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1 Introduction

Let f and g be analytic in the open unit disc U = {z ∈ C : |z| < 1}.
We say that f is majorized by g in U (see [16]) and write

f(z) << g(z) (z ∈ U), (1)

if there exists a function ϕ, analytic in U such that

|ϕ(z)| ≤ 1 and f(z) = ϕ(z)g(z) (z ∈ U). (2)

It may be noted that (1) is closely related to the concept of quasi-subordination
between analytic functions.
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For f(z) and g(z) are analytic functions in U , we say that f(z) is subordi-
nate to g(z) written symbolically as follows:

f ≺ g or f(z) ≺ g(z) ,

if there exists a Schwarz function w(z), which (by definition) is analytic in
U with w(0) = 0 and |w(z)| < 1 (z ∈ U), such that f(z) = g(w(z)) (z ∈
U). Further, if the function g(z) is univalent in U , then we have the following
equivalent ( see [17, p.4])

f(z) ≺ g(z) ⇔ f(0) = g(0) and f(U) ≺ g(U).

Let A(p) denote the class of functions of the form:

f(z) = zp +
∞∑

k=p+1

akz
k (p ∈ N = {1, 2, ....}) (3)

which are analytic and p-valent in U. In [6] Catas extended the multiplier
transformations and defined the operator Imp (λ, `)f(z) on A(p) by the following
infinite series

Imp (λ, `)f(z) = zp +
∞∑

k=p+1

[
p+ `+ λ(k − p)

p+ `

]m
akz

k

(λ ≥ 0; ` ≥ 0; p ∈ N;m ∈ N0 = N ∪ {0}; z ∈ U). (4)

We note that:

I0p (1, 0)f(z) = f(z) and I1p (1, 0)f(z) =
zf

′
(z)

p
.

By specializing the parameters λ, `, p and m, we obtain the following oper-
ators studied by various authors:

(i) Imp (1, `)f(z) = Ip(m, `)f(z) (see Kumar et al. [15] and Srivastava et al.
[26]);

(ii) Imp (1, 0)f(z) = Dm
p f(z) (see Aouf and Mostafa [4], Kamali and Orhan

[14] and Orhan and Kiziltunc [20]);
(iii) Im1 (1, `)f(z) = Im` f(z) (see Cho and Kim [7] and Cho and Srivastava

[8]);
(iv) Im1 (1, 0)(z) = Dmf(z) (see Salagean [24]);
(v) Im1 (λ, 0)(z) = Dm

λ (z) (see Al-Oboudi [1]);
(vi) Im1 (1, 1)(z) = Imf(z) (see Uralegaddi and Somanatha [28]);
(vii) Imp (λ, 0)(z) = Dm

λ,pf(z) (see El-Ashwah and Aouf [9]).
In [10] El-Ashwah and Aouf defined the integral operator Jmp (λ, `)f(z) on

A(p) by the following infinite series
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Jmp (λ, `)f(z) = zp +
∞∑

k=p+1

[
p+ `

p+ `+ λ(k − p)

]m
akz

k (m ∈ N0). (5)

From (4) and (5), we observe that J−mp (λ, `)f(z) = Imp (λ, `)f(z) (m > 0), so

the operator Jmp (λ, `)f(z) is well-defined for λ ≥ 0, ` ≥ 0, p ∈ N and m ∈ Z =
{. . . ,−2,−1, 0, 1, 2, . . .}, and it is easy to verify that:

λz(Jm+1
p (λ, `)f(z))

′
= (`+p)Jmp (λ, `)f(z)−[`+ p(1− λ)] Jm+1

p (λ, `)f(z) (m ∈ Z, λ > 0).
(6)

Also the operator Jmp (λ, `)f(z) was studied by Srivastava et al. [26] and
Aouf et al. [5].

