, (n,p e N={1,2,---}), (1)

k=n+p

which are analytic and multivalent in the open unit disk i/ = {z € C : |z| < 1}.
A function f € H,(p) is said to be in the class S!(p, ) of multivalent
starlike functions of order « in U if it satisfies the following inequality:

%e(zf/(z)

< .
f(z)>>a’ 0<a<ppeNzeld (2)
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On the other hand, a function f € H,(p) is said to be in the class C,(p, &) of
multivalent close-to-convex functions of order o in U if it satisfies the following
inequality:

Re(z' Pf(2))>a, 0<a<ppeN,zcl. (3)

We observe that Sf(1,a) = S*(a) and Ci(1,«) = C(a), where S*(«) are
the usual subclasses of H;(1) consisting of functions which are starlike of order
a(0 < a < 1) and close-to-convex of order a(0 < a < 1) in U, respectively
(see, for details, [1, 2]).

Recently Frasin (see [3]) introduced and studied the following class of an-
alytic and multivalent functions defined as follows (see also [4]).

A function f € H,(p) is said to be a member of the class B, (p, u, ) if and
only if

‘(%)ﬂlzl_pf(z) — p’ <p—a, (pEN) (4)

for some > 0,a(0 < o < p),z € U.
Note the condition (4) implies that

%e((fi)>ulzl_pf'(z)) >a, z€U. (5)

The class By (1,1, o) = B(«) is the class which has been introduced and studied
by Frasin and Darus [5] (see also [6]).

In this paper,we introduced and studied the following class of analytic and
multivalent functions defined as follows .

Definition 1.1. A function f € H,(p) is said to be a member of the class
No(p, i, @) if and only if

‘M( 2 )“ >a, (peN) (6)

pf(z) \f(2)

for some p > 0,a(0 <a<1),zeU.
Note the condition (5) implies the condition (6). To prove our main result,
we need the following Lemma:

Lemma 1.1 (see [7]). Let the function w(z) be(nonconstant) analytic in U
with w(0) = 0. If |w(z)| attsts its mazimum value on the circle |z| =r <1 at
a point zg € U, then

2ow'(20) = kw(z), (7)

where k > 1 is a real number.
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2 Main Results

Lemma 2.1. Let p(z) be analytic in the unit disc U and 0 < ¢(0) < 1. If
there exists a point zy € U such that

Rep(z) >0 for |z] < |20 (8)
and
Rew(20) = 0. (9)

Then we have

20 (%0) 20 (%0) < —(0).

T+ o) "1 p(0) (10)

Proof. Let us put

_ #0) —p(2)
)= 0+ o) (”)

Then ¢(z) is analytic in U, p(0) = 0, |p(2)| < 1 for |z] < |z| and p(z) = 1.
Therefore, applying Lemma 1.1, we have that

/ /
1<k— zop'(20) _ 2S0(02)20<P (20) . (12)
p(z0) ((0))* + |¢(20)]
Thus
ZOQD/<ZO> 2090/(20) _ 209’ (20)
1+ SD(ZO) 1 — @(ZO) 1—(¢(20))?
_ o 204 (z0)
I+|e(20)[2

— _f20)2+le(z0)2
P(0)(1+[e(20)[?)

< —¢(0). (13)

Lemma 2.2. Let p(z) be analytic in U with p(0) = 1 and suppose that there
exists a point zp € U such that |p(z)| > a for |z| < |zo| and |p(z0)| = a, where
0 <a<1. Then we have

20P (20) < 1—«

p(z) — 1+a (14)
Proof. Let us put
o) = B2 for J2] <Ll (15
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Then ¢(z) is analytic in {z € C : |z| < |20|} and

11—«
O<g0(0):1+a<1. (16)

By the hypothesis of the theorem 2.1, we have

@ < o) = a[{ =2 for el < . (17
Thus
i—ig] > 1 for |2] < |20l. (18)
So that
Rep(z) >0 for |z| < |z (19)

On the other hand, we have

a = Izl = o T2 (20
So that
Rep(z) = 0. (21)
And
200 (20) 209’ (20) | 209 (20) (22)

plz0)  1+p(z) 1—¢(z)

By Lemma 2.1, we completes the proof of Lamme 2.2.
Lamme 2.3. Let p(2) be analytic in U with p(0) = 1 and suppose that

/
1—
%e{Zp(Z)}>——a, 0<ax<l, zel. (23)
p(z) 1+
Then we have |p(z)| > « in U.
Proof. Suppose that there exists a point zg € U such that |p(z)| > « for
|z] < |20] and |p(z0)| = o, where 0 < @ < 1. Then by Lemma 2.2, we have

2op'(%0) < 1-a
p(z0) — 1+«

(24)

It contradicts the hypothesis (21) and it completes the proof Lamme 2.3.
Making use of Lemma 2.3, we first prove the following the Theorem.
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Theorem 2.1.  Let f(z) € H,(p). And suppose that for some p >
0,a(0 < a < 1), such that

2f"(2) 2f'(2) 11—«
%e{1+up+ e —(u+1)m}>—1+a,z€u (25)
then f € Nu(p, p, ).
Proof. Let us put
_2f'(z) 2\
P = () 20

then p(z) is analytic in U and p(0) = 1. Suppose that there exists a point
zo € U which satisfies the conditions of Lemma 2.2.
Making use of (26), it follows that

20.f'(20) (1 + z0./" (20) ZOQ/(ZO)) = 2P (20)- (27)

pg(20) f'(20) N 9(20)

Since the function p(z) and the point zy satisfy all conditions Lemma 2.2,
therefore in view of (27), we obtain

20f"(z0)  209'(20) 1—a
1'(20) B g(20) } = T 1+4a

This is a contradiction with (24) and therefore proof of the Theorem 2.1 is
completed.

Taking ¢ = 0 in Theorem 2.1, we have the following Corollary 2.1.

Corollary 2.1. Let f(z) € Hn(p). And suppose that for some (0 < a <
1), such that

‘ﬁe{ 1+ (28)

2f"(z)  z2f'(2) l-a
E)f{e{l—l— ) ) }>—1+a,z€U, (29)
then f(z) satisfies the following inequality:
G|
]pf(z)‘>  (peN) (30)

for some a(0 < a < 1),z € U.

Taking 4 = 0,p = 1,n = 1 in Theorem 2.1, we have the following Corollary
2.2.

Corollary 2.2. Let f(z) € H. And suppose that for some (0 < o < 1),
such that

z e, (31)

2f"(z)  2f'(2) -«
S T N
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then f(z) satisfies the following inequality:

‘ 2f'(2)
f(2)

} > q, (32)

for some a(0 < a < 1),z € U.

3 Open Problem

With regards to the problems solved, the this work can also be applied to other
classes. For example, can the same problem be applied for following classes.

Definition 3.1. A function f € H,(p) is said to be a member of the class
B,.(p, a, i, A) if and only if

((1 - A)(f(zz))“ +A;§/((§)> (f(zz))“‘ >a, (peN,zeU)  (33)

for some un>0,0<a<1,AeC.
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