We note that:
(i)Jm1 (λ, 0)f(z) = I−mλ f(z) (see Patel [21])

=

{
f(z) ∈ A(1) : I−mλ f(z) = z +

∞∑
k=2

[1 + λ(k − 1)]−makz
k,m ∈ N0

}
;

(ii) Jα1 (1, 1)f(z) = Iαf(z) (see Jung et al. [13]);

=

{
f(z) ∈ A(1) : Iαf(z) = z +

∞∑
k=2

(
2

k + 1

)α
akz

k;α > 0; z ∈ U

}
;

(iii) Jαp (1, 1)f(z) = Iαp f(z) (see Shams et al. [25]);

=

{
f(z) ∈ A(p) : Iαp f(z) = zp +

∞∑
k=p+1

(
p+ 1

k + 1

)α
akz

k;α > 0; z ∈ U

}
;

(iv) Jmp (1, 1)f(z) = Dmf(z) (see Patel and Sahoo [22]);

=

{
f(z) ∈ A(p) : Dmf(z) = zp +

∞∑
k=p+1

(
p+ 1

k + 1

)m
akz

k;m ∈ Z = {0,±1,±2, ...}; z ∈ U

}
;

(v) Jm1 (1, 1)f(z) = Imf(z) (see Flett [11]);

=

{
f(z) ∈ A(1) : Imf(z) = z +

∞∑
k=2

(
2

k + 1

)m
akz

k;m ∈ N0; z ∈ U

}
;

(iv) Jm1 (1, 0)f(z) = Imf(z) (see Salagean [24])

=

{
f(z) ∈ A(1) : Imf(z) = z +

∞∑
k=2

k−makz
k;m ∈ N0; z ∈ U

}
.
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Also we note that:
(i)Jmp (1, 0)f(z) = Jmp f(z)

=

{
f(z) ∈ A(p) : Jmp f(z) = zp +

∞∑
k=p+1

(p
k

)m
akz

k;m ∈ N0; z ∈ U

}
;

(ii) Jmp (1, `)f(z) = Jmp (`)f(z)

=

{
f(z) ∈ A(p) : Jmp (`)f(z) = zp +

∞∑
k=p+1

(
p+ `

k + `

)m
akz

k;m ∈ N0; ` ≥ 0; z ∈ U

}
;

(iii) Jmp (λ, 0)f(z) = Jmλ,pf(z)

=

{
f(z) ∈ A(p) : Jmλ,pf(z) = zp +

∞∑
k=p+1

(
p

p+ λ(k − p)

)m
akz

k;m ∈ N0;λ ≥ 0; z ∈ U

}
.

Definition 1.1 Let −1 ≤ B < A ≤ 1, p ∈ N,m ∈ Z, j ∈ N0,λ > 0, ` ≥
0, γ ∈ C∗ = C\{0},

∣∣γ(A−B) +
(
p+`
λ

)
B
∣∣ < (

p+`
λ

)
and f ∈ A(p). Then

f ∈ Sm,jp,λ,` (γ;A,B) the class of p-valent functions of complex order γ in U if
and only if {

1 +
1

γ

(
z
(
Jmp (λ, `)f(z)

)(j+1)(
Jmp (λ, `)f(z)

)(j) − p+ j

)}
≺ 1 + Az

1 +Bz
. (7)

Clearly, we have the following relationships:
(i) Sm,jp,λ,` (γ; 1,−1) = Sm,jp,λ,` (γ) ;

(ii) Sm,jp,1,0 (γ; 1,−1) = Sm,,jp (γ) ;

(iii)S0,j
p,1,0 (γ; 1,−1) = Sjp (γ) ;

(iv) S0,0
1,0,0 (γ; 1,−1) = S (γ) (see Nasr and Aouf [18] and Wiatrowski [29]);

(v) S−1,jp,1,0 (γ; 1,−1) = Kj
p(γ) (see Altintas and Srivastava [2]);

(vi)S−1,01,1,0 (γ; 1,−1) = K(γ) (see Nasr and.Aouf [18] and Wiatrowski [29]);

(vii) S0,0
1,0,0 (1− α; 1,−1) = S∗ (α) (0 ≤ α < 1)(see Robertson [23]).

We shall need the following lemma.

Lemma 1.2 [2]. Let γ ∈ C∗ and f ∈ Kj
p(γ). Then f ∈ Sjp(12γ), that is,

Kj
p(γ) ⊂ Sjp(

1

2
γ) (γ ∈ C∗). (8)

An majorization problem for the class S(γ) has recently been investi-
gated by Altintas et al. [2]. Also, majorization problem for the class S∗ =
S∗(0) has been investigated by MacGregor [14]. In this paper we investigate
majorization problem for the class Sm,jp,λ,` (γ;A,B) .
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2 Main Results

Unless otherwise mentioned we shall assume throughout the paper that −1 ≤
B < A ≤ 1, γ ∈ C∗, λ > 0, ` ≥ 0,m ∈ Z and p ∈ N.

Theorem 2.1 Let the function f ∈ A(p) and suppose that g ∈ Sm,jp,λ,`(γ;A,B).

If
(
Jmp (λ, `)f(z)

)(j)
is majorized by

(
Jmp (λ, `)g(z)

)(j)
in U, then∣∣∣(Jm−1p (λ, `)f(z)

)(j)∣∣∣ ≤ ∣∣∣(Jm−1p (λ, `)g(z)
)(j)∣∣∣ (|z| < r0) , (9)

where r0 = r0(p, γ, λ, `, A,B) is the smallest positive root of the equation∣∣∣∣γ(A−B) +

(
p+ `

λ

)
B

∣∣∣∣ r3 − [2 |B|+ (p+ `

λ

)]
r2−

[
2 +

∣∣∣∣γ(A−B) +

(
p+ `

λ

)
B

∣∣∣∣] r +

(
p+ `

λ

)
= 0. (10)

Since g ∈ Sm,jp,λ,`(A,B; γ) we find from (7) that

1 +
1

γ

(
z
(
Jmp (λ, `)g(z)

)(j+1)(
Jmp (λ, `)g(z)

)(j) − p+ j

)
=

1 + Aw(z)

1 +Bw(z)
, (11)

where w is analytic in U with w(0) = 0 and |w(z)| < 1 (z ∈ U). From (11),
we have

z
(
Jmp (λ, `)g(z)

)(j+1)(
Jmp (λ, `)g(z)

)(j) =
(p− j) + [γ(A−B) + (p− j)B]w(z)

1 +Bw(z)
. (12)

From (6), we have

z
(
Jmp (λ, `)g(z)

)(j+1)
=

(
p+ `

λ

)(
Jm−1p (λ, `)g(z)

)(j) − [(p+ `

λ

)
+ j − p

] (
Jmp (λ, `)g(z)

)(j)
(0 ≤ j ≤ p; p ∈ N;λ > 0; z ∈ U). (13)

Also from (12) and (13), we have∣∣∣(Jmp (λ, `)g(z)
)(j)∣∣∣ ≤ (

p+`
λ

)
(1 + |B| |z|)[(

p+`
λ

)]
−
∣∣γ(A−B) +

(
p+`
λ

)
B
∣∣ |z|

∣∣∣(Jm−1p (λ, `)g(z)
)(j)∣∣∣ .
(14)
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Next, since
(
Jmp (λ, `)f(z)

)(j)
is majorized by

(
Jmp (λ, `)g(z)

)(j)
in U, from (2),

we have (
Jmp (λ, `)f(z)

)(j)
= ϕ(z)

(
Jmp (λ, `)g(z)

)(j)
. (15)

Differentiating (15) with respect to z and multiplying by z, we have

z
(
Jmp (λ, `)f(z)

)(j+1)
= zϕ

′
(z)
(
Jmp (λ, `)g(z)

)(j)
+ zϕ(z)

(
Jmp (λ, `)g(z)

)(j+1)
,

(16)

using (13) in (16), we have(
Jm−1p (λ, `)f(z)

)(j)
=
zϕ

′
(z)(

p+`
λ

) (Jmp (λ, `)g(z)
)(j)

+ ϕ(z)
(
Jm−1p (λ, `)g(z)

)(j)
.

(17)

Thus, by noting that ϕ(z) satisfies the inequality (see [19]),∣∣∣ϕ′
(z)
∣∣∣ ≤ 1− |ϕ(z)|2

1− |z|2
(z ∈ U), (18)

and making use of (14) and (18) in (17), we have∣∣∣(Jm−1p (λ, `)f(z)
)(j)∣∣∣ ≤(

|ϕ(z)|+ 1− |ϕ(z)|2

1− |z|2
.

(1 + |B| |z|) |z|(
p+`
λ

)
−
∣∣γ(A−B) +

(
p+`
λ

)
B
∣∣ |z|

)∣∣∣(Jm−1p (λ, `)g(z)
)(j)∣∣∣ ,
(19)

which upon setting

|z| = r and |ϕ(z)| = ρ (0 ≤ ρ ≤ 1),

leads us to the inequality∣∣∣(Jm−1p (λ, `)f(z)
)(j)∣∣∣ ≤

Ψ(ρ)

(1− r2)
[(

p+`
λ

)
−
∣∣γ(A−B) +

(
p+`
λ

)
B
∣∣ r]

∣∣∣(Jm−1p (λ, `)g(z)
)(j)∣∣∣ ,

where

Ψ(ρ) = −r (1 + |B| r) ρ2 + (1− r2)
[(

p+ `

λ

)
−
∣∣∣∣γ(A−B) +

(
p+ `

λ

)
B

∣∣∣∣ r] ρ
+r (1 + |B| r) , (20)
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takes its maximum value at ρ = 1, with r0 = r0(p, γ, λ, `, A,B), where r0(p, γ, λ, `, A,B) is
given by (10), then the function Φ(ρ) defined by

Φ(ρ) = −σ (1 + |B|σ) ρ2 + (1− σ2)

[(
p+ `

λ

)
−
∣∣∣∣γ(A−B) +

(
p+ `

λ

)
B

∣∣∣∣σ] ρ
+σ (1 + |B|σ)

(21)

is an increasing function on the interval 0 ≤ ρ ≤ 1, so that

Φ(ρ) ≤ Φ(1) = (1− σ2)

[(
p+ `

λ

)
−
∣∣∣∣γ(A−B) +

(
p+ `

λ

)
B

∣∣∣∣σ]
(0 ≤ ρ ≤ 1; 0 ≤ σ ≤ r0(p, γ, λ, `, A,B)) . (22)

Hence upon setting ρ = 1 in (21), we conclude that (9) holds true for |z| ≤
r0 = r0(p, γ, λ, `, A,B), where r0(p, γ, λ, `, A,B), is the smallest positive root
of (10). This completes the proof of Theorem 2.1.
Putting A = 1 and B = −1 in Theorem 1, we obtain the following result.

Corollary 2.2 Let the function f ∈ A(p) and suppose that g ∈ Sm,jp,λ,`(γ). If(
Jmp (λ, `)f(z)

)(j)
is majorized by

(
Jmp (λ, `)g(z)

)(j)
in U, then∣∣∣(Jm−1p (λ, `)f(z)

)(j)∣∣∣ ≤ ∣∣∣(Jm−1p (λ, `)g(z)
)(j)∣∣∣ (|z| < r0) ,

where r0 = r0(p, γ, λ, `) is given by

r0 = r0(p, γ, λ, `) =
k −

√
k2 − 4

∣∣2γ − (p+`
λ

)∣∣ (p+`
λ

)
2
∣∣2γ − (p+`

λ

)∣∣ ,

where (k = 2 +
(
p+`
λ

)
+
∣∣2γ − (p+`

λ

)∣∣ , λ > 0, ` ≥ 0, p ∈ N, γ ∈ C∗).

Putting A = 1, B = −1, λ = 1, ` = 0 and m = 0 in Theorem 2.1, we obtain
the following result.

Corollary 2.3 [2, Theorem 1]. Let the function f ∈ A(p) and suppose that
g ∈ Sjp(γ). If f (j)(z) is majorized by g(j)(z) in U, then∣∣f (j+1)(z)

∣∣ ≤ ∣∣g(j+1)(z)
∣∣ (|z| < r0) ,
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where r0 = r0(p, j, γ) is given by

r0 = r0(p, j, γ) =
k −

√
k2 − 4 |2γ − (p− j)| (p− j)

2 |2γ − (p− j)|
,

where (k = 2 + (p− j) + |2γ − (p− j)| , p ∈ N, γ ∈ C∗).

By using Lemma 2.1 and Corollary 2.2, we obtain the following result.

Corollary 2.4 [2, Theorem 2]. Let the function f ∈ A(p) and suppose that
g ∈ Kj

p(γ). If f (j)(z) is majorized by g(j)(z) in U, then∣∣f (j+1)(z)
∣∣ ≤ ∣∣g(j+1)(z)

∣∣ (|z| < r0) ,

where r0 = r0(p, γ, j) is given by

r0 = r0(p, γ, j) =
k −

√
k2 − 4 (p− j) |γ − (p− j)|

2 |γ − (p− j)|
,

where (k = 2 + (p− j) + |γ − (p− j)| , p ∈ N, j ∈ N0, γ ∈ C∗).

Putting A = 1, B = −1, p = 1, j = 0, λ = 1, ` = 0 and m = 0 in Theorem 2.1,
we obtain the following result.

Corollary 2.5 [3,12]. Let the function f ∈ A and suppose that g ∈ S(γ).
If f(z) is majorized by g(z) in U, then

|f ′(z)| ≤ |g′(z)| (|z| < r0) ,

where r0 = r0(γ) is given by

r0 = r0(γ) =
k −

√
k2 − 4 |2γ − 1|

2 |2γ − 1|
,

where (k = 3 + |2γ − 1| , γ ∈ C∗).

Putting γ = 1 in Corollary 2.4, we obtain the following result.

Corollary 2.6 [16,12]. Let the function f ∈ A and suppose that g ∈ S∗. If
f(z) is majorized by g(z) in U, then

|f ′(z)| ≤ |g′(z)| (|z| < r0) ,

where r0 is given by
r0 = 2−

√
3.

Corollary Putting λ = 1 and ` = 0 in Corollary 2.1, we obtain the following
result.
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Corollary 2.7 . Let the function f ∈ A(p) and suppose that g ∈ Sm,jp (γ).

If
(
Jmp f(z)

)(j)
is majorized by

(
Jmp g(z)

)(j)
in U, then∣∣∣(Jm−1p f(z)

)(j)∣∣∣ ≤ ∣∣∣(Jm−1p g(z)
)(j)∣∣∣ (|z| < r0) ,

where r0 = r0(p, γ) is given by

r0 = r0(p, γ) =
k −

√
k2 − 4p |2γ − p|
2 |2γ − p|

,

where (k = 2 + p+ |2γ − p| , p ∈ N, γ ∈ C∗).

Putting m = 1 in Corollary 2.6, we obtain the following result.

Corollary 2.8 . Let the function f ∈ A(p) and suppose that g ∈ S1,j
p (γ).

If
(
J1
pf(z)

)(j)
is majorized by

(
J1
pg(z)

)(j)
in U, then∣∣f (j)(z)

∣∣ ≤ ∣∣g(j)(z)
∣∣ (|z| < r0) ,

where r0 = r0(p, γ) is given by

r0 = r0(p, γ) =
k −

√
k2 − 4p |2γ − p|
2 |2γ − p|

,

where (k = 2 + p+ |2γ − p| , p ∈ N, γ ∈ C∗).

Remark 2.9

(i) Putting λ = 1 in Corollary 2.1, we obtain the corresponding result for the
operator Jmp (`)f(z);
(ii) Putting ` = 0 in Corollary 2.1, we obtain the corresponding result for the
operator Jmp,λf(z).

3 Open Problem

The author suggest to solve the majorization problem for the meromorphic
p-valent functions f(z) = 1

zp
+
∑∞

n=1 anz
n−p using the analogues operator

ϕmp (λ, `)f(z) =
1

zp
+
∞∑
n=1

(
`+ λn

`

)m
anz

n−p

(λ ≥ 0; ` > 0;m ∈ Z; z ∈ U).
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(İstanbul, Turkey; 20-24 August 2007) (S. Owa and Y. Polatoģlu, Edi-
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